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CHAPTER XIIL 


DETERMINANTS* 

127. JBlementary UTotlons and Helinltions, — This chapter 
will be occupied with a discussion of an important class of 
functions which constantly present themselves in analysis. 
These functions possess remarkable properties, by a knowledge 
of which much simplification can be introduced into many 
operations in both pure and applied mathematics. 

The function axh% + of the four quantities 

dij h\^ 

is obtained by assigning to a and written in alphabetical order, 
the suffixes 1, 2, and 2, 1, corresponding to the two permutations 
of the numbers 1, 2, and adding the two products so formed. 
Similarly, the function 

wof the nine quantities 

(hy biy Ciy 

is obtained by adding all the products abc which can be formed 
by assigning to the letters (retained in their alphabetical order) 
suffixes corresponding to all the permutations of the numbers 
1, 2, 3. The whole expression might be represented by (aic), 
or any other convenient notation, from which all the terms 
could be written down. 
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DetermimnU. 


The notation {ftbed) might be employed to represent a 
similar function of the 16 quantities Ux, bx, Cx, di, Ot, &o., oon* 
sisting of 24 terms, which can all be written down by the aid 
of the 24 permutations of the numbers 1, 2, 8, 4. 

And, in general, taking n letters a, by o, . . . I, we can write 
down a similar function consisting of » (n - 1) (n - 2) .... 3. 2. 1 
terms, this being the number of permutations of the first n num- 
bers, 1, 2, 3 ... n. 

Now the functions above referred to, which are of such 
frequent occurrence in mathematical analysis, differ from those 
just described in one respect only, viz. : of the 1. 2. 3 ... n 
(which is an even number) terms, half are affected with posi- 
tive, and half with negative signs, instead of being all positive, 
as in the expression written down on the preceding page. 

We shall now give some instances of the functions which 
will be discussed in this chapter. They occur most frequently 
as the result of elimination from linear equations. If, for 
example, x and be eliminated from the equations 

OiX + bxy = 0 , a^x + - 0 , 

the result is Uxby - Otbi » 0. 

Again, the result of eliminating x, y, z from the equations 

Oix + bxy + Cl* = 0, 

a^-\- - 0 , 

“ 0 , 

is, as the student will readily perceive by solving from two of 
the equations and substituting in the third, 

OiijC* - UibiCt + ajJsCi - atbiCt + - 0 ; (2) 

and this function differs from (1) given on the preceding page 
only in having three of its terms negative, instead of having 
the six terms positive. 

Similarly, the process of elimination from four linear equa- 
tions gives rise to a function of the sixteen quantities ai, bx, Cx, 
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Elementary Notiom and Definitiom. 

dii «» bt, &o.y which differs from the function above represented 
by (abed) only in having twelve of its terms negative. 

Expressions of the kind here described are called Determi- 
nants* The notation by which they are usually represented was 
first employed by Cauchy, and possesses many advantages in the 
treatment of these expressions. The quantities of which the 
function consists are arranged in a square between two vertical 
lines. For example, the notation 

a, bt 

Ot h 

represents the determinant aiby - a%bi. 

Similarly, the expression on the left-hand side of equation (2) 
is represented by the notation 

a\ b\ 0% 

Ot bt Ct 
at bt Ct 


A.nd, in general, the determinant of the n* quantities 
<*»» bi, Cl . . . li, Cj, bt, &c., is represented by 


0| 

bt 

Cl . 

. . h 

0% 

bt 

C* • 

. . k 

a. 

bz 

Ct . 

. ■ h 

dn 

bn 

Cn • 

. . In 


( 3 ) 


By taking the n letters in alphabetical order, and assigning 
to them suffixes corresponding to the n (n - l)(n - 2) ... 3. 2. 1 
permutations of the numbers 1, 2, 8, ... n, all the terms of the 
determinant can be written down. Half of the terms must 
receive positive, and half negative signs. In the next Article 


* See Note A at ike end of YoL II. 


B’2 




4 Determinants. 

the rule will be given by which the positi ve and negative terms 
are distinguished. 

The individual letters Oi, 5|, Ci, . . . . &o., of which a 

determinant is composed, are called rnnMihipnfit. and by some 
writers elements . Any series of constituents such as h, Ci, 

. . . lu arranged horizontally, form a rotf of the determinant ; 
and any series such as ai, a„ . . . arranged vertically, 
form a c olumn. The term line will sometimes be used to 
express a row or column indifferently. 

128. Rule with regard to Signs. — It is evident from 
the preceding Article that each term of the determinant will, 
since it contains all the letters, contain one constituent (and only 
one) from every column ; and will also, since the suffixes in each 
term comprise all the numbers, contain one constituent (and only 
one) from every row. We may therefore regard the square 
array (3) of Art. 127 as the symbolical representation of a 
function consisting in general of n (n - 1)(» - 2) ... 3. 2. 1 
terms, comprising all possible products which can be formed by 
taking one constituent and one only from each row, and one 
constituent and one only from each column. All that is 
required to give perfect definiteness to the function is to fix the 
sign to be attached to any particular term. For this purpose 
the following two rules are to be observed : — 

(1) . The term UibiCi ... In, formed hy the constituents situated 
in the diagonal draum from the left-hand top corner to the right- 
hand bottom corner, is positive. 

This is called the l eading or prm^jpa} term. In it the suffixes 
and letters both occur in their natural order ; and from it the 
sign of any other term is obtained by the following rule : — 

(2) . The sign of any other term is positive or negative, according 
as it contains among its suffixes an even or odd number of inversions 
of order as compared with the suffixes of the leading term. 

The letters are supposed to retain the alphabetical order, 
and an inversion ” is said to occur whenever any higher 
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Rule with regard to Signs. 

number precedes a lower among the suffixes. In the term 
(hbtCida, for example, there are four inversions, the number 3 
occurring before 1 and before 2, and 4 occurring before 1 and 
before 2. Similarly, aib 2 Cidiet contains six inversions, as the 
student will readily perceive. The following will be found to 
be a useful modification of this rule : — A trmsposUwn (or inters 
change) of two adjacent suffixes alters the sign of a term. For it 
is easy to see that any such transposition is equivalent to the 
gain or loss of one inversion. No inversion, in fact, in the 
series is disturbed by the process, except such as depends on 
the relative position of the two adjacent suffixes when com- 
pared with one another. If before transposition these suffixes 
are in their natural order, one inversion is gained by the 
process; but if not, one is lost. In the arrangement 6342716, 
for example, the interchange of 2 and 7 introduces one addi- 
tional inversion, the number being thus increased from eleven 
to twelve. The sign of the corresponding term in the deter- 
minant is therefore altered from — to +. 

It is easy now to justify the remark in Art. 127, that a 
determinant contains an equal number of positive and negative 
terms. For, from any term another can be derived which 
differs from the first only by the transposition of the last two 
suffixes, and these are the only two terms which agree in the 
order of permutation of the first m - 2 suffixes. All the terms, 
therefore, can be arranged in pairs such that if the first is 
positive, the second is negative, and vice versa. 


Examples. 

1. What is the sign of the term aidietdfti in the determinant of the 6th order P 
The question is, How many inversions of order ocour in 34251 ; or, How many 
interchanges will change the order 12346 into 34251 P Here, when 3 is inter- 
changed with 2, and afterwards with 1, it comes into the leading place, the order 
becoming 31245. Again, the interchange in 31245 of 4 with 2, and afterwards 
with 1, presents the order 34125. The interchange of 2 with 1 gives the order 
34215 ; and finally, the interchange of 6 with 1 gives the required order 34251. 
Tlius tliere are in all six interchanges ; and therefore the required sign is positive. 
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The general mode of proceeding may plainly be stated as follows : — Take the 
figure which stands first in the required order, and move it from its place in the 
natural order 1234 . . . into the leading place, counting one displacement for each 
figure passed oyer. Take then the figure which stands second in the required order, 
and more it fromjts place in the natural order into the second place ; and so on. If 
the number of displacements in this process be even, the sign is positive ; if it be 
odd, the sign is negative. 

2. What is the sign of the term azhetd^eifigt in the determinant of the 7th order P 

Here two displacements bring 3 to the leading place ; five displacements then 
bring 7 to the second place ; four then bring 6 to the third place ; three then bring 
5 to the fourth place ; the figure 1 is in its place ; and finally, one displacement 
brings 4 into the sixth place. Thus there are in all fifteen displacements ; and the 
required sign is therefore negative. 

8. Write down all the terms of the determinant 

ai h\ ei d\ 
aa ^2 0% d% 
az bz cz dz 

I 

I ai hi Ci di 

The six permutations of sufiSxes in which the figure 1 occurs first are 
1234, 1243, 1324, 1342, 1423, 1432. 

The six corresponding terms are, as the student will easily see by applying the 
Rule (2), as in the previous examples, 

aibzczdi — aibzCidz + aibzCidz — aibzc^di + aihiCidz — aibiCzdz, 

The other eighteen terms, corresponding to the permutations in which the figures 
2, 8, 4, respectively, stand fii*st, are as follows : — 

ozbiCidz — a^iCzdi + ozbzcidi — azhzCid\ 4 aibiCzdi — azbiCidz 

+ Ozbiczdi — azb\Cid2 4- azbzCidi — azbzcidi 4* <izbie\d% — a%hie%di 

4 * aih\czdz — aib\czdz + aibzcidz aibzCzdi + aibzczdi — aih%e\d%» 

4 . Show that any interchange of two sufiSxes (the letters retaining their order) 
alters the sign of a term. 

For, if there are tn elements between the two whose sufiSxes are interchanged, 
the proposed transposition can be effected by 2w 4- 1 transpositions of adjacent 

suffixes. By the aid of this proposition the sign of a term can usually be found 

by a smaller number of transpositions than is required in the general method 
described in Ex. 1. Thus, in Ex. 2, five transpositions are enough to fix the sign 
of the term, viz. : first, of I with 8, and then in succession 1 wtith 6, 1 with 4, 
1 with 5, and finally 2 with 7« The determination of the smallest number of 
transpositions necessary for this purpose is easily shown to depend on an elementary 
proposition in the theory of substitutions. (Compare Chap. XX. of this Vol.) 
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6. Show* that any interchange of two letters, the order of the Buffixes being 
retained, alters the sign of a term. 

For, if two letters he interchanged, and the corresponding elements then inter- 
changed, the entire process is equivalent to an interchange of suffixes. If, for 
example, in b and e be interchanged, we derive a\eiczdja%^ which is equal 

to a\h^cidifi % ; and this is derived from the given term by transposition of the suffixes 
2 and 5. 

6. Show that if any two adjacent figures be moved together over any number 
m of figures, the sign is unaltered. 

For if they be moved separately, the whole process is equivalent to a movement 
over tm figures. 

7. Determine the sign to be attached to the second diagonal term, viz. 
ttnbn-i c «-2 • . . ^ 2^1 1 in the determinant of the order. 

Here the number of inversions of order is clearly 

(#1 — 1) + (fi — 2) + (fi — 3) + • • • -f 2 -f 1 ■■ — 

n(w-l) 

Hence the required sign is (-1) - . 

129. In the propositions of the present and following 
Articles are contained the most important elementary properties 
of determinants which, by the aid of Cauchy’s notation above 
described, render the employment of these functions of suoh 
practical advantage. 

Prop. I. — If any two rows, or any two columns, of a determir 
nant he interchanged, the sign of the determinant is changed. 

This follows at once from the mode of formation (Buie (2), 
Art. 128); for an interchange of two rows is the same as an 
interchange of two suffixes, and an interchange of two columns 
is the same as an interchange of two letters ; so that in either 
case the sign of every term of the determinant is changed. 
(See Exs. 4 and 5, Art. 128.) 

By aid of this proposition the rule for obtaining the sign of 
any term may be stated in a form which is usually more 
convenient for practical purposes than that already given. It 
will readily be perceived that the general mode of procedure 
explained in Ex. 1, Art. 128, is equivalent to the following. 
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Bring by movements of rows {or columns) the constituents of the 
term whose sign is required into the position of the leading diagonal. 
The sign of the term will be positive or negative according as the 
number of displacetnents is even or odd. 


Example. 

What sign is to be attached to the term \$nx in the determinant 

a b c X 
a $ y jf ^ 

I m n o 

\ ft i> 0 

Here a movement of the fourth rovr over three rows («.«. three displacements) 
brings X into the leading place. One displacement of the original second row 
upwards brings fi into the required place in the diagonal term. And one further 
displacement of the original third row upwards effects the required arrangement, 
bringing A0nx into the diagonal place. Thus the number of displacements being 
odd, the required sign is negative. 

130. Prop. II. — Whenever, in any determinant, two rows or 
two columns are identical, the determinant vanishes. 

For, by Prop. I., the interchange of these two lines ought 
to change the sign of the determinant A ; but the interchange 
of two identical rows or columns cannot alter the determinant 
in any way ; hence A = - A, or A = 0. 

131. Prop. III. — The value of a determinant is not altered if 
the rows be written as columns, and the columns as rows. 

For all the terms, formed by taking one constituent from 
each row and one from each column, are plainly the same in 
value in both oases ; the principal term is identically the same ; 
and to determine the sign of any other term (by Prop. I.) the 
number of displacements of rows necessary to bring it into the 
leading diagonal in the first case is the same as the number of 
displacements of columns necessary in the second case. 
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Example. 


bi 

a% h% 

«8 ^3 

ai h 

Here the sign of any term, e.g. a2Mi<^3, is the same in both determinants. For 
three displacements of rows are required to bring this term into the leading position 
in the first determinant ; and the same number of displacements of columns is 
required to bring the same constituents into the leading position in the second 
determinant. 


fi 

dx 


ax 

az 

as 

ax 

0 % 

d% 


hx 

hz 

bs 



d% 

a 







e\ 

C2 

C2 

Ci 

<T4 

dx 


d\ 

<h 

ds 

di 


132. Prop. IV. — If every constituent in any line be multiplied 
by the same factor^ the determinant is multiplied by that factor. 

For every term of the determinant must contain one, and 
only one, constituent from any row or any column. 

Cor, 1. If the constituents in any line differ only by the 
same factor from the constituents in any parallel line, the 
determinant vanishes. 

Cor. 2. If the signs of all the constituents in any line be 
changed, the sign of the determinant is changed. For this is 
equivalent to multiplying by the factor - 1. 


Examples. 



kax 

h 

<fx 


ax 

ii 

C\ 


1. 

ka% 

h 

Cz 

sk 

a% 

b* 

C% 

• 


ka% 

h 

Ci 


as 

b» 

Ci 



■ ai 

mai 

az 


ai 

«! 

az 1 


2. 

fix 


02 

9 m 

0x 

jSi 

02 

■ 0. 


71 

myi 

7* 


71 

>1 

7* 
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3. Show that the following determinant ranishes r 

8 16 2 

2 5 7 8 

8 9 14 * 

6 16 21 9 

4. Prove the identity 


he 

a 

«* 


1 


a* 

ea 

b 

3 

- 

1 

6* 

63 

ah 

e 



1 


s* 


Represent the first determinant by A, and multiply the rows by a, 6 , cv respec- 
tively. We have then 

ahe a* a* 

ahctk '= 6 * 6 * ; 

oho e* ^ 

and| dividing the first column by ahc^ the result follows. 

6 . Prove the identity 


fiyS 

a 

a* 

a 3 

1 

a* 

a* 

o« 

ySa 


i83 


1 

/ 8 ’ 

/33 


Sa0 

7 

7* 

78 

1 


78 

7‘ 

0/87 

3 

3» 

53 

1 

8 * 

8 » 

8 * 


6 . Prove 


2 

1 

-7 


1 

1 

7 

-4 

-8 

8 

«2 

2 

8 

8 

6 

6 

-9 


3 

6 

0 


Change all the signs of the second row, and afterwards of the third column. 
7. Prove 


1 a $ 

1 


1 

1 

1 

a 

0 

i 

1 

afiy 

a'iSy 

0y» 

yo/s 

a* 

(T 

y" 

a"i87 

0’ya 

r'a/S 


This is easily proved by multiplying the columns of the first determinant by 
^ 7 , ya, a/ 8 , respectively ; and then dividing the first row by ai 8 y. 

It is evident that a similar process may be employed to reduce any determinant 
to one in which all the constituents of any selected row or column shall be units. 
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8. Heduce the following determinant to one in which the first row shall consist 
of units : — 


A 


6 

fi 

0 

6 


10 

8 

6 

8 


Since 20 is the least common multiple of 4, 2, 5, 10, it is sufficient to multiply 
the columns in order by 5, 10, 4, 2 ; we thus obtain 



20 

20 

20 

20 

1 

5 

10 

24 

6 

6 . 10 . 4 . 2 

36 

30 

0 

10 


0 

20 

20 

16 


Taking oat the multiplier 20 from the first row, 6 from the third row, and 4 from 
the fourth row, we get finally 


1111 


A = 


5 

7 

0 


10 24 6 

6 0 2 

5 5 4 


9, Prove the identity 

1 1 1 

a ^ 7 

a» 7* 


{iB-7)(7-«)(«“/8)- 


Since if /3 were equal to 7 , two columns would become identical, 3 7 must be 

a factor in the determinant. Similarly, 7 - a and a - 3 must be factors in it. 
Hence the product of the three differences can differ by a numerical factor only 
from the value of the determinant, since both functions are of the third degree in 
a, 3> 7 ; and by comparing the term 37* we observe that this factor is + !• 

10. Prove similarly the identity 


1111 
a 3 7 5 

a* 3* 7 * 

a> 3* 7* 


- - (3 - 7) (« “ «) (7 “ «) (3 - 8) (a - 3) (7 - «) • 


It is evident that a similar proof shows in general that the value of the deter- 
minant of this form, constituted by the n quantities a, 3* 7 • . • X, is the product of 
the (a - 1 ) differences which can be formed with these it quantities* 
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133, Mflgo r Determlnanto* Definitions. — When in a 
determinanfany number of rows and the same number of 
columns are suppressed, the determinant formed by the 
remaining constituents (maintaining their relative positions) is 
called a minor determinant. 

If one row and one column only be suppressed, the corre- 
sponding minor is called a firet minor. If two rows and two 
columns be suppressed, the minor is called a second minor ; and 
so on. The suppressed rows and columns have common con- 
stituents forming a determinant ; and the minor which remains 
is said to be c omplementa ry to this determinant. The minor 
complementary to the leading constituent ^i.is called the leadinQ 
fi r^t minor^ and its leading first minor again is the leading second 
minor of the original determinant. 

It is usual to denote a determinant in general by A. We 
shall denote by Aa the first minor obtained by suppressing in A 
the row and column which contain any constituent a ; by Aa.^ 
the second minor obtained by suppressing the two rows and two 
columns which contain a and \ and so on. Thus A^ repre- 
sents the leading first minor, and Aa^, or Aa.,d, the leading 
second minor. 

The determinant A, formed by the constituents «i, 6i, Ci, &o,, 
is often denoted for brevity by placing the leading term within 
brackets as follows : — 

A ■ {aih^Ct 4)* 

The notation S ± a^c^ , , . L is also used to represent A ; 
this expressing its constitution's consisting of the sum of a 
number of terms (with their proper signs attached) formed by 
taking all possible permutations of the n suffixes. 

134, Developmea t of Determinants. — Since every term 
of any determinant contains one, and only one, constituent from 
each row and from each column, it follows that A is a linear and 
homogeneous function of the constituents of any one row or any one 
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column. We may therefore write 

^ + OgAf + 

A = 61^1 + + dgSa + &o. ) 

or, again, A = UiA, + 6 , 5 , + c,( 7 , + &o., 

A “ (I2A.2 "H O2S2 C2C2 “t" & 0 . 

The student, on referring to Ex. 3 , Art. 128 , will observe 
that the determinant of the fourth order there written at length 
is constituted in the way here described, namely, 



c% d% 


b\ C\ d\ 


bi C\ d\ 


b\ C\ d\ 

> 

II 

t/g 

+ 03 

bi Ci di 

-f Ui 

b^ Cl d^ 

+ «4 

b ^ Ci di 


1 bi Ci di 


b^ C3 d^ 


bi Ci di 


b% Ci di 


We proceed to show that in the general case, writing A in 
the form 

A = UiAi + ajAj + rt 8 - 4 j + . . . + OnAn, 


the coefficients A„ A2, A2, &e., are determinants of the order 
n - 1. 


In effecting all the permutations of the suffixes 1, 2, 3 
suppose first 1 to remain in the leading place, as in the example 
referred to ; we then obtain 1 . 2 . 3 ....(«- 1) terms which have 
a, as a factor, and 

aiAi = 0,2 ± igCa . 4 ; 

hence 

I 63 0 % ... I2 I 


Ai = S i 6»C« ... In ~ 


6 j Cj . . . 


t 


I 6» Cn . . . 4 I 

and this determinant is the minor corresponding to the consti- 
tuent «„ or Ai = Aa^. 

To find the value of A2, we bring a, into the leading place 
by one displacement of rows. This changes the sign of A, so 
that we obtain A2, = - Ao,, i-e. = the minor corresponding to 
03 with its sign changed. Again, bringing 03 to the leading 
place by two displacements, we have A^ = ; and so on. 
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Thus we conclude that, in general, 

A *“ AjAuj “ + ffgAa, “■ + &C» 

Similarly, we can expand A in terms oi the constituents of 
any other column, or any row. For example, 

A “ fliAa, - ftiAjj + CiA#j - &o. 

If it be required to obtain the proper sign to be attached to 
the minor which multiplies any constituent in the expanded 
form, we have only to consider how many displacements would 
bring that constituent to the leading place. For example, sup- 
pose the determinant (aibiCzdiei) is expanded in terms of its 
fourth column, and that it is required to find what sign is to be 
attached to dt A^,. Here two displacements upwards, and after- 
wards three to the left, will bring d^ to the leading place ; hence 
the sign is negative. This rule may be stated simply as follows : 
Proceed from o, to the constituent under consideration along the top 
rowt and down the column containing the constituent ; the number 
of letters passed over before reaching the constituent will decide the 
sign to be attached to the minor. In the example just given, 
beginning at ai, we count a,, 6i, c,, di, dt, i. e. five ; and this 
number being odd, the required sign is negative. 

It will be found convenient to retain both notations here em- 
ployed for the development of a determinant. The expansion in 
terms of the minors, with signs alternately positive and negative, 
is useful in calculating the value of a determinant by successive 
reductions to determinants of lower degree. For some purposes, 
as will appear in the Articles which follow, it is more convenient 
to employ the notation first given, in which the signs are all 
positive (whatever the row or column under consideration) 
and the coeflBoient (or co-factor) of any constituent represented 
by the corresponding capital letter- By substituting for the 
capital letter the corresponding minor with the proper sign, 
determined in the manner above explained, the latter notation 
is changed into the former. 



Examples. 


la 


Exauflxs. 


1« 01 hi Cl 

h% c% hi Cl hi Cl 

a% h% c% ts a\ — 0a +08 

ds ^ ht c% h% e% 

«h h% d 

■B 0i^a^ — aihzfi2 — a%hiC2 + 02^3^1 + 0s^i^ — c^hcim 

(Compare (2), Art. 127.) 

2. a h g 

h f h g kg 

h h f rsa -A +^ 

/ • f c \ h f 

g / c 

as abc + 2/gh — af^ — hg^ — 

8. Expand the determinant of the fourth order in terms of the constituents of 
the fourth row. 


A « - CiAa^ + hiAb^ — CiAe^ + diAd^* 



bi 

9l 

* 


01 

^1 

di 


01 

«i 

di 

«l 

bi 

ei 

«-04 

b» 

c% 

di 

+ *4 

03 

C2 

di 


03 

h 

d» +dt 

03 

h 

C2 


h 

^8 

d» 


08 

C2 

d» 


08 

h 

di 

08 

h 

C2 


When the determinants of the third order are expanded, this will give the 
expression of Ex. 3| Art. 128, as the student will easily verify. 


6 1 

1 2 4 

2 4 

«3 

-7 +6 


3 8 

1 3 8 

6 1 

« 3 (48 - 3) 

- 7 (16 - 12) + 6 (2 - 

.24) 


-.-3. 


6 Find the value of the determinant 

8 7 2 20 

3 14 7 

A = 

6 0 11 0 

8 10 6 

Expanding in terms of the third row, since two of the constituents in that row 
vanish, we have without difficulty 



7 

2 

20 

a 

7 

20 

a«6 

1 

4 

7 +11 

8 

1 

7 


1 

0 

6 

8 

1 

6 


and expanding the two determinants of the third order, we find A » 2188. 



16 


DetermxnanU 


6. Expand ^ t ^ d 

« 0 a 

^ « 0 / 

d e f ^ 

The expansion is a’rf* + - 2bcef - 2cafd - 2abde\ the given deter- 

minant is therefore equal to the product of the four factors 

+ v/ cf^ ^ ad — y/ be — \/ /, 

— ad + be - y/ ef^ — \/ <w? — \/ be 

a result which is sometimes useful. 

7. Prove 

1 a /3 7 

-a I y 

= 1 + a* + i 8 « + 7 » + a '2 + iS'* + 7 '* H- (au'+ ^0 -f yy')*- 

- -y I a 
-y 0 -a' 1 

8* Expand —a h 0 d 

b — a d e 

0 d — a b 

' d e b --a 

Am* a* + 4 “ 2b'^c'^ — ~ — 2o*<f* — Sabcd. 

9. Prove the following identity, and expand the determinants : — 


0 

1 

1 

1 


0 

X 

y 

z 

1 

0 

t* 



X 

0 

$ 

y 

1 

*2 

0 



y 

z 

0 

X 

1 


«2 

0 


z 

y 

X 

0 


Ans, a;* 4 y* 4 8* - 2y*«* — 2z^x* — 2a;* y’, 
10. Find the value of the determinant 

a h g \ 

h b f f, 

As • 

g f 9 V 

\ Ik V ^ 

Expand first in terms of the last row or last column, and then each of the 
determinants of the third order in terms of A, /a, v. 

Am* - A — ( ""/*) “T ( 9 a — y*) fj? 4 (ah - A*) i^* 4 2 (yA — <»/) fiv 

4 2 (A/- dy) M 4 2 (jfJ? - A/u. 
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135 . liaplace’s Development of a Determinant. — 

The expansion explained in the preceding Article is included 
in a more general mode of development given by Laplaoe. 
In place of expanding the determinant as a linear function 
of the constituents of any line, we now expand it as a linear 
function of the minors comprised in any number of lines. 

Consider, for example, the first two columns (a, d) of any 
determinant ; and let all possible determinants of the second 
order (Op, 6,), obtained by taking any two rows of these two 
columns, be formed. Let the minor formed by suppressing 
the Op and lines be represented by A,,, ; then the deter- 
minant can be expanded in the form S ± (opdf) Ap,g, where 
each term is the product of two complementary determinants 
(see Art. 133). To prove this, we observe that every term of 
the determinant must contain one constituent from the column 
a and one from the column i. Suppose a term to contain the 
factor Opdg ; there must then (interchanging p and y) be another 
terra differing only in the sign and the interchange of these 
suffixes ; hence, the determinant can be expanded in the form 
S (apbg) ^p,j; and Ap,g is clearly the sum of all the terms 
which can be obtained by permuting in every possible way 
the «-2 suffixes of the letters e, d, e, &o., viz. ± Ap,,, the 
sign, being determined in any particular instance by the rule 
of Art. 128. This reasoning can easily be extended to the 
general case. Let any number p of columns be taken, and all 
possible minors formed by taking p rows of these columns. 
Each of these minors is to be then multiplied by the comple- 
mentary minor, and the determinant expressed as the sum of 
all such products with their proper signs. 

Exahfles. 

1. Expand the determinant (fiihadi) in terms of the minors of the second order 
formed from the first two columns. 

Employing the bracket notation, we can write down the result as follows : 

(aids) ~ {flihi) {e%d^ + (<’1^4) {c^d^ + (<*2^3) {p\di^ — (^2^4) (^id^s) + (as^ 4 ) (cid 2 ) ; 

where the sign to be attached to any product is determined by moving the two rows 
involved in the first factor into the positions of first and second row. Tbus^ for 
VOL. n. 0 
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example, since three displacements are required to move the second and fourth rows 
into these positions, the sign of the product (a%bi) (eidz) is negative. 

2 . Expand similarly the determinant (a\hezdifii^. 


Ans. {eidiei) - (a\hz) {ezdief) + (a\hij {ezdzei) - (ai^e) 

+ ( 02 ^ 3 ) (cidiezj - {^ 2 ^ 4 ) {c\dzez) + {a%ht) {e\dze^ + ( 03 ^ 4 ) {e\d%eij 


S. Prove the identity 


«l 

h 

Cl 

di 

c\ 

A 

as 

h% 

c% 

dz 

cz 

A 

az 

b% 

cz 

dz 

Cz 

/s 

0 

0 

0 

ai 

Pi 

yi 

0 

0 

0 

az 

Pz 

yz 

0 

0 

0 

03 

P9 

78 



ai bi Cl 


01 01 71 

- 

dz hz Cz 


02 Pz yz 


az hz cz 


03 08 73 


This appears by expanding the determinant in terms of the minors formed from 
the first three columns, for it is evident that all these minors vanish (having one row 
at least of ciphers) except one, viz. {a\h%ez). 

In general, it appears in the same way that if a determinant of the order 
contains in any position a square of ciphers, it can be expressed as the product 
of two determinants of the order. 

4 . Expand the determinant 

a h g K 

h b f g, gl 

g f 0 V V* 

X ^ r 0 0 

V / 0 0 

in powers of a, p, 7, where 

a a /4V' - gtfy jS a vx' ~ A, 7 a X/i' - XV 

An 9 , aa* + + ^7* + 2/07 -f 2y7a 4 * 2Aa0, 


5 . Verify the development of the present Article by showing that it gives in the 
general case the proper number of terms. 

Consider the first r columns of a determinant of the order. The number of 
minors formed from these is equal to the number of combinations of n things taken 
r together. This number multiplied by 1 . 2 . 3 . . . r (the number of terms in each 
minor), and 1 . 2 . 3 ... ft — r (the number of terms in each complementary minor), 
will be found to give 1 . 2 . 3 • • • ft, viz. the number of terms in the determinant. 
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136. Development of a Determinant In Prodncto 
of tbe l eading ynnaHtiiimtifi — In this and the next fol- 
lowing Articles will be explained two additional modes of 
development which will be found useful in the expansion of 
certain determinants of special form. The application which 
follows will be sufficient to show how any determinant may 
be expanded in products of the leading constituents— 

It is required to expand the determinant of the fourth order 


A 

4i 

Cl 

di 

az 

B 

0% 

d. 

az 

h 

0 

d» 

ai 


Ci 

B 


according to the products of A, By Gy 2)« In order to give prominence to the 
leading constituents, we have here replaced «i, ^ 2 , c^y di by Ay By Gy i). When 
the expansion is effected, it is plain that the result must he of the form 

A a Ao -h -f %\*AB -f ABC^^ 

where Ao consists of alTthe termiTn^'whiclT ho leadlng^^stitue occurs ; ^A is 
the sum of all the terms in which one only of these constituents occurs ; 2\^AB is 
the sum of all in which the product of a pair of the leading constituents is found ; 
and ABGDy the leading term, is the product of all these constituents. It will be 
observed that the expansion here written contains no terms of the form >!!ABG\ and 
it is evident, in general, that the expanded determinant can contain no terms in 
which products of all the leading constituents but one occur, since the coefficient 
of any such product is the remaining diagonal constituent. It only remains to see 
what is the form of Ao, and of the undetermined coefficients \y fi, . , . • • • &o. 

Putting Ay By Gy JD all equal to zero in the identity above written, we have 


Ao 


0 

bi 

Cl 

di 


0 

c% 

di 

az 

is 

0 

di 

ai 

is 

Ci 

0 


Again, to obtain A, let By G, B be made equal to zero, 
clearly the determinant 

0 e<% d% 


The coefficient of A U 


bz 0 dz 

bi a 0 

the coefficient of .9 is similarly obtained by replacing Ay Gy B each by sero in the 

0 2 . 
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minor complementary to B ; and so on. To obtain V, let C and D be made aero ; 
the coefficient of AB in the resulting determinant is plainly the second minor 

0 dz 

Ci 0 

The coefficient of any other product is obtained in a similar manner. Finally, 
the expansion of A may be written in the form 

0 bi ei d\ 

02 0 Os 

03 0 dt 

04 ^4 04 0 



0 C2 d% 


0 di 


0 hi di 


0 bi 

Cl 

+ A 


0 ds 

+ .B 

«8 

() dz 

+ 0 

a% 

} dt 

+ 2) 

02 0 

cz 


hi a 0 


1 a4 C4 0 


ai hi 0 


az ft 

1 0 


0 dz 


0 di 


0 02 


0 di 


0 Cl 


0 

+ AB 


■^AC 


■^AB 


^‘BC 


i-BI) 


+ Ci> 


Cl 0 


h 0 


bz 0 


ai 0 


as 0 


Oz 0 


+ ABCB. 

A determinant whose leading constituents all vanish has been called iero^axiaL 
The result just obtained may be stated as follows : — An^ determinant may he ex^ 
panded in products of the leading constituents^ the co^-f actor of every product in the 
result being a zero-axial determinant, 

137 . Expansion of a Determinant In Prodnets In 
Pairs of the Constituents of a Row and Column. — 

In what follows we take the first row and first column as those 
in terms of which the expansion is required. This is evidently 
sufiBoient, since any other row and column may be brought by 
displacements into these positions. It will be found convenient 
to write the determinant under consideration in the form 

Ofl a /3 y . 

CL tti bi Oi . 

13' a, 6a <k . • 

y Oa 6a O 3 * 
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Let this be denoted by A^, and its leading first minor 
{aih ^ . . .) by the usual notation A. The determinant A' may 
be' said to be derived from A by bordering it, horizontally with 
the constituents a#, a, /3, 7 , . . . , and vertically with the con- 
stituents «o, a', /3', y • • • When A' is expanded, all the terms 
which contain a, are included in agA. In addition to this, the 
expansion will consist of the product of every other constituent 
of the first column by every other constituent of the first row, 
every such product of two being multiplied by its proper factor. 
What this factor is in the case of any product is easily seen. 
Let the co-factors of Oi, bi, a*, 5», . . . &o., in the expan- 

sion of A be Ax, Bi, . . . At, Bt, , according to the notation 
explained in Art. 134. It is plain that the factor which multi- 
plies any product, for example aa, in the expansion of A', is ths 
same as the factor which multiplies a^a, with sign changed, viz. 
-Ax', similarly the factor which multiplies a'/S is the factor with 
sign changed of ajbx, viz. - Bx ; and so on. To obtain the factor 
of any such product, the rule clearly is — Find the fourth consti- 
tuent completing the rectangle formed by the leading term and 
the two constituents which enter into the product : the required 
factor is obtained by substituting for the constituent 0 / A so found 
the corresponding capital letter tcith the negative sign. It appears 
therefore finally that the expansion of A' may be written in the 
following form : — 

A' ■ ^oA — Axaa' - Bx(ia — Cxya — . . . 

- A,a^' - B,^^' - C^y^' - . , . 

— Azuy — Bi^y — Ciyy' - . . . 

- &c. 

Examples of the utility of this mode of expansion will be 
found under a subsequent Article. 

138. Addition of Determinants. Prop. V . — If every 
constituent in any line can be resolved into the sum of two others, 
the determinant can be resolved into the sum of two others. 
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Suppose the constituents of the first column to be rti + oi, 
a% + oi, Ot + at, &o. Substituting these in the expansion of 
Art. 134, we have 

A “ (fli + Oi) + ((3!i + oj) ud-i + (oj + cis) -^3 &0. 

- OiAi + tttAt + chAt + . . &o. + aiAx + 0*^3 + ojAt + &o . ; 
or, 


-f ai 

ft. 

Cl . . 


at 

ft. 

Cl * m 


«1 

ft. 

Cl t 0 

^2 Oi 

ft, 

Cq • • 


(1% 

hi 

Ci • • 

4- 

Oi 

ft. 

Ci 0 • 

Os + 03 

• • • 

fts 

• 

Ci • • 

• • 


a% 

• 

h$ 

• 0 

Ci . . 

* • 


03 

ft, 

» • 

Ci 0 • 

• • 


which proves the proposition. 

If a second column consists of the sum of two others, it is 
easily seen, by first resolving with reference to one column, and 
afterwards with reference to the other, that the determinant 
can be resolved into the sum of four others. For example, the 
determinant 


ax + at 

ft, + /3, 

Cl 

di 4- CI3 

hi + /Si 


a% + 0 $ 

hi + 

Os 


is (in the notation of Art. 133) equal to the sum .of the four 
determinants 

(ffiJjCs) + (aiftjCs) + ((tifBsfii) + (ai/3»Cj). 

Similarly it follows that if each of the constituents of one 
column consists of the algebraical sum of any number of terms, 
the determinant can be resolved into a corresponding number of 
deferminants. For example — 


fli - Oi + a'l 

ft. 



dt 

ft. 

Cl 


aj 

ft. 

Cl 


a 1 

ft. 

Cl 

^3 02 4 a\ 

ft. 

Ci 

as 

Ui 

ft. 

0 % 

- 

Oi 

hi 

Ci 

4 

«a 

ft. 

Ci 

O3 — 0$ 4 a^8 

ft. 

^ i 


Oi 

ft. 

<?8 


Oi 

ft. 

C9 


/ 

0 8 

hi 

Ci 



Addition of Determinants, 


23 


And, in general, if one column consists of the algebraic sum of 
m others, a second column of the sum of n others, a third of the 
sum of p others, &o., the determinant oan be resolved into the 
sum of mnp . . . , &c., others. 

Similar results plainly hold with regard to the rows, which 
may be substituted for columns in the proof just given. 

139. Prop. VI . — the constituents of one line are equal to 
the sums of the corresponding constituents of the other lines multi- 
plied by constant factors, the determinant vanishes. 

For it oan then be resolved into the sum of a number of 
determinants which separately vanish. For example,* 


max + nbx 

ax 

bx 


ax 

ax 

bx 


bx 

dx 

bx 

max + nbx 

Ox 

bx 

= m 


a^ 

bx 

+ n 

bx 

a% 

bx 

max + nbt 

Ox 

bx 


dz 

(h 

bx 


bx 


bx 


and each of the latter determinants vanishes (Art. 130). 

140. Prop. VII. — A determinant is unchanged when to each 
constituent of any row or column are added those of several other 
rows or columns multiplied respectively by constant factors. 

For when the determinant is resolved into the sum of others, 
as in Art. 138, the determinants in which the added lines occur 
all vanish, since each of them must, when the constant factor is 
removed, contain two identical lines. Thus, for example. 


ax 

bx 

Cl 


a, + mbx 

+ ncx 

bx Cx 

ax 

bx 

C2 


Ox + mbx 

+ ncx 

bx Cx 

ax 

bx 

Cx 


Ox + mbx 

+ nCx 

bx Ox 


for when the second determinant is expressed as the sum of 
three others, the two arising from the added columns vanish 
identically (Art. 139). 

The proposition of the present Article supplies in practice 
one of the most useful properties in the evaluation of deter- 
minants. 
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Examples. 


1. Show that the following determinant vanishes : — 

iS + 7 a 1 

7 + a $ 1 . 

a -f )3 7 1 

Adding the constituents of the second column to those of the first, wo can take 
out a -f ^ + 7 as a factor, and two columns then become identical. 

2. Find the value of the determinant 

1 2 4 

2 3 7 . 

3 4 10 


Subtracting the constituents of the first column from those of the second, and 
three times the constituents of the first column from those of the third, we obtain 

1 1 1 

2 1 1 , 

3 1 1 

which vanishes^ identically. 


- 1 

I 

1 

1 


- 1 

1 

1 

1 














0 

2 

2 

1 

- 1 

1 

1 


0 

0 

2 

2 









= 






2 

0 

2 

1 

1 

-1 

1 


0 

2 

0 

2 















2 

2 

0 

1 

1 

1 

- 1 

1 

0 

2 

2 

0 





Here the first transformation is obtained by adding in succession the constituents 
of the first row to those of the second, tl\ird, and fourth. 


7 

11 

4 


7 

11 

4 


7 

-10 

-10 















10 

10 

13 

16 

10 

= 3 

13 

16 

10 

= 3 

13 

-24 

-16 

sss 3 















24 

16 

3 

9 

6 


1 

3 

2 


1 

0 

0 




« 30 (16 - 24 ) = - 240 . 


Here the second transformation is obtained by subtracting three times the first 
column from the second, and twice the first from the third. In examples of this 
kind, attempts should be made to reduce to zero all the constituents except one in 
some row or column, in which case the calculation reduces to that of a determi- 
nant of lower order. This can always be done by reducing any one line to units, as 
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in Ex. 7, Art. 132 ; but, in general, it can be effected more readily by direct addi-* 
tions or subtractions, as in the present instance. 

6. 


7 

-2 

0 

6 


7 

-2 

0 

6 














19 

-2 

17 

-2 

6 

-a 

2 


19 

0 

-2 

17 









ss 





« 2 

-7 

5 

-2 

0 

-2 

6 

3 


-7 

0 

6 

-2 















12 

3 

9 

6 

2 

3 

4 


12 

0 

3 

9 





The first transformation is obtained by adding to the second row three times the 
first, subtracting the first from the third row, and adding the first to the fourth 
row. The reduced determinant is easily calculated by subtracting four times the 
second column from the first, and three times the second column from the third. 
Thus 


19-2 17 

-7 d - 2 

12 3 9 


27 

-27 

0 


6. Calculate the determinant 


1 

12 

8 

13 


5 
8 

15 

6 
10 

3 


23 
- 17 
0 

14 

7 

11 

2 



27 

23 

= - 6 




-27 

-17 


- - 972 . 


4 

9 

6 

16 


The first sixteen natural numbers are arranged here in what is called a magic 
square,” i,e. the sum of all the figures in any row or in any column is constant. 
In general, for a square of the first numbers, this sum is ^ft (n^ + 1). Determi- 
nants of this kind can be at once reduced one degree. Here, adding the last three 
columns to the first, and subtracting the last row from each of the others, we haye 


:34 


and subtracting the second row from the last row, it is evident that the reduced 
determinant vanishes ; hence A = 0. 

7. Calculate the determinant formed by the first nine natural numbers arranged 
in a magic square ; 


1 

16 

14 

4 


0 

12 

12 

-12 













1 

1 -1 

1 

6 

7 

9 


0 

3 

6 

- 7 








= 34 





= -34x12 

3 

5 -7 

1 

10 

11 

6 


0 

7 

9 

-11 














7 

9 -11 

1 

3 

2 

16 


1 

3 

2 

16 




Ans. 380 . 
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8. Calculate the determinant formed by the first twenty-five natural numbers 
arranged in a magic square : 

10 18 1 14 22 

4 12 26 8 16 

23 6 19 2 16 

17 6 13 21 9 

11 24 7 20 3 I - 4680000. 

9. Evaluate, by the method of the present Article, the determinant of Ex. 9, 
Art. 134. 

0 111 0 1 0 0 

1 2* 

1 0 a* y* 10 »» y» 

= =S — 1 —2* 0:^—2® 

1 ** 0 la* - a* - z* 

1 

1 y* af* 0 1 y* a;*-y* -y’ 

Here, to obtain the second determinant, we subtract the second column from 
each of the following ones. In the reduced determinant, subtracting the first row 
from each of the following, we find 

1 a« y* 

22* ^2 ^ jj;2 _ JJ.2 

^ S= 0 — 2«* - y* sa • 

y* + 2* — a:* 2y* 

0 ar*-.y*-z* -2y* 

■» (y* + a* — x^Y — 4y^a* , 

*s (y* + a* - ic* + 2yz) (y* + a* - a?* - 2y«) 

BS ~ (« + y + a) (y 4- a - a?) (a + a? - y) (a? 4 y ~ 

10. Prove the identity 

{b + cY 

A * 6* (a 4 6* m 2abe(a 4 1 ♦ «)•. 

a* {a ^ hf 

Subtracting the last column from each of the others, (a 4 6 4 a)* may be tahen out 
as a factor. Calling the remaining determinant A', and subtracting in it the sum of 
the first two rows from the last, we have 

d + a~a 0 64a-A 0 

0 a4a — 6 6* « 0 tf4a-^ 

c^a^b (a-fi)* —2/^ —2a 2aA 

a(6 4 c — a) 0 a* 

« -i 0 6(c 4 a - 6) 6* 

ab 

•— 2a6 — 2a6 2a6 
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Adding the last column to each of the others, we obtain 
a{b-\‘C) a* a* 

I a(b + c) ^ + a 

A'=4 b(e + a) =2 ^2ab 

b(e-^a) b e + a 

0 0 2ab 

as 2abe (a + 3 + c). 

Hence, A = A'(« + 5 -h e)* =* (a + J + tf)®, 

11. Prove the identity 

1 1 1 

a J8 y a {fi-y)(y - a){a- $){a+ $+y). 

a* )8® 7^ 

Subtracting the first column from each of the others, $ - a and 7 - a become 
factors. In the reduced determinant, subtract the first row multiplied by from 
the second row. 

12. Resolve into simple factors the determinant 

1111 

a y b 

A s 

a* /3* 7* 

a* iS* 7* 

Proceeding, as in Ex. 11, we easily find that ()8 — o) (7 -a) (5 -a) is a factor, 
and that the reduced determinant is 

1 1 1 

fl+a 7+a 3+a 

0 ^ + 0 a 4* $a^ + a* 7* 4- y^a 4- 7a* 4- 5® 4- ^ *a -f bo? 4- a* 

Subtracting the first column from each of the others, (7 ~ /5) (b^ 0 comes out 
as a factor, and the remaining factor is easily found to be (8 - 7) (a 4 i8 + 7 4- 8). 
Hence, finally, 

A = - (3 - 7) (a - 5) (7 - a) ()8 - 8) (a - /3) (7 - 5) (a + i8 -f 7 4- 8). 

13. Resolve into linear factors the determinant 

a b c 

A K c a b 

boa 

Multiply the second column by w, and the third by ; and add to the first. 
The factor a 4- may then be taken oflF the first column (since 1), leaving 

the constituents 1, o^, Adding then the second and third rows to the first, the 
factor a 4* 8 + a may be taken out ; and the remaining determinant is easily found 
to be equal to a 4- 0 b 4- Hence we have 

A a (a 4- 8 4- (a 4* «8 + (a 4- 0b 4- cifc). 
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14. Resolye into linear factors the determinant 

abed 
4 E hade 
e d a b 

d c b a 

The result is as follows ; — 

A»-(a + d + e + <f)(i + e — + — e-<f), 

since each of the factors here written is a factor of the determinant ; for example, 
a + i- 0 - dis shown to be a factor by adding the second column to the first, and 
subtracting the third and fourth. By comparing the sign of a*, it appears that the 
negative sign must be attached to the product. 

It may be observed that the determinant of Ex. 9 is a particular case of the 
determinant here considered, viz. that obtained by putting a 0, as will appear 
by comparing the equivalent forms of Ex. 9, Art, 134. 

141. Multi plication of lieterniinantg. — Prop. YIII. — 

ITie ^product of two detet'minants of any order is itself a determinant 
of the same order. 

We shall prove this for two determinants of the third order. 
The student will observe, from the nature of the proof, that it 
is equally applicable in general. We propose to show that the 
product of the two determinants (aijSjya) is 

+ hijii + Ciyi dtjOa + ^i/3s + Ciyt + ^i/3s + Ciy^ 

OriCLi + d" e^rfi dtjOa + 4" e^y^ + 6,^3 + c^y^ , 

OiOi + bs(3i + Ciy\ Oiiat + bs(3t + (hyj (fjOi + + c^yj 

whose constituents are the sums of the products of the con- 

stituents in any row of {aib^ by the corresponding constituents 
in any row of ( 01 / 3 * 73 ). 

Since each column consists of the sum of three terms, this 
determinant can be expanded into the sum of twenty- seven 
others (Art. 138). Now it will be observed that when any one 
of these is written down, a common factor can be taken off each 
column ; and that several of the partial determinants will, when 
these factors are removed, have two (or more) columns identical. 
The determinants which do not vanish in this way can be easily 
selected. Taking, for example, the first vertical line of the first 
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column, this would give a vanishing determinant if we were to 
take along with it the first line of the second column. We take 
then the second line of the second column ; and along with 
these two we must take the third line of the third column to 
obtain a determinant which does not vanish. Betaining still 
the first line of the first column, we may take the third line 
of the second column along with the second line of the third 
column. Taking out the common factors of the columns, we 
write down these two determinants as follows : — 



Ui hi Cl 


ai Cl hi 

always 

( 1 % h% c% 

+ Oiya/Sa 

c% h% 


(X^ h% c% 


(X% c% h% 


Taking in turn each of the other lines of the first column, 
we obtain four other determinants which do not vanish. Thus 
there are in all six terms; and it is plain that is a 

factor in each of these. Taking out this factor there remains 
the sum of six terms — 

aj/3»7» - Oi/Bay* - a«/3i7s + Os^iy* + 0*^371 - Oa/Bayi, 

and this is the determinant (oi/Say*). We have therefore proved 
that the determinant above written is the product of the two 
given determinants. 

In either of the given de terminants the rows may be writ- 
ten in place of columns ; hence the product may be written in 
several difPerent forms as a determinant; but these will, of 
course, give the same value when expanded. 

142. Multiplication of Determinants continued. — 
Another mode of proof of the proposition of the last Article, 
expressing as a determinant the product of two given determi- 
nants of the same order, may be derived from Laplace’s mode 
of development already explained (Art. 135). 

The nature of this proof will be sufiSciently understood from 
the application which follows to two deterfhinants of the third 
order. 
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The product of the two determinants {aihzcz)^ (aifizyz) is (Ex. 3, Art. 136) 
plainly eq^ual to the determinant 


ai 


e\ 

0 

0 

0 

ai 

hi 

a 

0 

0 

0 

Oz 

h 

ez 

0 

0 

0 

-1 

0 

0 

ai 

aa 

03 

0 

-1 

0 



iS3 

0 

0 

-1 

71 

73 

78 


In this determinant add to the fourth column the sum of the first multiplied by 
ai, the second by fiu third by yi ; add to the fifth column the sum of the 

first multiplied by as, the second by iSs, and the third by 72 ; and add to the sixth 
column the sum of the first multiplied by 03, the second by /Ss, and the third by 73. 
The determinant becomes then 


ai 

hi 


oioi + 5 ij 3 i + C171 

0102 + 61)82 + eiyi 

0103-1-61)88 -1- C173 

a % 

hi 

Ci 

«2ai + + dyi 

O202 4- 62^2 + ^272 

0203 -f 62)83 -f ^^273 

az 

hz 

cz 

0301 + 63)81 + czyi 

O302 + 6332 + <^373 

0303 + 63)83 + {?373 

-1 

0 

0 

d 

0 

0 

0 

-1 

(t 

0 

0 

0 

0 

0 

-1 

0 

0 

0 


and this is, by Art. 135, equal to the product (with the proper sign) of the deter- 
minant 

- 1 0 0 

0—1 0 (which is equal to - 1) 

0 0-1 

by the complementary minor, which is the same determinant as that obtained in the 
preceding Article. That the sign to be attached to the product is negative is easily 
seen by moving down the first three rows till the diagonals of the two minors in 
question form the diagonal of the determinant itself. The student will have no 
difficulty in observing that, in the general case, the number of such displacements 
is odd when the order of the given determinants is odd, and even when it is even ; 
so that the sign to be placed before the product-determinant of Art. 141 is always 
positive. 

The important proposition contained in this Article and 
the Article which precedes will be illustrated by the examples 
which follow. 
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Exahpiks. 

1. Show that the product of the two determinante 


<i f ii r + W 


d-id' 

f 

- ^ 4 W a-ih 

1 

r 

a' 4- ib' 


where ♦ * 1, may be written in the fonn 

i) - B-^iA 

^B-riA I) + iC 

'whece 

— — A m y — b*e + ad! ^ dd^ B ^ ed - da^hdt - 

C mad --db^-ed -dd, Dmad-^hd^ed-^ddx 

and hence prove Euler’s theorem 

(a* + ^2 + 4- {d^ + P + /* + ^T*) 

» {^ad + hV -f ^d + dd)"^ + {bd — da + ad — dd)^ 

+ {cd - da + bd dd)’^ + (ad ^db-^cd -- dd)^^ 

yiz. the product of two sums each of four squares can be expressed as the sum of four 
squares. 


2. Prove the following expression for the square of a determinant of the third 
order : — 



a 

b 

0. 

a 2(ae^b^) 

ad + do - 2hd 

ad\de^2bV 

2 

d 

d 

e 

= «(/ 4 dc — 2bd 

2(dd-hy 

dd^dd^2d\r 


d 



ad'-^d^e^2bW 

ddArd'd^2bT 

2(«V-d*») 


This appears by multiplying the two determinants 


a 

b 

0 


G 

-2^ 

a 

d 

d 

d 

» 

6 

^2d 

d 

d 

d* 

d 


r 


cf 


which differ only by the factor 2. 

3. Prove the identity 

2be - a* C* P 

2oa — P a* a (a* + ^ + c* — 3a6c),* 
P a* 2a^— c* 
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This may be readily prored by multiplying together the two eqi 
minants 


a h 

b e 

e u 



$ 

a 

b 


b 

e 


er- 


4e Prove, by squaring the determinant of Ex. 10, Art. 132, the following 
relation between the roots a, jS, 7, 3 of a biquadratic ; so» #a> &o. having the 
same signification as in Chap. VIII.) Yol. !• : — 


50 Si Sj S3 

51 S3 S3 S4 

S3 S3 S4 S5 

S3 S4 S5 S3 


“ - yy (« - 5)* (y - «)* *)’ (« - ^)* (r - «)*• 


The student will find no difficulty In writing down for an equation of any 
degree the corresponding determinant (in terms of the sums of the powers of the 
roots) which is equal to the product of the squares of the differences. 

6. Resolve into factors the determinant 

S3 S4 S3 

53 S4 S3 S3 

54 S3 S3 Si cc p 

S3 S3 Si S3 1 

ty y I 0 

in which so» si, Ac. are the sums of the powers of three quantities a, J3, y. 

This determinant is the product of the two 



e* 



0 


a* 

/s* 

7» 

0 

y* 

a» 

/8* 

7* 


0 


a» 

5* 

7* 

0 

y* 

a 

» 

7 

s; 

0 

> 

a 

i9 

7 

0 

y 

1 

1 

1 

1 

0 


1 

1 

1 

0 

1 

Q 

0 

Q 

0 

1 


0 

0 

0 

1 

0 


and each of the latter can be readily xesolved into simple factors. 
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6. Prove the result of Ex. 28, p. 67, Vol. I., by multiplying the two following 
deteiminants : — 


X y z 



z X y 

> 

i al ^ 

y z X 


a/ i ai 


7. Show that two determinants of different orders may be multiplied together. 
For their orders may be made equal ; since the order of any determinant can be 
increased by adding any number of columns and the same number of rows consisting 
of units in the diagonal, and all the rest zero constituents. For example, 


i 1 0 0 0 

ai h\ 

02 63 

I 0 0 02 b2 


may be written 


0 0 
oi 61 


the only effect of the added constituents being to multiply the determinant by unity. 
More generally, one set of added constituents (i. those either to the right or the 
left of the diagonal) might be taken to be any quantities whatever, the remaining 
set being ciphers. Thus (ai52) may he written in either of the forms 


1 

a 


7 


1 

d 

iS 

7 

0 

1 

6 

€ 


0 

1 

0 

0 

0 

0 

a\ 

bi 

> 

0 

5 

«l 

bi 

0 

0 

02 

62 


0 

t 

0% 

b. 


as readily appears by means of the expansion of Art. 134. 


143. Rect angula r Arrays. — Arrays in which the num- 
ber of rows is not equal to the number of columns may be called 
rectangular. These do not themselves represent any definite 
function ; but if two such arrays of the same dimensions are 
given, there can be derived from them by the process of Art. 141 
a determinant whose value we proceed to investigate. 

(1). When the number of columns exceeds the number of rotes. 
Take, for example, the two rectangular arrays, 


ai 61 Cl di 

^2 ^2 0% d^ 

VOL. II. 


«i yi 81 

02 /Bs y-i 81 


( 1 ), 


( 2 ); 
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and performing on these a process similar to that employed in 
multiplying two determinants, we obtain the determinant 

<^201 + + Cayi + t^2^i <12®* + "t" <'2'y* "t" <^i8i 

The value of this is easily found to be 

(®i/3a) + (®i<^a) (®iys) + («i<4) (®iSa) + (^i^a) (^lya) 

+ + (c'ldt) (yiSi), 

i.e. iAe sum of the products of all possible determinants which can 
be formed from one array (by taking a number of columns equal to 
the number of rows) multiplied by the corresponding determinants 
formed from the other array. 

Another proof of this proposition, analogous to the treat- 
ment of multiplication of determinants in Art. 142, is given 
among the examples which follow this Article; and either of 
these proofs can be easily generalized. 

(2). When the number of rows exceeds the number of columns, 
the resulting determinant vanishes. 

Take, for example, the two arrays 

<*i bi 'I a, j3j ' 

at bt ■ (1), 02 1^3 - (2). 

0 * bt J «3 I3t ^ 

Performing the process of multiplication, we hate 

«i<ii + bi(3i UiOt + b,^t aitti + bi(it 

UtCLi + bt^i Utctt + btjSt a%Qt "i" bt^t • 

Otdi + bt^i <3's02 bt^t O 2 O 3 bt^t 

It will be observed that this determinant is the same as would 
arise if a column of ciphers were added to each of the given 
arrays, and the determinants so formed then multiplied. It 
follows that the determinant vanishes. 

A similar proof applies in general. It is only necessary in 
any instance to add to each array columns of ciphers, so as to 
make the number of columns equal to the number of rows, and 
then multiply the two determinants. 



Examples. 


85 


Examples. 


1. From the two arrays 

1 1 1 

a /3 7 


3 o + jS + y 
a4j8 + 7 a*+/S* + 7* 

2. From the two arrays 

a b 0 t 

o' y (/ ) 


1 1 1 
a S y 


(a - $)* + (a - 7)* + (J 3 - y)\ 


c — 26 a 
</ -26W 


4 (<w - 62) {(/(f - 6'2) - K + - 266')* a 4 (6<j' - 6'(?) (a6' - <i'6) - - a^o)K 

3. By squaring the array 

a b c \ 


a: b* (f ) 

prove 

(a* + 6* + <?*) (a'* + 6'* + a (««' + 66' + -»• (6</ - 6V)* + (<?«' - da)^ + (<*6^ - a'6)* 

4. Verify, by squaring the array 

a h 0 d \ 

d V d d]' 

the result of Ex. 1, Art. 142. 

6 , Prove the determinant identity 

(«! — 6i)* («i — 6a)* (ai ~ 63)* (ai — 64)® 

(«» - 61)* (aa - 6a)* (aa ~ 63)* (aa - 64)* 

S 0. 

(as -61)* (as -63)* (as -63)* (as - 64)* 

(a4-6i)* (a4-6a)* (as - 63)^ (as - 64)* 

This can be proved by multiplying the two arrays 


ai* 

ai 

1 

1 

-26i 


oa* 

oa 

1. 

1 

^ (1)f 

— 26a 


as* 

as 

1 

1 

- 263 

Jj* 

04* 

04 

1 

1 

1)2 ’ 

-264 

V 
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6. For the general equation of the degree, whose roots are a, p,y, 8, &c., 
and so» sa, &o. the sums of the powers of the roots, prove 

50 Si 

51 sa 

This appears at once by squaring the array 
11111 

a P y 9 9 

7. Froye similarly, for the general equation^ 

50 Si S2 

51 sa S8 = 20 - 7)* (7 - a)*(a - 

sa sa S4 

This is easily proyed, as in the preceding example, by squaring a suitable array ; 
and the same process can be used to establish a series of relations of this kind. 
When the number of rows in the array becomes equal to the degree of the equation, 
the yalue of the determinant is the product of the squares of the differences of the 
roots, as in Ex. 4, Art. 142. When the number of rows exceeds the degree of the 
equation, the yalue of the corresponding determinant is zero. The determinant of 
the fourth order just referred to, for example, vanishes for equations of the second 
and third degree^. 

8. Prove, for the general equation, 

50 Si 82 ss 

51 SI S8 #4 ^ ^ ^ ^ ~ a) (a? - 0) (s; ^ y). 

S3 sa S4 Sa 

1 a? a;* 

Multiplying the two arrays 

1 1 l..\ a;-a x- p 

a P 7 • . a(a;-a) P{x^P) 

a* iS» 7* • • J P^{x--P) 

we show that 2 is equal to 

sqX - Si sia? - S3 82X — Sa 

8iX - 82 82X — 89 83X — S4 

82 X - sa 83 X - 84 8 iX - Sa 

y hioh is easily transformed into the proposed determinant. 

It appears in like manner, in general, that the determinant of similar form of 
order -f 1 is equal to the corresponding symmetric function, each of whose terms 
contains i? factors of the original equation, multiplied by the product of the squared 
differences of the p roots therein contained. 


x—y . . 
y{x—y) . . ^ , 
Y^(x-y) . . , 

» 
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9. Find the value of the following determinant, and hence derive another proof 
of the property of arrays of the first kind — 


ai 


Cl 

di 

0 

0 


^2 

c% 

d% 

0 

0 

-1 

0 

0 

0 

ai 

02 

0 -1 

0 

0 

Hi 


0 

0 -1 

0 

yi 


0 

0 

0 

-1 

5i 

82 


Expanding this by Laplace’s method, we readily find its value to be the six 
products, 2 (uiJs) ( 01 / 32 ), of p. 34 ; and treating the determinant as in Art. 142, viz. 
adding to the fifth column the sum of the first multiplied by 01 , the second by 
&o., we reduce it to the determinant of the second order at the top of p. 34. 

144. Solution of a System of Eilnear Equations.-— 

We have seen in Art. 134 that a determinant may he expanded 
as a linear homogeneous function of the constituents in any row 
or column, the coefficient of any constituent being the corre- 
sponding minor with its proper sign. We have, for example, 

A •= UiAi + atA» + OiAt + &o. 

Now, the coefficients At, A», &o., are connected with the consti- 
tuents of the other columns by » - 1 identical relations, viz. 

iiAi + biAi + baAt + &o. ■ 0, 

CiAi + CgAg + C 3 A 3 + «Sbo. ■ 0, &o. ; 

for any one of these is what the determinant becomes when the 
constituents of the corresponding column are substituted for 
«!, a,, 03 , &c., and must therefore vanish. 

By the aid of these relations, we can write down the solution 
of a system of linear equations. The following application to 
the case of three unknown quantities y, », is sufficient to 
explain the general process. Let the equations be 

. a,x + bxy + Ci% « m„ 

= ntf, 

O3X + h^y + ^2 “ 
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Multiply the first equation by Ai, the second by At, and the 
third by At ; and add. The coefficients of y and z vanish, in 
virtue of the relations above proved, and we obtain 


^(lljA.1 + (12-^2 ^ 3 -^ 3 ) 

X « 

miAi -t- mtAa +ms.(4j. 

Ml 

bi 

Cl 


iStX = m 2 

bt 

C% 

> 

mz 

bt 

Cz 



where A represents the determinant formed from the nine con- 
stituents Oi, bi, Cl, &o. 

Similarly, multiplying by B,, Bt, B3, we obtain 
{biBi + btBt + btB^ y = mi^i + m^Bt + nitBt, 



mi 

Cl 

0/2 

mz 

C, 

dz 

mz 

Ci 


where the determinant on the right-hand side is what A becomes 
when mi, m*, m» are substituted for the constituents of the second 
column. Similarly, we obtain for 2 

«i mi 

As = ttt bt mt 

These values may be written more compactly as follows : — 
Ax = (mibtc,), Ay = {oinhCt), As = {aibtmi). 

In general, the values of x, y, 2, &o., may be written as 
follows : — 

{nii b tCt .’An) (aifntbt ... 4 ) jaibtmt ... In) » 

{oibiCt ... 4 )’ ^ {aibtCt ... 4 )’ * . . . 4 ) ’ 

where, to obtain the value of any unknown, the known quanti- 
ties mi, m», &o., on the right-hand side of the given equations 
are to be substituted in A for the coefficients of the required 
unknown, and the determinant so formed to be divided by A. 
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1. Solve the equations 


Examples. 
4? + y + « = 


oar + i8y + 7« = 
a^x + + y^z = A^. 


The solution is easily effected by the formulae given above. It can be shown 
that the value of any one of the unknown quantities can be expressed as a quadratic 
function of its coeflBcient in these equations, along with symmetric functions of 
a, y (in addition to the given coefficients Ai, A%). For this purpose we 
write the value of the unknown (say, y) in the form 

0 10 

1 1 1 

a 3 r 

3* 7® 


V 

Ao 

Ai 

A2 


Or 


a) 


which may be derived immediately by joining the identical equation y * y to the 
three given equations, and eliminating after the manner of the Article which 
follows. Now 


0 

1 

0 

y 


1 

1 

1 

0 


1 

3 

3* 

y 

1 

1 

1 


X 

a 

3 

7 

0 


#0 

91 

»2 


a 

3 

7 




32 

7* 

0 


91 

92 

92 

Ax 

a* 

32 

7^ 

At 


0 

0 

0 

1 


92 

92 

9i 

At 


If therefore (assuming that a, 3, 7 are all unequal), we multiply the equa- 
tion (1) by the difference-product, we have y expressed as a quadratic function of 3 
along with the sums of the powers of the three quantities a, 3, 7* 

2. Show, by means of the equations of Art. 77, Vol. I., that the sums of the 
powers can be expressed in terms of the coefficients, or vice versd, in the form of 
determinants, as follows : — 






P\ 

1 

0 


Pi 

1 





S2 = 

2p2 

Pi 

> S8 ** - 

2p2 

Pi 

1 





Zp2 

P 2 

pi 





9l 

1 

0 


9 \ 

1 

1 




2p2— 

82 


J 

11 

82 


2 





9 $ 

82 

9l 


, 24p4 = 


pi 

1 

0 

0 

2p2 

Pi 

1 

0 

^P2 

P2 

Pi 

1 

4pi 

P8 

Pi 

Pi 

81 

1 

0 

0 

9 

92 

9l 

2 

0 

92 

92 

9l 

8 


«8 

«a 
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145. lilnear Homogeneous Equations. — When n - 1 
linear homogeneous equations between n variables are given, the 
ratios of the variables can be determined by bringing any one of 
them to the right-hand side of the equations, and solving as in 
the previous Article ; or we may determine these ratios more 
conveniently as follows. We take the particular case of three 
equations between four quantities x, y, *, «>, which will be 
sufficient to illustrate the general process : 

OiX + hiy + + diw = 0 

fla* + bi.y + CjSt + diW = 0 
+ hiy + Cjg + diW = 0 

To these may be added a fourth equation whose coefficients 
are undetermined, viz. 

+ biy + C4« + diW = A. (2) 

Calling {aibtC»d^ as usual A, and solving from these four 
equations by the method of the last Article, we obtain, since 
Ml « 0, Wa = 0, mi - 0, Mi = X, the following values : — 

Ax = Xu4i, Ay =■ XBi, Ae = XCi, Aw - XDi, 
or 

JL .. L 1. = ^ = K (V\ 

A, B, “ Ci A A* 

The first three of these equations express the ratios of x, y, 
8, w in terms of the coefficients in the three given equations. 
And, in general, the variables are proportional to the coefficients 
in the expansion of A of the constituents of the n** row supposed 
added to the n — 1 rows resulting from the given equations. 

We can now express the condition that n linear homogeneous 
equations should be consistent with one another ; for example, 
that the equation (2) should, when X = 0, be consistent with the 
equations (1). We have only to substitute in (2) the ratios 
derived from (1), when we obtain 

a^di + biBi + C 4 C 4 4* d^Bi * 0, 

A = 0. 



or 
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The same thing appears from the equations (3) ; for if X = 0, 
and if x, y, z, to do not all vanish, A must vanish. 

What has been proved may be expressed as follows : — The 
result of eliminating n quantities between n equations linear and 
homogeneous in these quantities is the vanishing of the determinant 
formed by the coefficients of the given equations. 

146. Recinroca l Determinants. — The co-factors 
Ai, Bi, Cl .. . At, Bi, &o. (Art. 134), which occur in tlie ex- 
pansion of a determinant (*.«. the first minors with their proper 
signs), may be called inverse constituents', and the determinant 
formed with them the inverse or reciprocal determinant. We 
proceed to prove certain useful relations connecting the two 
determinants. 

(1). To express the reciprocal in terms of the given determinant. 
Let the reciprocal of A be denoted by A', and multiply the two 
determinants 


ai 

hi 

Cl 


JLi Bi Cl 


bt 

Cz 

, A'- 

.Ai Bi Ci 

az 

b» 

Cz 


Az Bz Cz 


All the constituents of the resulting determinant except those 
in the diagonal vanish (Art. 144) ; and the result is 


AA' = 


A 0 0 
0 A 0 
0 0 A 


A'; 


whence A' “ A*. 

The process here employed in the particular case of two.-' 
determinants of the third order is equally applicable in general/ 
giving A A' =■ A”, or A' ■=» A”"*. Hence the reciprocal determinant 
is equal to the (n - 1)‘* power of the given determinant. ^ 
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(2) . To express any minor of the reciprocal determinant in terms 
of the original constituents. 

We take, for example, the determinant of the fourth order, 
and proceed to express the first minors of its reciprocal. Multi- 
plying the two determinants on the left-hand side of the follow- 
ing equation, and employing the identical equations of Art. 144, 
we obtain 


dl 

bx 

Cx 

dx 


1 

0 

0 

0 


Ui 

0 

0 

0 

(1% 

b. 

c. 



A, 

Bs 

Cs 

A 


ttz 

A 

0 

0 

as 

h 

Ca 

d/% 


As 

Bs 

c. 

A 


Us 

0 

A 

0 

ai 

bi 

Ci 

d. 


A, 

B, 

<74 

A 


ai 

0 

0 

A 


whence 


D, 

A • 2?3 Gt 

B, 0, D, 

or ~ f?iA*, 

thus expressing the first minor of A' complementary to Ai. 

Again, to express the second minors of A', we have, by an 
exactly similar process, 



bx 

Cx 

dx 


1 

0 

0 

0 


ax 

bx 

0 

0 

a% 

bs 

C2 

d% 


0 

1 

0 

0 


a% 

bs 

0 

0 

as 

bs 

Cs 

ds 


As 

A 

Cs 

A 


as 

bs 

A 

0 

ai 

bs 

Ci 

ds 


As 

Bs 

Cs 

A 


ai 

bs 

0 

A 


whence 


Cs 

Bs 

ai 

bx 

Cs 

Bs 

(1% 

bs 


or (< 7 , 1 ) 4 ) = (oxh) A. 

The general theorem may he expressed as follows : — A minor 
of the order m formed out of the inverse constituents is equal to the 
complementary of the corresponding minor of the original determi- 
nant A multiplied by the (m - \)*^ power of A. 
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The method of proof above given can he generalized. In 
the case of a determinant of the fifth order, for example, the 
student will easily verify the following expression for a minor 
of the third order : — 

If the original determinant A vanishes, it is plain that not 
only the reciprocal determinant itself, but also all its minors of 
any order vanish. The vanishing of the minors of the second 
order may be expressed in the following useful form : — When a 
determinant mnishes, the constituents of any row of its reciprocal 
are proportional to those of any other row, and the constituents of 
any column to those of any other column. 

147. S ymm etrical Determinants. — Two constituents of 
a determinant are said to be conjugate when one occupies with 
reference to the leading constituent the same position in the 
rows as the other does in the columns. Por example, d^ and 
bi are conjugates, one occupying the fourth place in the second 
row, and the other the fourth place in the second column. 
Each of the leading constituents is its own conjugate. Any 
two conjugate constituents are situated in a line perpendicular 
to the principal diagonal, and at equal distances from it on 
opposite sides. 

A symmetrical determinant is one in which every two con- 
jugate constituents are equal to each other. For examples of 
such determinants the student may refer to Art. 134, Exs. 2, 9, 
10, and Art. 136, Ex. 4. 

In a symmetrical determinant the first minors complemen- 
tary to any two conjugate constituents are equal, since they 
differ only by an interchange of rows and columns. The 
corresponding inverse constituents are also equal, the signs 
to be attached to the minors being the same in both cases. 
It follows that the reciprocal of a symmetrical determinant is 
itself symmetrical. 

The leading minors are all symmetrical determinants. 
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The mode of expansion of Art. 137 is especially useful in 
the case of symmetrical determinants, as will appear from the 
examples which follow. 

Exahpijbs. 

1. Form the reciprocal of the symmetrical determinant 

a h g 

A « h b f , 
g f 0 

Using the capital letters to denote the reciprocal constituents as explained in 
Art. 134, so that A may be expanded in any one of the forms aA + hH + gQ, 
hH + bB -f /F, gO + /F+ cG^ M e may write the reciprocal determinant A' as 
foUoM's: — 


A 

H 

a 


be-P 

fg-ek 

hf- hg 

H 

B 

F 

s 

fg-ch 

ea 

gh-af 

Q 

F 

c 


1 ¥- ¥ 

gh-af 



2. Form similarly the reciprocal of 

a h g I 

h h f m 

As « 

g f 0 n 

I n% n d 

Using a notation similar to that of the preceding example, so that A* may be 
expanded indifferently in any of the forms 

nA 4 hJS 4 gO + ILf hJS 4 bB 4* wJT, &c*, 

the reciprocal determinant A' is obtained by replacing in A the constituents by the 
corresponding capital letters. The student will find no difficulty in -writing out, if 
necessary, the expanded form of any of the reciprocal constituents ; for example, F 
is the minor complementary to/ with its proper sign (the negative sign in this case), 
and jFis therefore obtained from the expansion of 

a h I 

^ g f n 

I m d 

3. Expand the determinant A of Ex. 10, Art. 134, by the method of Art. 137. 
Bringing the last row and last column into the positions of first row and first 
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column, and using the notation of Ez. 1 for the inverse constituents of the leadiug 
minor, the result can be written down at once in the form 

— As* Ah? + By? + Cv^ + 2Fy.v + *lQw\ + 2BCAyL» 

Since a determinant is unaltered when both rows and columns are written in 
reverse order, if the expansion of a determinant be required in terms of the last row 
and last column (as in the present example), it is not necessary to move them in the 
first instance into the positions of first row and first column. The expansion can be 
written down frCm the determinant as it stands, replacing in the rule of Art. 137 
the leading constituent and its minor by the last diagonal constituent and its 
complementary minor. 

4. Expand the determinant A of the above Ex. 2, in terms of the last row and 
column, by the method of Art. 137. 

Attending to the remark at the end of the preceding example, and using 
A, B, C\ JP*, Gf S to represent the same quantities as in Exs. 1 and 3, the result 
may be written down as follows 

a h g 

A = d h b f ^ Al^ ^ Bm^ Cn^ ^ 2Fmn - 2Gnl - 2Hlm. 

9 f 0 

When a symmetrical determinant of any order is bordered symmetrically (i.s.by 
the same constituents horizontally and vertically), the result is clearly a symmetrical 
determinant of the next higher order. The result of Art. 137 shows in general that 
the expansion of the bordered determinant consists of the original determinant 
multiplied by the constituent common to the added row and column, together with 
a homogeneous function of the second degree of the remaining added constituents. 

6. Expand the determinant 

a h g I a 

h b f m $ 

A m g f 0 n y 

I m n d d 

a $ y d 0 

ITiis is the determinant of Ex. 2, bordered symmetrically, the common consti- 
tuent of the added lines being zero. The result is clearly a homogeneous function 
of the second degree of a, fif ; and, by aid of the notation of Ex. 2, the value 
of - A may be wiitten down at once in the form 

Ao? -f B0^ + Cy^ + + 2Ffiy + 2Gya ■+• 2Sa^ -t* 2Xa3 + 2Af^b + 2Nyb» 

6. Prove, by means of the Proposition of Art. 141, that the square of any 
determinant is a symmetrical determinant. 

7. The product of two reciprocal determinants is the reciprocal determinant of 
the product of the two original deteimipants. 
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148. Skew-SYmmeAri c and Skew Bctcrmtnante . — 

A skew-symmetric determinant is one in which every constituent 
is equal to its conjugate with sign changed. Since each lead- 
ing constituent is its own conjugate, it follows that in such a 
determinant all the leading diagonal constituents are zero. 

A determinant in which all except the leading constituents 
are equal to their conjugates with sign changed is called a skew 
determinant. Thus, while a skew-symmetric determinant is 
zero-axial, in a skew determinant diagonal constituents are 
present. The calculation of the latter kind may be reduced to 
that of the former by the method of Art. 136. 

The remainder of this article will be occupied with the proof 
of certain useful properties of skew-symmetric determinants. 

(1). A skew-symmetric determinant of odd order vanishes. 

For any skew-symmetric determinant A is unaltered by 
changing the columns into rows, and then changing the signs 
of all the rows. But when the order of the determinant is odd, 
this process ought to change the sign of A ; hence A must in 
this case vanish. For example, 


A a 


0 a 6 

-a 0 c 


-b ~e 0 



(2). The reciprocal of a skew-symmetric determinant of the 
order is a symmetric determinant when n is odd^ and a skew-symmetric 
determinant when n is even. 

In any skew-symmetric determinant the minors correspond- 
ing to a pair of conj ugate constituents differ by an interchange 
of rows and columns, and by the signs of all the constituents. 
Hence the two minors are equal when their order is even, 
namely when n is odd ; and equal with opposite signs when n is 
even. In the former case, therefore, the reciprocal determinant 
is symmetric ; and in the latter case it is skew-symmetric, its 
leading diagonal constituents being all skew-symmetric deter- 
minants of odd order. 
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(3). A skew-symmetne determinant of even order « a perfect 
square. 

This follows from the principles established in Art. 146. 
Take, for example, the determinant of the fourth order 

a a b c 

-a 0 d e 

-b -d 0 f 

-c -e -f 0 

and let the inverse constituents forming its reciprocal he de- 
noted by Aif Bit , • . At, &o. We have then, by (2), Art. 146, 

0 / 

AtBt-AtBi = A =/*A. 

-/ 0 

Now Ai and Bt being skew-symmetric determinants of odd 
order, vanish ; and At = - Bi, since these are conjugate minors ; 
hence /*A = Ag^, which proves that A is a perfect square. 
Similarly, for a determinant A of the sixth order, it is proved 
that the product of A by a skew-symmetric determinant of the 
fourth order is a perfect square ; and since the latter determi- 
nant has been just proved to be a perfect square, it follows that 
A is so also. By an exactly similar process, the truth of the 
proposition having been established for the determinant of the 
sixth order, it may be proved for one of the eighth ; and so on. 

Examples. 

1. Verify the following expression for the skew- symmetric determinant of the 
fourth order : — 

0 a 6 c 

— a 0 d € 

= (af ~ -f cd)K 

-- b — d 0 / 

— c — / 0 
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2. Expand in powers of x the skew determinant 

X CL h c 

““Cl tv d 6 

A s 

-d X f 

- 0 - S -/ X 

When the expansion of Art. 136 is employed to calculate a skew determinant, 
it is to be observed that the deteiminants of odd order in the expansion all vanish, 
and those of even order may be expressed as squares. Here the coeihoieuts of me 
odd powers of % plainly vanish ; and the result takes the form 

A w «* + (a* + 6* + ^ + d* + s* + /*) -f («/ - ht \ 

3. Expand the skew determinant 

^ a 6 c d 

^ a B e f g 

— 6-~e C h % m 

- c -f - h D j 

-g -i ““j E 

The result may be written in the form 

ABODE + :ZpABC + 2 {ej -/i + yA)M, 

where the first 2 includes ten terms similar to the one here written, and the second 
2 five terms. The terms involving the products in pairs of the leading constituents 
vanish, as also the term not involving these quantities. 

4. The square of any determinant of even order can be expressed as a skew- 
symmetrio determinant. 

The following method of proof is applicable in general. 

The square of {aib^adi) is obtained by multiplying the two following determi* 
naiiU : — 


<h 

*1 


di 


-b. 


-d. 

Cl 



C2 

d. 


-62 


-d. 

Ca 


K 

Cs 

d„ 

9 



-d. 

C3 

«4 

6* 

C4 

d. 


-64 

^4 

-d. 

C4 
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and the product of these is 

0 , — (®i^4) ~ (^i^4)» 

(®l^t) "I" (®2^g) “■ ■” (^2^4) (^2^4)» 

(®A) + (^A)» (^ 2 ^a) + (^2^2)* “ (^8^4) ~ (^z^z)* 

(0^64) + (<Jid4)> (^2^4) (^2^4)* (^8^4) (^8^4)* 

which is a skew-symmetric determinant. 

5. Form the reciprocal of a skew-symmetric determinant of the third order. 

Using for A the form in (1) of the present Article, the result is easily found to 

be the symmetric determinant 

c® — 6c ac 

^ be 6* — 06 

ac —ah a* 

6. Form the reciprocal of the skew-symmetric determinant A of the fourth 
order in Ex. 1. 

Representing by ^ the function a/ — 6e 4- cd whose square is equal to A, and 
by A' the required reciprocal, we easily find 

0 f(f> — e<l> 

— f<j> 0 Cfjf —biff 

— off 0 cuff 

— d^ b<l> — cuj> 0 

The value of this skew-symmetric determinant may be written down by aid of 

the result of Ex. 1. It is thus immediately verified that A'= (af— 6c+ cd)*^*= A*. 

7. Form the reciprocal of the skew-symmetric determinant J of the fifth order 
obtained by making the leading coefficients all vanish in the determinant of Ex. 3. 

Since the reciprocal is a symmetric determinant (see (2), Art. 148), and since 
also it must be such that the constituents of any line are proportional to those of 
any parallel line (Art. 146), it appears that the required determinant) must be of 
the form 

4 *\ 4 ii*z ^1^8 ^1^4 ^1^5 

^2^1 ^2* ^2^8 ^2^4 ^2^5 

Ml Mz ^8* Mi Mz 9 

Ml Mz Mz i>i Mz 

4 >Z^l 4 *Z^Z ^8^8 ^6^4 4 >Z 

in which ^4, <f> 2 , 4>zf ^4» *kz functions of the second degree in the original 

constituents whose squares are the values of the five first minors complementary 
to the leading constituents of A. 

voii. n, B* 
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In general the reciprocal of a skew-symmetric determinant of any odd order 
2m + 1 is of a form similar to that just written, the diagonal constituents being 
the squares, and the remaining constituents the products in pairs, of 2m -f 1 
functions, each of the m** degree in the original constituents. 

149. Theorem. — We conclude the present chapter with an 
important theorem relating to a determinant whose leading 
first minor vanishes. Adopting the notation of Art. 137, we 
regard A as the vanishing determinant, and state the theorem to 
be proved as follows : If a determinant A, whose value is zero, 
he bordered in any manner, the product of the determinant so formed 
by the leading first minor of A is equal to the product of two linear 
homogeneous functions of the added constituents. 

Retaining the notation of Art. 137, we shall prove that the 
product of A' and may be expressed in the form : — 

i4^A = — (^1® “t • • . ) (■^1® ■i" A 2 P + A^y' + • . ■) . 

This follows at once from (2) of Art. 146 by considering in 
the determinant reciprocal to A' the values of the constituents 
inverse to a^, a, a', a ^ ; and expressing in terms of the original 
constituents the determinant of the second order formed by 
these four. Another proof of this result may be readily derived 
from the expansion of Art. 137, by the aid of the property of 
the reciprocal of a vanishing determinant (Art. 146), viz., that 
in the determinant formed by A-y, B^, Cj, &c., the constituents 
in any line are proportional to those in any parallel line. 

If the determinant A is symmetrical, and the bordering also 
symmetrical, the two factors on the right-hand side of the above 
equation become identical, and the theorem takes the following 
form : If a symmetrical determinant, whose value is zero, be bor- 
dered symmetrically, the product of the determinant so formed by 
its leading second minor is equal to the square with negative sign of 
a linear ho'inogeneous function of the bordering constituents. 

Regarding A' as the original determinant, the following 
useful statement may be given to the theorem just proved : If 
in any symmetrical determinant the leading first minor vanish, the 
determinant itself and its leading second minor have opposite signs. 
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Examples. 

1. If a skew-symmetric determinant A of odd order 2m -{- 1 be bordered in 
any manner, the resulting determinant A' is equal to the product of two rational 
functions each containing the added constituents in the first degree and the 
original constituents in the mP*' degree. 

Writing, according to the result of Ex. 7, Art. 148, the reciprocal of the given 
skew-symmetric determinant in the form 


and applying the theorem of the present Article, we find 

^i^A' = — + MbY 4* . • * ) + ^3^1/ + ••.)» 

or A' = ~ (<l>ia 4- <l> 2 p 4- 4- • • • ) (<f>io>' 4- <f> 2 p' 4- <I> 2 Y' 4- . . • 

It may be observed that if in this result a\ jS', y', &c., be made equal to —a, 
— j8, — y, &c., respectively, we fall back on the theorem (3) of Art. 148. 

2. If a skew-symmetric determinant of even order 2m be bordered in any 
manner, the resulting determinant is equal to the product of two rational func- 
tions, one of the and the other of the (m 1)^^ degree in the constituents. 

This may be derived immediately from the last example by making therein all 
the added constituents in the first column, viz., a, p% y', &c., equal to zero, except 
the last, which is to be made = 1. The determinant then reduces to one of the 
kind here considered, the bordering constituents forming the top row and the 
last column. It appears also that the factor of the degree in the result is 
the square root of the given skew-symmetric determinant of order 2m., 


3. Prove 
0 


a 

a' 0 

P' -c 


P 

c 

0 


b —a 


Y 
- h 
a 
0 


4. Resolve into its factors 
0 


= — (aa 4" bp 4" cy) {/laf 4“ bp' -f- cy^). 


a 

0 


P' -c 


P Y 

c — 6 
0 a 


X 

y 


Y 


b — a 


S'— a;— y — 2 0 

Ana, (oa; 4- 4- cz) {x{py) 4 - !/(ya') + 2(aj3') + a(a 8 ') 4 - S(/38') 4 - c(yS')}. 
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1. Prove 


Misoellanitous Examples. 


Oo 





as 

(H 

as 

as 


where J has the usual signification. 
2. Prove 


P + y 

y 4- a 

a + p 


a 

p 

Y 

/»' + / 

y 4- a' 

a' + P' 

s 2 

o! 

P' 

/ 

P" + /' 

y" 4- a" 

a" + 


a" 

P" 

y' 


3. Prove 


Py 

Py' 4" P'y 

py 

ya 

yof 4* y^tt 

yV 

ap 

aP' 4" P 

a'p' 


= (^/)(ya')(ar). 


where the factora on the right-hand side are determinants of the second order. 

Dividing the rows by yV, and putting A = — the 

a p y 

determinant (omitting a factor) reduces to the form 

s - (ft - v) (v — A) (A — ft), &c. 


1 

M 4- V 

fiV 


1 

-A 

fiv 

1 

V 4- A 

vA 


1 

- M 

vX 

1 

A 4- M 

Xfi 


1 

— V 

Aft 


4. Find the value of the determinant 


1 

j8 4-y 4-8 

i^y 4- i58 4- y8 

Pyb 

1 

a 4" y 4“ 8 

oy 4" o8 4" y8 

ayS 

1 

o 4" 4- 8 

ap 4" ci8 4“ i88 

apS 

1 

o 4“ i5 4- y 

aP -j- ay -j- py 

aPy 


Since the interchange of two letters would make two rows identical, this can 
differ by a numerical factor only from the product of the six differences. Or we 
may reduce the determinant easily to the form in Ex. 10, Art. 132. The value of 
a similar determinant of any order can be found in the same way ; and thQ sign 
can be determined in any instance by the method of Ex. 9, Art. 132, 
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5. Prove 

/3®y* 4- fiy + aZ 1 

y*a* + )8*8* ya + fih 1 

a*)3* 4- a/3 4- yS 1 

Add the last column multiplied by 2aj3y8 to the first. The determinant 
becomes then of the form of Ex. 9, Art. 132. 


(/S - y)(a - 8)(y - a)(/3 - 8) (a - /5) (y - 8). 


s 64 - y) (o - 8) (y — a) (P — 8) 

(a-j8)(y-8). 


6. Prove 

(i5 4- y — a — S)* (/3 4- y — — 3)* 

(y 4" a — j8 — 8)^ (y + a — 

(a 4- i? ~ y — 8)* (o 4- i3 — y — 8)* 

7. Prove 

a 6 oa; 4- 6 

6 c 8* 4- c 

aa; + 8 8a; -f c 0 

Subtract from the third row the second row plus the first multiplied by x, 

8. Prove similarly 


s — (oc — 8^) (aa^ 4- 2bx + c). 


a 

8 

c 


8 

c 

d 


c 

d 

e 


aa^-{-2bx+c ba^-^2cX’\-d ca;*4-2da:4-e 

a b c 


c 

d 


d 

e 


aa^ 4- 2bx 4- c 
8x* 4- 2cx 4- d 
ca^ 4- 2dx 4- e 
0 


{ax^ 4“ 48a;* 4- fica:* 4- 4da; 4- c). 


9. Given 


fi{x) = a^a^ 4- 38ia;* + 3cia; + 

f^{x) = 4- 382 a;* 4- Bc^x + d^ 

Mx) = 4- 38,0;* + 3c,a; 4 - dj ; 


prove the identity 

/i(*) //(*) /i"(*) 

/.(*) //(*) /."(*) 

/.(*) /.'(*) /.'V*) 


= - 18 


1 —as 

Oj 

®* 8t 

«• *» 


c* 

c» 


■a? 

<k 

di 

<2. 
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The first determinant reduces easily (omitting a factor) to the following : — 


a^x 4" bi 

61a; 4- Cl 

C'^x 4“ dj 

a^x 4* 62 

63^ 4“ C2 

C 2 X 4- dj 

a^x 4- 63 

bsX 4- Cs 

c^x 4“ d, 


We have seen (Ex. 7, Art. 142) that the order of a determinant may be in- 
creased without altering its value. By a suitable selection of the added con- 
stituents the calculation of a determinant may often be simplified by bordering 
it in this way. The determinant last written is plainly equal to 


1 

0 

0 

0 

% 

a^x 4- 61 

61a? 4- Cl 

Ci^; 4“ d] 


a^x 4- 6a 

62a; 4“ C2 

c^x 4- dj 


a^x 4- 63 

b^x 4" C8 

c^x 4- dj 


Subtracting from the second column the first multiplied by x ; subtracting 
then from the third the new second column multiplied by x ; and, finally, from 
the fourth the new third column multiplied by x^ we have the result above stated. 

10. Show that the determinant 

Ait* + + bz^ — 1 (A — c)xy (A — b)xz 

(A — c)xy Xy^ + az^ -f- ca:® — 1 (A — a)yz 

(A — b)xz (A — a)yz Xz^ + ba^ + — I 

contains A(a:* 4- 4- 2^) — 1 as a factor, and that the remaining factor is inde- 

pendent of y. 

Border the determinant, as in Ex. 9, with a first column whose constituents 
are I, Xx, Xy^ Xz ; and with a first row whose constituents are 1, 0, 0, 0. Subtract 
then X times the first column from the second, y times the first column from the 
third, and z times the first column from the fourth. In the determinant thus 
altered, subtract from the first row x times the second plus y times the third plus 
z times the fourth. 

11. Expand in powers of x the determinant 

Oj 4- a; bi 

b^ 4“ ^ ^2 ^2 

^8 ^3 4 "**' d^ 

(1^ b^ C 3 d^ 4 " ^ 

Ans, 4- («i 4- 6a + ^8 + + {(^a^s) + {a^d^) 4- (^Ca) 4- (b^d^) 4- (^162) 

4" (C8d4)}a3* 4" {(68^3^4) 4" 4“ (^163^4) 4“ (^i^a^s)}^ "h 
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12. Prove 


(be') (ad') (ca') (bd') (ah') (cd') 
abcda'b'c'd' • 


13. Prove the identities 

1 a a' aa 

1 i3 p' pp' 

1 y y' yy' 

1 8 8 ' 88 ' 

where 

^ = (i3 - y)(a - 8), 5 = (y - a) (p - 8), C = (a - p)(y ~ 8), 

A' = (P' - /) (a' - 8'), B' = (/ - a') (p' - 8'), C' = (a' - jS') (/ - 8')- 

Expanding the first determinant in terms of the minors formed from the first 
two columns (see Art. 135), we easily prove that it is equal to 

A(p'y' + a'8') + B(y'a' + p'8) + C(a'P' + y'8') ; 
and employing the identical equation A + B + C ^ 0, along with the relations 
of Ex. 18, Art. 27, the result follows. 

14. Prove that the determinant of Ex. 13 is equal to 
1 py a8 P'y' -f a'8' 

1 ya + ph y ^ -h P'h' 

1 ap -j- y8 a'P' + y'b' 

This follows at once from the relations of Ex. 18, Art. 27. If a, P', y'. S' be 
put equal to a^, P^, y^, 8^ in the result, we obtain an identity which includes 
Ex. 5, p. 53, as a particular case. 

15. Express as a function of differences the following determinant, whose 
vanishing expresses the condition for involution of six points on a line : — 

1 a -h a' aa 

A= 1 p^p' pp' 

1 y + / yy' 

Multiplying the determinant by 

la* — a 11 


B G C A A B 

B' C' ~ C' A' ~ A' B' 



^ -iS 1 

y* -y 1 
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and then removing the factor (jS — y) (y — a) (a — j 5 ) from both sides of the 
equation, the value of A is easily expressed as follows : — 

A = (a ~ P'){p -- /)(y - a') + (a' ~ p) {P' ~ y) (/ - a). 

This result may also be derived from the determinant of Ex. 13 , whose vanish- 
ing expresses the general homographic relation between two sets of four points. 

16 . Expand the determinant 

a; 0 0 0 04 

— 1 X 0 0 o, 

0—1 X 0 02 

0 0—1 X Oi 

0 0 0 - 1 Oo 

This is found to be identical with the quartic 

+ OiiC® + OjO?* -f + 04 ; 

and it is easily seen that a polynomial of any degree can be expressed as a 
determinant of like form. 

17 . Prove 

X Oj O2 O2 1 

a X bi 62 1 

a p X Cl 1 s (oj — a) (a; — /3) (a; — y) (a? — 8) ; 

a p y X I 

a P y b I 

Oj, O2, O3, bj9 62, Cl being any quantities. 

This follows by subtracting a times the last column from the first, P times the 
last from the second, &c. The student will have no difficulty in writing down the 
corresponding determinant of the (n 4- 1)^^ order which is equal to the poly- 
nominal /(a;) whose roots are oi, oj* 03 . . . af^, 

18 . Resolve into factors the determinant 

(a - aT (a - PJ (a - yj 

As (jS - a7 (P - iP - y7 

(y _ aj (y -p'Y (y - y'f 

a* a 1 I -2a’ a'* 

Here A - /3* jS 1 1 - 2p' p'* 

y* y 1 1 - V y'‘ 

and these two detenuinante may be resolved as in Ex. 9 , Art. 132 . 
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19. Resolve into factors the determinant 




(a 

-a')» 

(a - 

n 

(a - y')* 



As 

(P 

-ay 

0- 

py 

(P - yJ 

• 



(y 

- ay 

(y _ 

py 

(y - v'? 


Multiplying the two rectangular arrays 



a* 

a* a 

1 ^ 


1 

- 3 a' 

3 a'* 

-a'* 

/j* 


1 

■ (1). 

1 

- 3 /S' 

3 /S'* 

-/S'* 

y* 

y* y 

1 


1 

- 3 y' 

V* 

-/* 



A becomes equal to the sum of four terms, from each of which we can take out 
as a factor the product of the two determinants 


1 

a 

a* 


1 

a' 

a'2 

1 

P 


> 

1 

P’ 

p 

1 

y 

y* 


1 

v' 



The remaining factor is 

3{3a/?y - ZpyEa' + - 3a'i3V'}, 

which can be written also in the form 


3{(« - a') (j8 - /S') (y - y') + (a - j8') - /) (y - a') + (a - y') (jS - a') 

(y - p )}■ 

20. Prove the expansion 


1 + Oi 1 1 1 

1 1 + a, 1 1 

1 1 1 -f a, 1 

1 1 1 1 + 04 




{ 





}• 


This is easily proved by subtracting the first column from each of the others, 
and then expanding the determinant as a linear function of the constituents of 
the first column. It will be apparent from the nature of the proof that the value 

of the similar determinant of the nih order is . . .an j"* 

21. Prove the relation 


a X X X 
X p X X 
X X y X 
X X X h 


«/(«) - 


/(a:) = (a: — a) (a; - fi) {x - y) (a: - 8). 


where 
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This can be derived from the preceding example, or proved independently in 
a similar way. As in the last example, the determinant of this form of the 
degree can be similarly expressed. 

22. Each of the coefficients of any equation can be expressed in terms of the 
roots as the quotient of two determinants. 

The student can easily extend to any degree the following application to the 
equation of the third degree. 

From Ex. 10, Art. 132, we have 


X \ 
a* a* a 1 

jS* jS* /3 1 

y* y* y 1 


s - (]8 - y) (y - «) (o - /S) (* - o) (* - P) (x - y). 


Expanding the determinant, this identity can be written 


a* 0 1 


o» a 1 


a» 0* 1 


a? a* a 

(P p 1 


iS* p 1 

4 - 

jS* 1 

X — 

P^ P^ P 

yS y 1 


yS y 1 

1 

y. y* 1 


1 yS / y 


a® o 1 


^ jS 1 
y* y 1 


{a:» - yj** + f^x - 


from which the above proposition follows, being the coefficients of the 

equation whose roots are a, p, y. 

23. Express as a determinant the reducing cubic of a biquadratic. 

Writing down the equations which result from the identity 

-h 4- O4) = {ax^ + 2bx + c) (aV + 2b'x -f- c'). 


assuming 6ao^ = ac' -f a'c — 2bb', and substituting in the following identity : — 

= 0 , 


a 

a' 

0 


a' 

a 

0 


2m' 

ab' 4- o/b 

ac' 4 - a'c 

b 

b' 

0 

X 

b' 

b 

0 


ab' 4- d^b 

2bb' 

be' 4- b'c 

c 

c' 

0 


& 

c 

0 


oc' 4 - a'c 

be' 4- b'c 

2ce' 


we easily find the equation 
®o 

ai = 0, 

a* + 2ao^ ag 

which when expanded is found to be identical with the standard reducing cubic. 
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24. Find the condition that a biquadratic should be capable of being expressed 
as the sum of two fourth powers ; and, expressing it in the form 

ax* + 46a;* -f 6ca;* + idx + e^l{x + 6)* -f m{x + 
find the quadratic whose roots are 6 and <f>. 

From this identity we have the following equations ; — 

I + m = 

Id -f- in<f> = 6, 

= c, V (1). 

16^ + = d. 

Id* + == 

Assuming A + /Lta; -f- va;* ~ 0 as the equation whose roots are d and <f>, we 
easily obtain the three equations, 

Aa -f fi6 + vc = 0, 

A6 -f /AC -f vd = 0, 

Ac + /id 4- vc = 0, 

from which we have at once the required condition J — 0 ; and from the first 
two, along with the assumed equation, we obtain the following quadratic whose 
roots are d and ^ ; — 

1 a; a;* 

a b c == 0. 

bed 

If it were required to express a cubic as the sum of two cubes, in the form 
l(x 4- df 4- wi(a; 4- the first four of the above equations (1) would lead to 
the same quadratic for d and 

25. For the biquadratic 

A(x 4- a)* 4- B{x 4- P)* 4- C(x 4- y)* 4- D(x + h)* = 0, 

prove 

H = 2:AB(a - 
I = EAB (a ~ i3)^ 

J = EABC (a - (a - yf {p - yf. 

These expressions are true for a biquadratic written as the sum of any number 
of fourth powers. If it can be written as the sum of two only, J = 0, since only 
A and B remain ; and if it reduces to one fourth power, H, /, J all vanish — 
results already obtained by other methods. 

26. Discuss the determinant of the fourth order, whose constituents (a — a')*, 
(a — P')*, &c., are arranged as in Ex. 19, p. 67 ; and if a, p, y, S, a', P', y\ S' 
are the roots of two given biquadratic equations, show that the value in terms of 
the coefficients contains as a factor 

ae' 4“ — 4(6d' 4- b'd) 4- 6cc'. 

When the two biquadratics are identical this factor becomes 21. 
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27. Find the condition that the homogeneous quadratic function of three 
variables 

oaJ* + -h 2fyz 4- + 2hxy 

should be resolvable into two factors. 

Equating the given function to the product of the factors 

{ax 4 “ 4 - yz) {a'x 4 - p'y 4 “ 

we readily find 


a a' 0 


a' o 0 


a h g 

j8 0 


P' P 0 

= 8 

h b f 

y / 0 


y' y 0 


9 f e 


hence the required condition is that the determinant last written should vanish. 

28. Show that the most general values of x, y, z, w which satisfy the two 
homogeneous equations 

ax + by + cz + dw = 0, a'a: 4- b'y 4- c'z 4- d'w = 0, 

may be expressed symmetrically in terms of two indeterminates X, 7 in the form 

{ab') (ac') (ad*) x = aX 4- 
(ba^) (be*) (bd*) y^bX + b'Y, &c. 

This can be proved by joining to the two given equations the two following : — 


b^ 


d^ 


-^ + py + -^ + ^«;=A, 


a'* , b*^ , c'2 , d'^ 


where A, y, are indeterminate quantities ; by then solving for x, y, z, w, as in 
Art. 144, and reducing the determinants as in Ex. 12, p. 55 ; and finally making 
X - a'b'c'd'K Y = abedy. 

29. If in any determinant r columns (or rows) become identical .when x = a, 
then (x — is a factor in the determinant. 

This appears easily by subtracting in the given determinant one of the r 
columns from each of the others. The resulting r — 1 columns must each contain 
a; — a as a factor, since by hypothesis each constituent in it vanishes when x = a, 

30. Find the value of the determinant of the order 


z a a . a 


A 5 


a z a . a 

a a z . a t 


\ a a a • z \ 

whose leading constituents are all equal to x, and the remaining constituents all 
equal to a. 
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By the preceding example A must contain (x — as a factor ; and by 
adding all the columns we see that it must also contain a; + (n l)a as a factor. 
Hence A can differ by a numerical factor only from the product of these ; and 
by comparing the product with the leading term we find 

A = (a; — {a: 4- — !)«}• 

This result can readily be proved directly without the aid of Ex. 29. 

31. The determinant 


/l(«) 

/»(«) 

AM 

hm 

Am 

Am 

A(y) 

AM 

AM 


in which /i, /j, /j are any rational integral functions, contains the difference- 
product (jS — y) (y — a) ( a ~ j3) as a factor. 

This appears readily by reasoning similar to that of Ex, 29. Determinants 
of this nature, in which the constituents of any column (or row) are functions of 
the same form, and the constituents of any row (or column) involve the same 
quantity, are called alterrMi/U a, It is clear that the result is general, and that the 
alternant of any ordef^ contains as a factor the difference-product of all the 
quantities involved. The determinants of Exs, 9, 10, Art. 132, and Exs. 11, 12, 
Art. 140, are alternants of the simplest form. 

32. Express in the form of a determinant the quotient of the alternant in the 
preceding example by the difference-product. 

Assuming, to fix the ideas, that the functions involved are each of the fifth 
degree (which will include lower degrees by making some coefficients vanish), we 
may write 

/j (a) ^ -f -f CyO? -f d,a* + e^a -f /j, 

/j (a) ~ 4- b^a^ 4- 4- ^20* 4- e^a 4- fit 

/a (a) = aja® 4- b^a^ 4- 4- dga® 4- e^a 4- /*. 

Now, taking a, jS, y to be the roots of the equation 

4- qx + r — O 9 

and forming the product of the following determinants : — 


a* 

a* 

a* 

a* 

a 

1 




Cl 

d. 

€1 

A 





P 

1 


a, 

6. 

Cj 

d. 

Ca 

A 

/ 

/ 

y* 

/ 

y 

1 



6. 

C 3 

^3 

«3 

A 

0 

0 

1 

0 

0 

0 

f 

0 

0 

1 

P 

9 

r 

0 

1 

0 

0 

0 

0 


0 

1 

p 

9 

r 

0 

1 

0 

0 

0 

0 

0 


1 

P 

Q 

r 

0 

0 


it readily appears that the determinant last written is the required quotient. 

A similar method may be used to form the quotient when the alternant is of 
any order, and/,, /„ /g, &o., rational integral functions of any degrees. 
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33. Resolve the following determinant into linear factors 


ai 

Oj 

as 

04 

as 


Oi 

as 

as 

04 

04 

as 

Oj 

Oa 

as 

as 

04 

% 


as 

02 

as 

04 

as 

Oi 


In all the rows the constituents are the same five quantities taken in circular 
order, a different one standing first in each row. A determinant of this kind is 
called a circular^ . It is convenient to write a circulant in the form here given, 
viz., sucnthatthe same constituent occupies the diagonal place throughout. 
Taking 0 to be any root of the equation a;® — 1 = 0, and adding to the first column 
the sum of the constituents of the remaining columns multiplied by 9, 9^, 9^, 9^ 
respectively, we observe that the following are factors of the determinant : — 

4" 4" ^8 4“ 4“ «5, 

4- 9a2 4- 9^a^ 4- 4- 9*a^, 

4” ^^2 4- 9% 4" 9a^ 4- 

4- 9^a2 4- 9a2 4- 9*a^ 4- 9^a^9 

a-^ 4“ 9^(1^ 4“ 9^a2 4- 9^(i^ + 9(1^, 

the five roots of a:5 — I ^ 0 being 1, 9^y 9 ^ ; and comparing the coefficient of 

dj® in both expressions, it appears that the numerical factor is unity (cf. Ex. 13, 
Art. 140). A circulant of any order can be treated in a similar manner. 

34. The product of two circulants of the same order is a circulant. 


35. Calculate the determinant of the 

order 




an 

bn 

0 

0 

0 



- 1 

an-i 

bn-i 

0 

0 


An = 

0 

- 1 

o„_a 

bn-% 

0 



0 

0 

- 1 

an-8 

bn-9 



. 

. 


• 

• 



in which all the constituents are zero except those which lie in the diagonal and 
in lines adjacent to it on either side and parallel to it, one of these latter sets 
consisting of constituents each equal to — 1. 

Expanding in terms of the first column, we have the following relation connect- 
ing three determinants of the kind here considered whose orders are n, n— 1, 
n — 2 ; — 

A„ = dn^n-i + 
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By aid of this equation the calculation of any determinant is reduced to that 
of the two next inferior to it in the series A^, An-i* • • • Ag, A^ ; and the 

values of Aj and Ag are plainly and + ^g respectively. 

Dividing the equation just given by A^-j we have 




t + 


An-9 


replacing by a similar value the quotient of A^-i by A^-g,and continuing the pro- 
cess, it appears that the quotient of any determinant by the one next below it in 
the series can be expressed as a continued fraction in terms of the given consti- 
tuents. On account of this property, determinants of the form here treated are 
ealled continuants . When each of the constituents 6^, 6^-2, . . . 63, 6g (in the line 
above the diagonal) is equal to + 1, the resulting determinant is a simple con- 
tinuarvt. 


36. Calculate the determinant of the 

n^^ 

order 




a 

1 

0 

0 

0 

• 



a 

1 

0 

0 

• 

An = 

0 


a 

1 

0 

• 


0 

0 

P 

a 

1 

• 



. 

. 

• 

. 

. 


whose only constituents which do not vanish are a, 1, occupying the diagonal 
and the lines adjacent and parallel to it as here represented. 

The calculation is readily effected for any particular value of w, in a manner 
similar to that of the last example, by aid of the equation 

A„ = oAn-i - 

the values of Aj and Ag being a and a* — respectively. 

By examining the formation of the successive values of A, the student will 
readily observe that the terms Contained in the result are 

a 2 r, ^3r-2^^ a^r-4^, . . . fir, 

wb^n n is even and of the form 2r ; and 

a*^ + i, a^r-sfii^ , . , afir, 

when n is odd and of the form 2r + 1. 

For the purposes of a subsequent investigation, in which the i*esults just stated 
will be made use of, it is not necessary to know the general forms of the numerical 
cbefGicients which enter into these expressions ; but such forms can be arrived at 
without diflSculty, and the following general expression obtained for A„ : — 
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37. When a polynomial U is divided by another U' of lower dimensions, the 
coefhcients of the quotient, and of the remainder, can be expressed as deter- 
minants in terms of the coefficients of U and U\ 

The method employed in the following particular case is equally applicable 
in general. Let U be of the fifth, and of the third degree ; the quotient and 
remainder can then be represented as follows : — 

Q = goJK* + qiX + ga, + ^’a- 

Also, let 

U = -f + a^oi^ + + a^x 4- ag, V* =» a'o«* -f a\7^ -f a\x -f a'g. 

From the identity U ^ QU' + R 

we have the following equations : — 

tta = go^'s + ^1®% + g2»\ + 

^4 = ?1»'8 + 

ag = gaa'a + r*. 

Solving by Art. 144, g^,, g^, gj are expressed as determinants by means of the 
first three of these equations ; and taking the first three with each of the others 
in succession, we determine fo> ^ 2 * example, to find we have, from the 
first four equations, 


a'o 

0 

0 

-ao 


o'o 

0 

0 

Oo 

a\ 

a'o 

0 

- ai 

= 0, or aVr. = 

a\ 

a'o 

0 


a'g 


a'o 

~ ttg 


a'g 

a\ 

a'o 

Ug 

«'8 

a'g 

a'l 

- as + ro 


«'8 

a'2 

a'l 

as 


38. Find the general forms of the coefficients of the quotient, and of the 
remainder, when a polynomial of even degree 2w is divided by a quadratic. 

Taking a:* + aa; -f )9 as the given quadratic function, we have the identity 

+ . . . -f + a^ni-iX + 

s (go«»^* + + ... + q%m-9X+ qtm-^) (a;* + oa; + jS) + fo® + fi* 

Writing down the first r + 1 equations, formed as in the preceding example, 
to solve for g^, g^, gg, . . . gf, it is easily seen that the value of g,. thence derived 
is a determinant of the order of the form treated in Ex. 36, bordered at the 
top with the constituents 1, 0, ... 0, Uq, and at the right-hand side with 
Uq, Ox • • . a^. Expanding this determinant in terms of the last column, it is 
immediately seen that any quotient is expressed by means of a series of the 
determinants of Ex. 36 in the form 

gf = — af-xAj + Of-gAg— &c. • . . =f cqAf-i ± Af ; 
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the upper or lower sign to be used according as r is even or odd. To obtain the 
coefficients of the remainder we have the equations 

^^2m-3 + 0^2w-2 + Tq = a2m-l, 

0Q2m~2 + 1*1 =* a2m. 


Expressing the values of ^2m-3, j2m-2 by the formula just proved, and attending 
to the results of Ex. 36, we derive the following general forms for ro and ri : — 

ro = ^2m-l + Mm-ze + -^2m-6i8^ + . . . + 

ri = «2m + ^2m-2^3 + J52m-4/3* + . . . + -B2;8»»»-^ + 


in which the coefficients 5 are all functions of a, the highest power of a in any 
coefficient A or £ being represented by the suffix attached to the coefficient. 

39. If the leading constituents of a symmetric determinant be all increased by 
the same quantity x, the equation in x obtained by equating to zero the determinant 
so formed has all its roots real. 

Let the deter !n inant of the order under consideration be denoted by An, and 

written in the foim 

a + « h g . j 

h b-^^x f . I 


An « 


g f e 


Let the determinant obtained from this by erasing the first row and first column, 
i.e, the leading first minor of An, be denoted by An-i ; again, the leading first minor 
of An-i by An.2 ; and so on, the last function Ai obtained in this way being of the 
form I + X, To these we add the positive constant Aa = 1, which may be regarded 
as completing the series of minors and obtained by the same process, since An is not 
altered by affixing a last row and a last column consisting entirely of zero- elements, 
with the exception of the constituent + 1 in the leading diagonal. We have now 
a series of n + 1 functions — 

An, Am_i, An.2, . . . A 2 , Ai, Ap, 

whose degrees in x are represented by the suffixes. When + 00 is substituted for a?, 
the signs are all positive, and when 00 is substituted, the signs (beginning with 
Ao) are alternately positive and negative. Hence if x be regarded as increasing 
continuously, n changes of sign must be lost in this series during the passage 
from — Qo to + 00 . Now it appears by the theorem of Art. 149, that a value of x 
vhich causes any function (excluding An, Ao) in this series to vanish gives opposite 
signs to the functions adjacent to it on either side. Ao retains its sign throughout. 
It follows, exactly as in (2), Art, 96, that a change of sign can never be lost except 
when X passes through a real root of An = 0. There must, therefore, exist n real 
roots of this equation in order that n changes may be lost during the passage of x 
from — 00 to 4- 00 . 

■p 
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Any equation in the series, being of the same form as An ~ 0, has all its roots 
real. It is plain also that each of these equations is a limiting equation (see Art. 90) 
with reference to the equation next above it in the series ; since, in order that a 
change of sign may be lost between An and An-i at the passage through each of 
two consecutive roots of the former, the value of An.i must change sign between 
these two values of a?. The equation An = 0 may have equal roots, and by what 
has been just proved it appears that, when this equation has r roots equal to a, the 
equation An-i = 0 has r - 1 roots equal to a, the equation An-a = 0 has r - 2 roots 
equal to a, and so on. 

The determinant here discussed occurs in several investigations in pure and 
applied mathematics. The proof here given of the important property under dis- 
cussion is taken from Salmon’s Higher Algebra (Art. 46), to which work the 
student is referred for other proofs of the same theorem. 

40. If the determinant of the preceding example have r roots equal to a, prove 
that every first minor has r — 1 roots equal to a, every second minor r — 2 roots 
equal to a, and so on. 

Employing the notation AT, 6^, ... for the elements of the reciprocal deter- 
minant, we have the equation 

-45 - JT* = Ah- 2 An. 


Now it is easily seen, by proper transpositions of rows and columns, that every 
leading first minor contains the multiple root r - 1 times. It follows from the 
equation just written, that the minor H must contain this root r — 1 times ; and M 
may be taken to represent any first minor. 

41. Find the conditions that the equation 


X h g 

h h-h-x f 


= 0 


9 f 0^ X 


should have equal roots. 

Since each first minor must contain the double root, we readily derive the 
required conditions in the following form: — 


a - 


/ 


b 


9 A 


[This and the preceding example are taken from Routh’s Dynamics of a System 
ef Rigid Bodies^ Part ii.. Art. 61.] 

42. Any symmetrical determinant can be altered so as to have any selected 
pair of conjugate constituents each zero, the determinant remaining symmetrical. 

Consider, for example, the determinant obtained by putting ir = 0 in the pre- 
ceding example, and suppose it is required to remove the constituent g. Multiply 



Miscellaneous Examples. 67 

each constituent of the third column by a (dividing the whole determinant by a at 
the same time), and subtract from the constituents so altered those of the first 
column multiplied by y. Treat now the two corresponding rows in the same way ; 
the resulting determinant is symmetrical, and in it g is replaced by zero. This 
process may be applied to a determinant of any order, to remove in succession all 
the conjugate constituents of the first row and column, and afterwaVds of the 
remaining rows and columns, so as to reduce the determinant finally to one, all of 
whose constituents vanish except those in th^^oding diagonal. 

% 

43. Eeduce the following determinant, pj any order, to a form in which x will 
appear in the leading jjonstitucnts only ‘ 

a\x + hix + ^^1 C\X -f • 

+ «'2 fcic e2X 

azX + 0*3 + ^8 + 


Multiply by the determinant reciprocal to {aibzcz , . . ?„). If the given deter- 
minant is symmetrical, the determinant derived from it in this way will not be 
symmetrical ; but a difierent process may be used to reduce it in that case to 
a sgmmetrical determinant which will have x present in the leading constituents 
only, viz. by removing the coefficients of x from all pairs of conjugate constituents 
in succession by a process exactly analogous to that of the preceding example. If 
the coefficients of x in the leading constituents of the reduced determinant should 
all have the same sign, it may be proved, just as in Ex. 39, that the corresponding 
equation will have all its roots real. ^ 

44. Let a determinant of the order be divided into two rectangular arrays, 
one containing /a rows, and the other v rows (where /a + = tt), and let fiy sums of 

products be formed by operating with one array on the other as in the multipli- 
cation of determinants ; if then such relations exist among the constituents that 
all these sums of products separately vanish, the determinants of order /jl formed 
from the first array are proportional to determinants of order y formed from the 
complementary constituents of the second. ^ 

To fix the ideas, we take a determinant of the fifth order, but the mode of proof 
is perfectly general. Let the determinant 




bx 


As 


Cl 


Vx 


oa 

^8 

»4 

O5 

bz 

bz 

64 

^6 

Cf 

Cs 

C4 

C8 

«a 




Vi 





V2 
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be split homontally into two arrays, one of three, and the othef of two rows ; and 
let the following six relations exist : — 

^a\Xi = 0, 'Zaiyi = 0, 'XhiXx = 0, = 0, :$,cixi = 0, 'Zciyi as 0. 

If now A he expanded by Laplace’s theorem, and the minor determinants so taken 
(as can readily be done) that the expansion is written uith all positive siyns, e. g. in 
the form 

A s {aibzcs) {esiya) + {aibzci) (^2^5) + {^tyz) + {aibie^) {xzyt^ -f &c., 

it is proposed to prove that each minor determinant of the third order formed from 
the first array is proportional to its factor in the expansion of A so written. 

We use for convenience the following notation for the expansion last written — 

A s Zr + &c. 

Squaring the determinant A, making use of the above relations, replacing by their 
values the determinants obtained by squaring separately each of the component 
arrays, and equating the two values of A^ thus obtained, we have 

[LTJ + + NN* + &c. . . .y = (Z2 + ibT* + N'^ + &c. . .) (Z'^ + if’* + A’’* + &c. . . .), 

whence 

(Zif ' - ruy + (ZW’ - LNf + {MN* - U^Nf + &c O, 

from which we have at once 

L M N P . 
r"" N'" 

46. Write down the relations which exist among the minors of the second order 
formed from a determinant of the fourth order divided equally into two rectangular 
arrays in the manner of the last example, like conditions being fulfilled. 

We take the general determinant of the fourth order 

ai bi ei di 

a2 63 

As 

ds ^3 0 $ di 

a^ 64 Ox dx 

and first expand it by Laplace’s theorem. As the expansion of such a determinant 
in terms of its second minors is often required in practice, the student is recom- 
mended to accustom himself to write it with all positive signs as follows : — 

( 61 ^ 2 ) {ozd^ + {oxaz) [bzdij + (< 1162 ) {pzdi) 

4 (^ids) 4- (61^2) (ozai) 4 (cidz) {azbi). 

The method of writing this down is obvious, the same arrangement being observed 
as on all former occasions w’here four letters were involved. 
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Bj the preceding example, we have at once the relations 

(ii^) (cioz) ^ (aihi) ^ (aidj) __ (^1^2) ^ (^1^2) 

(azdi) (^sdij (dsci) (cgai) (ash)* 

provided the following four equations hold — 

= 0, :Saia4 = 0 , ^ozas = 0 , » 0 . 

What is here proved has an important application in geometry of three dimen- 
sions with reference to the six coordinates of a right line. (See Salmon’s Analytic 
Geometry of Three Dimemions, 4 th ed., Art. 67 b.) 

It may be remarked here that it will be found convenient to write uniformly 
with positive signs the expansion of a determinant of the third order, which occurs 
so often in practical questions. Taking, for example, the determinant obtained by 
erasing the last row and last column of A, we write its expansion as follows, the 
three letters being taken in circular order: — 

{aihzcz) B a\ (bzcz) + 61 (^2^3) + ci (azh). 

46 . Derive the equations ( 3 ) of Art. 146 , for obtaining the ratios of n variables 
from w - 1 linear homogeneous equations, from the proposition of Ex. 44 . 

47. Express by determinants the values of the unknown quantities derived 
from a set of given linear equations by the Method of Lea st Squares. 

The given equations, which are greater in number tnan the Unknown quantities, 
are supposed to have been obtained as the result of observation or experiment; and 
the numerical coefficients which enter into them, being consequently liable to 
eiTors of observation, are not known with certainty. In such cases the most 
reliable values of the unknown quantities are obtained in the manner about to be 
explained by what is called the “method of least squares.” Take, for example, 
five equations of the form a\x + h\y + ei% = wi, azx + hzy -1- czz = m2, &c., between 
three unknown quantities a;, y, s. Multiply them respectively by «i, «2, <13, <14, as, 
and add; again by 61, 62, 63, 64, 65, and add; and again by ^1,^2, ^4, ^5, and 

add. In this way the following three equations are obtained : — 

+ y'Zai'hx + z'Zaicy = Saimi, 
xl,aih\ + ^1“^ + z^bici = 

x2aici «f ; 

from which we have, without difficulty, 

^ jmibzcz) -f (ai^ 2 g 4 ) (mi^2gi) -f .... 4 - {azhjCz ) {mzbiCz) 

{aibzczy^ + {uibid)^ +,...+ (a3^4<?6)* * 

with corresponding values for y and z, each of these values containing ten terms in 
the numerator and ten in the denominator. 

48 . Show that the value of x given in the preceding example can be obtained 
Dy first eliminating y and * from every set of three of the five given equations, and 
then applying the method of least squares to the ten equations in x alone which 
result from the elimination. 



CHAPTER XIV. 


160. Definitions. — Being given a system of n equations, 
homogeneous between n variables, or non-bomogeneous between 
« - 1 variables, if we combine these equations in such a manner 
as to eliminate the variables, and obtain an equation i2 = 0 
containing only the coefficients of the equations, the quantity 
It is, when expressed in a rational and integral form, called the 
Resultant or EUminant . 

TSTwhat follows we shall be concerned chiefly with two 
equations involving one unknown quantity x only. In this 
case the equation jB = 0 asserts that the two equations are con- 
sistent; that is, they are both satisfied by a common value 
of «. We now proceed to show how the elimination may 
be performed so as to obtain the quantity R, illustrating the 
different methods by simple examples. It is proper to observe 
that the value of R arrived at by some processes of elimination 
may contain a redundant factor. The method of elimination 
by symmetric functions leads to a value of R free from any 
such factor ; and we refer, therefore, to the conclusion of the 
discussion in the next Article for the precise definition of the 
Resultant. 

Let it be required to eliminate x between the equations 
a»* + 2bx + c = 0, aV + 2b'x + c' = 0. 

Solving these equations, and equating the values of x so 
obtained, the result of elimination appears in the irrational form 

b s/V^e y v/6'»-aV 

+ 7 + • 

a a a a 
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Multiplying by aa' we obtain 

ab' - a'h = a •y -a'c' -d y 6* - ae. 

Squaring both sides, and dividing by the redundant factor 
aa', and then squaring again, we find 

i2 - 4 (ac - IP) (a'c' - 6'*) - {a<P + a’c - UhJ. 

This method of forming the resultant is very limited in 
application, as it is not, in general, possible to express by an 
algebraic formula a root of an equation higher than the fourth 
degree. Other methods have consequently been devised for 
determining the resultant without first solving the equations. 
We now proceed to explain the method of elimination by 
symmetric functions of the roots of the equations. 

151. Elimination by iSymmetric Eunctions. — Let two 
algebraic equations of the m*'* and degrees be 

^ (») ■ ao*”* + aia?®'* + + . . . + a„ = 0, 

■ip (x) •» +... + &« = 0 ; 

and let it be required to find the condition that these equations 
should have a common root. For this purpose let the roots of 
the equation tp{x) = 0 be oi, at, .. . am- If the given equations 
have a common root, it is necessary and sufficient that one of the 
quantities 

'Z' (®i)> ^ (®*)» * ' • » ^ 

should be zero, or, in other words, that the product 
^ (a,) xp (aa) xp (a») . . . xp (am) . 

should vanish. If, now, we transform this product into a 
rational and integral function of the coefficients, which is 
always possible, as it is a symmetric function of the roots of 
the equation <p («) = 0, we shall have the resultant required. 
Further, if /3i, /3a, . . . /3» be the roots of the equation \p (x) => 0, 
we have 

xp (oi) = (ai - ^i) (a, - /3a) ... (oi - /3n), 

xp (aa) = 5o («a - f3i) (a-i - (St) ... (aa - /3„), 

• •••••• 

^ “ ^0 (om /3i) (am *»■ fi2) • • • 
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If we change the signs of tlie mn factors, and multiply these 
equations, taking together the factors which are situated in the 
same column, we find 

(«i) 'A («*) •••’/' («m) = (- ((3i) ^ (/3,) . . . 0 ((5n ) . 

We may therefore take 

ij = (- ir”br<i> m ^ {^^) . . . ^ (/3«) = («.)tA(«.) . . . ^ w, (1) 

for both these values of It are integral functions of the coef- 
ficients of (f> (x) and \p (x), which vanish only when ^ (x) and 
\p (x) have a common factor, and which become identical when 
they are expressed in terms of the coefficients. 

152. Properties of the Resultant. — (1). The order of 
the resultant of two equations in the coefficients is equal to the sum 
of the degrees of the equations, the coefficients of the first equation 
entering R in the degree of the second, and the coefficients of the 
second entering in the degree of the first. 

This appears by reviewing the two forms of B in (1), 
Art. 151 ; for in the first form ao, Ui, . . . am enter in the 
degree, and in the second form bi ... b„ enter in the 
degree. Also, it may be seen that two terms, one selected 
from each form, are (- iy””bf‘am'* and afbn”'. 

(2) . If the roots of both equations be multiplied by the same 
quantity p, the resultant is multiplied by p*"”. 

This is evident, since any one of the mn factors of the form 
Op - /3j becomes p (ap - /3j), and therefore p”'” divides the resul- 
tant. From this we may conclude that the weight of the resultant 
is mn, in which form this proposition is often stated. 

(3) . If the roots of both equations be increased by the same 
quantity, the resultant of the equations so transformed is equal to 
the resultant of the original equations. 

For we have 

±22 = <5„"'n(op-/3,), 

where 11 signifies the continued product of the mn terms of the 
form Op - /3j ; and this is unaltered when op and /3j receive the 
same increment 
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(4). If the roots be changed into their reciprocals, the value of 
R obtained from the transformed equations remains unaltered, except 
in sign when mn is an odd number. 

Making this transformation in 


we have 


R' = 1) 


R = afbo”'U (ap - /3,), 
n {ap — I3g) 


but 




= (- i3,/3, . . . /3„ = (- 1)“^; 

UQ Oo 


substituting, we obtain 

If = (- l)’”"n {ap - j3,) = (- 

From this it follows that in the resultant of two equations 
the coefficients with complementary suffixes of both equations, 
e.g. flo, (tml Oi, «m-i> &o., may be all interchanged without 
altering the value of the resultant. 

(6). If both equations be transformed by homographic transfer- 
mation, that is, by substituting for x 

\x + fX 

, \'x + f 


and each simple factor multiplied by X'x + f, to render the new 
equations integral, then the new resultant R = {ffl - X'fi)”^"R. 

To prove this, we have 

(f> {x) — a^{x — Qi) {x — Oa) . , . {x — Qm), 

\P (a;) = bfx - f5i) (x-^i) ... (x- /3«) ; 

also 

X- ar becomes (X - X'or) fx- ^ 

y A A CLr/ 

x-(3r „ 


Multiplying together all the factors of each equation, 
o* becomes a„ (X - X'ci) (X - X'a,) ... (X - X'a*), 
io „ J,(X-X'/3,KX^XU)...(X-X'^). 
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Also, sinoe or, Br are transformed into ^ v 

i A — AarA — A fir 

a -3 becomes ( V " ^ V) («>• - / 3r) . 
p, becomes 

whence 

n (or - ^f) becomes ao”lfo”' (Am' - Am)”*” n (ar - (3,), 

that is, the resultant calculated from the new forms of tp (x) and 
\f/{x) is 

(\fi - yfi)”*” R. 

This proposition includes the three foregoing ; and they are 
oolleotively equivalent to the present proposition. 


153. Euler’s method of Elimination.— When two 
equations ^(») = 0, and xp{x) = 0, of the and degrees 
respectively, have any common root 6, we may assume 

^ («) - (» - 0 ) (^), 

\f,{x) m{x- 9) 

where 

h (^) " /’i®’”'* + +...+/>», 

(ar) » + g-^ar”-* + . . . + y,, 

the coefficients being undetermined quantities depending on $. 
Whence we have 

ip{x) \Pi{x) rnypix) <pi{x), 

an identical equation of the (w + n - 1)** degree. Now, equating 
the coefficients of the difiEerent powers of x on both sides of the 
equation, we have m + n homogeneous equations of the first 
degree in the m + n quantities pi, p%, . . . pm, i\, q*, • • ■ ?»» ; and 
eliminating these quantities by the method of Art. 145, we 
obtain the resultant of the two given equations in tite form of 
a determinant. 
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Examplb. 

Suppose the two equations 

+ id? + tn 0, aix^ + ss 0 

to haye a common root. We have identically 

(gi« + q2) {ax^ + bx’^6)m {pix + p^) + hixf + ^i)# 

or {qia - piai) x^ + (qib + qza -pibi - pzai) x^ 

+ {qic + qib ~~piei — pibi) x + qzo — p^ei ■ 0. 

Equating to zero all the coefficients of this equation, we have the four homo- 
geneous equations 

qia -pm =5 0, 

qib + — Pibi — piCti =* 0, 

qie + qtb - piei - p 2 b\ » 0, 

QiC - piOi = 0 ; 

and eliminating pi, p^ qi, ^ 2 , we obtain the condition for a common loot in the 
form 

a 0 oi 0 

b X hi ai 

cs 0. 

e b bi 

0 e 0 ^ 

The student can easily yerify that this result is the same as that of Art. 150. 

154. Sylvester’s Plalyttc JWethod of Elimination. — 

This method leads to the same determinants for resultants as 
the method of Euler just explained ; but it has an advantage 
over Euler’s method in point of generality, since it can often be 
applied to form the resultant of equations involving several 
variables. 

Suppose we require the resultant of the two equations 

^ {x) m + a,*™"* + ajic-'* + ... + «» = 0, 

)// («) ■ + . . . + 5, =0, 

we multiply the first by the successive powers of 
a?'-\ . . . a?, X, af 

and the second by a:*""*, ... a;’, ar, as®, 
thus obtaining w + w equations, the highest power of a? being 
m + « - 1. We have, consequently, equations enough from 
which to eliminate af^”"*, . . . a?*, <p considered as distinct 

variables. 
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Examples. 

1. Find the resultant R of two quadratic equations 

or* -f -f = 0, a\x’^ + iiiP + «i » 0* 

We have aix^ + hx^ ex =0, 

aX^ + aa 0, 

•la;* + bix'^ + c\X = 0, 
aix^ -k- b\x -V ei = 0 ; 

from which, eliminating a?*, 4?, we get the same determinant as in the preceding 
Article, columns now replacing rows : 

a b 0 

a h e 

Rs 

ai ei 0 

0 ai bi Cl 

2. F'orm the resultant of the two equations 

fT s oo + tiix 4- a 2 X^ 4“ asx^ -f aiX^ == 0, 

F s ^0 4 bix 4 bzx^ 4 bzx^ = 0. 

Proceeding as before, we easily find 

oq ai a% <^3 0:4 0 0 

0 eto i’fi ttz ^4 0 

0 0 ai ^2 ^3 

^0 ^2 ^3 0 0 0 

0 ho b\ b'i hz 0 0 

0 0 bo bi b% bz 0 

0 0 0 Jo ^2 J3 

It will be observed that R contains the coefficients of CTin the 3rd degree, and 
those of V in the 4th degree ; also is a term in R (see (1), Art. 152). 

155. Bezout’s Method of Elimination. — The general 
metliod will be most easily understood by applying it in the 
first instance to particular oases. We proceed to this applica- 
tion — (1) when the equations are of the same degree, and 
(2) when they are of different degrees. 

(1). Let us take the two cubic equations 

OiT* + 6** + caj + rf = 0, dtO!* + i,** + Cl* + d, = 0. 




77 


Bezoufs Method of Elimination. 

Multiplying these two equations successively by 

<7t and a, 

UiX + bi „ oiP + 6, 

Oi** + biX + Cl „ «ar* + &« + «, 

and subtracting each time the products so formed, we find the 
three following equations : — 

+ (aci) X + (adi) = 0, 

{aci)x^ + + {bci)]x + {bdi) = 0 , 

(o<?i)aj* + (bdi)x + (crfi) = 0. 

By eliminating from these equations x*, x, as distinct 
variables, the resultant is obtained in the form of a symmetrical 
determinant as follows : — 

{abi) {aci) {adi) 

(aci) {adi) + 

{adi) {bdi) {cdi) 

To render the law of formation of the resultant more 
apparent, the following mode of procedure is given : — 

Let the two equations be biquadratics, as follows : — 

ax* + bx^ + + dx + e == 0, aiX* + bix^ + CiSJ* + diX + c, » 0 ; 

whence, following Cauchy’s mode of presenting Bezout’s method, 
we have the system of equations 

a _ ba^ + ex^ + dx + e 
ai btX^ + c,ar* + diX + Ci* 
ax + b cx^ + dx + e 
aix + bi~ Cix* + diX + e* 

««* + + c _ dx ■¥ c 

+ biX + Cl dyX + Cj* 

ax^ ■¥ bx* + cx + d e 

aiX? + + ,Cia?.+ di e, ' 
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which, when rendered integral, lead, on the elimination of 
«*, X, to the following form for the resultant : — 


(abt) 

(ac,) 

{adi) 

(ac,) 

(ac,) 

(arf,) + (Ac,) 

(ac,) + (Arf,) 

(Ac.) 

{adi) 

(ac,) + (Arf,) 

(Ac,) + (erf,) 

(cc,) 

(ac,) 

(Ac.) 

(cc,) 

(rfci) 


If, now, we consider the two symmetrical determinants 

(fl6,) (aci) (adi) (ac,) 

(aci) {adi) (aet) (hei) (ic,) (bdi) 

(adi) (aei) (bci) (ce,) * (Ac?,) («/,) ’ 

(««,) (Ac,) (cej) (de,) 

the formation of which is at once apparent, we observe that R 
is obtained by adding the constituents of the second to the four 
central constituents of the first. 

Similarly, in the case of the two equations of the fifth degree 

oas* + Aa;* + ca?* + tAc* + ca? + / = 0, 

0,0* + A,a!* + CiO^ + diO^ + c,* + /, = 0, 

the resultant is obtained from the three following determi- 
nants : — 

{abi) (aCi) {adi) (ac,) {a/i) 

{aoi) (adi) (««,) («/,) (A/,) (Ac,) (Arf,) (Ac,) 

(adi) (aCi) (a/,) (A/,) (c/,) , (Arf,) (Ac,) (cc,) , (erf,), 

(ac,) {aft) (A/,) (eft) {df) (Ac,) (cc,) (rfc,) 

(afd (bfi) (eft) (#.) {ejt) 

by adding the constituents of the second to the nine central 
constituents of the first, and then adding the third to the central 
constituent of the determinant so formed. The student will 
have no difficulty in applying a similar process of superposition 
to the formation of the determinant in general. 
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(2). We take now the case of two equations of different 
dimensions, for example, 

f/®* + 6a:® + c®* 4 dir 4- « = 0, tfi®* 4- 6ia: 4- C| » 0. 

Multiplying these equations successively by 
o, and ao^, 

«!« 4- 6i „ {ax^h)a?y 

and subtracting each time the products so formed, we find the 
two following equations : — 

(a6,) 4- (aci) »* - da^x - ea\ => 0, 

(aci) 4- {(6ci) - daij - {d6i 4- eai] x - ebi ^ 0. 

If, now, we join to these the two equations 

4- biX’‘ 4- CiX = 0, 

4- bix + Cl - 0, 

we shall have four equations by means of which «*, x can 
be eliminated ; whence we obtain the resultant in the form 
of a determinant as follows : — 

(ail) (aci) dui eot 

(aoi) (bci) - dui dbi 4- aa, ebi 

Oi 6, - Cl 0 

0 Ui -bi -Cl 

This determinant involves the coefficients of the first equa- 
tion in the second degree, and the coefficients of the second 
equation in the fourth degree, as it should do; whence no 
extraneous factor enters this form of the resultant. 

We now proceed to the general case of two equations of the 
«»** and degrees. 

Let the equations be 

^ (ic) ■ 4- aidf*'^ 4- aj®’"'® 4- . . . 4- a«, = 0, 

^ (x) m bifif' 4- ii*"'* 4- ijsr""* 4- ... 4- 6, =0, 
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where «» > n ; and let the second equation be multiplied by 
We have then 

+ ft,*"*"* + . . . + ftn*”*"” =• 0, 

an equation of the same degree as the first. This equation has, 
however, in addition to the n roots of \p[x) = 0, m — n zero roots ; 
so that we must be on our guard lest the factor (i.e. the 

result of substituting these roots in ^(*)) enter the form of the 
resultant obtained. From these two equations wo derive, as in 
the above case — (1), the following n equations: — 

Oo + <?,*""* + . . . + ffn, 

ft, fti**""* + ft,**""^ + . . . + ftn*'""”’ 

OtiX + Oi _ g,*”'* + ga*”"* + . . . + Om 

ft«*+ ft, ft,*®"* + ft**®-* + . . . + ft„*®"*** 


+ g,*""* + . . . + gnu gn»®"" + gn-i^”"”'* + . . . + gm 

fto*”"‘ + ft>-* + . . . + ftn-, " ft„*™-" ’ 

which, when rendered integral, are all of the {m - 1)‘* degree ; 
whence, eliminating *®"*, *®"*, ... * as independent quantities 
between these n and the m-n equations 

ft,*"''* + ft,*®"* + ft,*®-* + . . . =0, 

ft,*"-* + ft,*"-* + . =0, 


ft,*” + ft,*”'* + . . . + ftn = 0, 

we obtain the resultant in the form of a determinant of the m** 
order, the coefficients of the first equation entering in the degree 
n, and tbe coefficients of the second equation entering in the 
degree m; whence it appears that no extraneous factor can 
enter ; and that the resultant as obtained by this method has 
not been affected by the introduction of the zero roots. 
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If R be the resultant of two equations = 0, - 0, 

whose degrees are both equal to m, the resultant R' of the system 
(a?) + {x) = 0, (x) + flip {x) =» 0 

is {\fi'~yn)”‘Ri 

for each of the minors (a, t>$)y which in Bezout’s method con- 
stitute the determinant form of R, becomes in this case 


Xttr + flbr, X'flr + flbr 
Ao» + fibg, X'di + fibt 


“ (Xju' - A')U) ; 


whence R^ « {Xfi - X'fi)”'Ry since i2 is a determinant of 
order m. 

156. Otber metbode of Elimination. — We conclude 
the subject of Elimination with an account of a method which 
is often employed, but which has the disadvantage of giving 
the resultant multiplied in general by extraneous factors. The 
process about to be explained is virtually equivalent to that 
usually described as the method of the greatest common measure. 

In forming by this method the resultant of the two quadratic 
equations 

oas* + + <? - 0, o,** + bix + Ci = 0, 

we multiply these equations successively by a, and a, Ci and e, 
and subtract the products so formed. We thus find the two 
equations 

{abi) X + (aci) = 0 , 

X ( {aCi) X + (5c,) } = 0. 

Observing that the value zero for x does not satisfy both 
the given equations, we may discard tiie factor x from the second 
of the equations last written, and thus obtain the resultant 
without any extraneous factor in the form 
(ac,)* - {ab^) (5c,) = 0. 

As the degree of this expression is four, and its weight four, 
it is a correct form for the resultant. 

To form by the same process the resultant of the cubic 
equations 

ao!® + 5** + (5® + rf - 0, «,«• + 5i** + Cix + di ■ 0, 

G 


VOT-. IT. 
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we multiply these equations successively by «, and o, dx and d, 
and subtract each time the products so formed. We have then 

(abi) a? + (aci) x + {ad^ = 0, (arf|) a? + {bdi) x + (c<f,) = 0. (1) 
Now, eliminating x between these two quadratics by means 
of the formula above obtained, we find for their resultant 


(abi) (ad,) 

2 

(ab,) (ac,) 

V 

(ae,) (adi) 

(adi) (<fdi) 


(adi) (bdi). j 

A 

(bdi) 


an expression whose degree is 8 and weight 12, in place of 
degree 6 and weight 9 ; whence it appears that it ought to be 
divisible by a factor whose degree is 2 and weight 3. This 
factor must therefore be of the form I (ftci) + m {adi). We 
proceed now to show that it is (arf,) ; and to find the quotient 
when this factor is removed. 

For this purpose, retaining only the terms which do not 
directly involve (adi), we have 

{ahx) {cdx) { {ahx) {cdi) + (caj) (dd,) ) , 
which is divisible by {adx), since 

{bcx){adx) + (cai)(bd,) + (abi)(cdi) ■ 0. 

Expanding the determinants, and dividing off by (adi), we 
find ultimately the quotient 

(arf,)’ - 2 (abi)(cdi)(adi) + (bdi)(cai)(adi) 

+ (cai^lcdi) + (abi)(bd,y - (ab,)(bc,)(doi), 

which, being of the proper degree and weight, is the resultant. 

If we proceed in a similar manner to form the resultant of 
two biquadratic equations, by reducing the process to an elimi- 
nation between two cubic equations, we shall have to remove an 
extraneous factor of the fourth degree, which is the condition 
that these cubics should have a common factor when the bi- 
quadratics from which they are derived have not necessarily a 
common factor ; and in general, if we seek by this method the 
resTiltant of two equations of the degree, eliminating between 
two equations of the {« - 1/* degree, we shall have to remove an 
extraneous factor of the order 2« - 4. This method, therefore, 
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is inferior to all the preceding methods ; and it cannot he 
conveniently used except when, from the nature of the investi- 
gation, extraneous factors can be easily removed. 

157. Discriminants. — The discriminant of an equation 
involving "a dfiglS unEnown is the simplest function of the 
coefficients, in a rational and integral form, whose vanishing 
expresses the condition for equal roots. We have had examples 
of such functions in Arts. 43 and 68. We proceed to show 
that they come under eliminants as particular cases. 

If an equation f{x) = 0 has a double root, this root must 
occur once in the equation f'{x) = 0 ; and subtracting xf'(x) from 
nf{x), the same root must occur in the equation nf{x) - xf{x) = 0. 
This is an equation of the [n - 1)** degree in x ; and by 
eliminating x between it and the equation f{x) = 0, which is 
also of the (n - degree, we obtain a function of the coeffi- 
cients whose vanishing expresses the condition for equal roots. 
The degree of this eliminant in the coefficients of f{x) is 2 (m - 1) ; 
and its weight is n (« - 1), as may be seen by examining the 
specimen terms given in section (1), Art. 152. Expressed as a 
symmetric function of the roots of the given equation, the 
discriminant will be the product of all the differences in the 
lowest power which can bo expressed in a rational form in 
terms of the coefficients. Now the product of the squares of 
the differences n (a, - oj)® can be so expressed ; and since it is 
of the 2 (» - ly* degree in any one root, and of the n {n - 1)** 
degree in all the roots, it follows that the discriminant multi- 
plied by a numerical factor is equal to (“■*) n (ai - oa)*. 

If the function /(») be made homogeneous by the introduc- 
tion of a second variable y, the two functions whose resultant is 
the discriminant of f[x) are the differential coefficients of f{x) 
with regard to x and y respectively. In the same way, in 
general, the discriminant of a function homogeneous in any 
number n of variables is the result of eliminating the variables 
from the n equations obtained by differentiating with regard to 
each variable in turn. 

o ^ 
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EZAUPtBS. 

1. Find the disoriminant of 

+ 3ai«* + Za%x 4 03 » 0. 

We have here to find the eliminant of the two equations 

+ 2aix 4 aa » 0| 

4 2a2^ 4 as » 0. 

The condition for a common root is, by Art. 160, 

4 (aorta ~ rti*) (rtirta — a^) — (rtoaa - airta)* « 0. 

The function of the coefficients here obtained is therefore the discriminant, 
which may also he written in the form of a determinant, as follows, by Art. 164 : 

rto 2ai oa 0 

0 oo 2rt| m 

rti 2rta as 0 

0 ai 2rta as 

It can he easily verified that this value of the discriminant is the same as that 
already obtained in Art. 42. 

2. Express as a determinant the discriminant of the biquadratic 

rto^ri 4 4aiiP^ 4 602 *^ 4 4rt8iJ? 4 as » 0. 

We have here to eliminate x from the equations 

ooaH* 4 Srtia?* 4 Za%x 4 as =* 0 , 
rtia?* 4 80*2;* 4 Srtsa? 4 rt4 =* 0 . 

By the method of Art. 154 the resultant is 

rto 3rti 803 as 0 0 

0 rto 3ai Srta as 0 
0 0 Oo 3rti 3rts as 

at Sos 3rts rt4 0 0 

0 at 3a8 3rt8 04 0 

0 0 at 3as Sas a4 

This must he the same as J* - 27/* of Art. 68. 

3. Express the discriminant of the quartic as a determinant by Beaout’s method 
of elimination. 
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4. Prore that the discriminant, Am» of the equation 
U m ax^ + by^ + ez^ = 0 , 
where s; + y -f s « 0, 

may he obtained by rendering rational, in the form Am = 0, the equation 

1 1 i 

{be)^'^ + (<Ta)»»"i -f * 0 ; 


and calculate in particular the yalues of As, A 4 , As. 

When z is replaced by its value from a? + y + « a 0, the given function XT con- 
tains two variables, and the discriminant is obtained by eliminating x and y from 



and 



5. Prove by elimination that / » 0 is one condition for the equality of three 
roots of the biquadratic of Ex. 2. 

Since the triple root must be a double root of 


f/jj a oqx^ + 4 Sofix 4 “ 0, 


and therefore a single root of aix^ 4 2 a 2 X 4 <^3 ~ 0 ; and since it must also be a 
single root of 

Uit s aox^ 4 2aix 4 <*2 *» 0, 

it follows from the identity 

Ui 3 a;* JTi 4 2x (aiX^ 4 2a%x 4 «s) 4 4 2a3X 4 «4 


that the triple root must be a root common to the three equations 

4 2aix 4 <»2 = 0^ 
aia^ 4 2a2X 4 as = 0, 

022?* 4 2«8a? 4 0. 

Hence the condition 

Oq ^1 (f2 

ai at as s / = 0. 

oj as a4 


6. Prove that the discriminant of the product of two functions is the product of 
their discriminants multiplied by the square of their eliminant. 

This appears by applying the results of Art. 151 and the present Article ; for 
the product of the squares of the differences of all the roots is made up of the 
product of the squares of the differences of the roots of each equation separately 
and the square of the product of the differences formed by taking each root of one 
equation with all the roots of the other. 
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158. determination of a Root common to two 
Equations. — If B, be the resultant of two equations 
' V s am'x”' + + , . . + «o = 0, 

F e + ifi-lip'*"* + . . . + 5o “ 0, 


and a any common root, then 


a = 


dR 

dR 

dR 

da^ 

dn^ 

dtti 

dU’' 

" 'dlt '' 

" dR 

da„ 

day 

1-1 


= & 0 , 


To prove this, we first show that functions ^ (a?) and \p {x) 
can be obtained such that R ® (x) + Vtp (x), namely, when 

U and V are multiplied by ^ {x) and (x), respectively, and 
added, all terms involving x vanish identically. Take, for 
example, the form of R given for two functions of the 4**^ and 
3*^* degrees, respectively, in Ex. 2, Art. 164. Multiply the 
second column by x, the third by &c., and add to the first 
column, thus obtaining U, xJJ, x"^ U, V, xV,x^V,(t^V for the con- 
stituents of the first column. The determinant when expanded 
takes then the form V'<j> {x) + y^p where ^ is a quadratic 
function, and rp a cubic function of x. This mode of proof can 
be applied to any two functions ; and it will be observed in the 
general case that ^ and xp are of the degrees « - 1 and m - 1, 
respectively, the degrees of U and F being m and ». We have 
therefore 


whence 


R 

(Ittp 


U,l,+ Vxp; 

xP<p + + 

^ dup 



dR 

dop^i 


+ U 


d<l> 

dapn 


+ F 


dop+i * 


and when a is a common root of the equations Z7= 0, and F- 0, 
we have, substituting this value for x in the preceding equations, 

dR _ dR 

dap 

which proves the proposition. 
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A double root of an equation can be determined in a similar 
manner by differentiating the discriminant A. 

When the equations U=0 and F= 0 have two roots com- 
mon, the first differential coefficients of R with regard to Op, 
fltp+i, &o., vanish identically, and it is necessary to proceed to a 
second differentiation. In this case the common roots are given 
as the roots of the quadratic equation 

m ^ d^R (PR ^ 

uctp dOpCtcip^i ddp^x 

as is easily seen by differentiating the value of R above given, 
when the first member of the equation last written is found to 
be equal to 

o O XX 

\da^ ddpdap^x dap^^) \da^ dapdap^x dap^^j * 

an expression which vanishes when either of the common roots 
is substituted for x. 

A similar process will apply if there are three or more 
common roots. 

The examples which follow are given to illustrate the 
principles contained in the foregoing chapter. 

Examples. 

1. Eliminate x from the equations 

ax'^ + = 0 , 

x^ = 1 . 

Multiplying the first equation by x, we have, since * I, 

hx^ cx a ^ \ 

and multiplying again by x, we have 

cx^ ax + b = 0. 

Eliminating x^ and x linearly from these three equation?, the result is expressed 
as a determinant 

a b e 

b c a =0. 

cab 
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If the method of symmetric functions (Art. 151) be employed, and the roots of 
the second equation substituted in the first, the resultant is obtained in the form 

(a + 5 + -f + c) (am + + <»). 

2. Eliminate similarly x from the equations 

ax^ + 4- + e as 0, ir® « 1. 

The result is a circulant of the fifth order, obtained by a process similar to that 
of the last example. By aid of the method of symmetric functions the five factors 
can be written down. An analogous process may be applied in general to any 
two equations of this kind. 

3. Apply the method of Art. 153 to find the conditions that the two cubics 

(a;) 5 ax^ \hx^ ex d =0, 
ij/ (x) s a'x^ + d'x^ + dx + d* s: 0 
should have two common roots. 

When this is the case, identical results must be obtained by multiplying ^(x) by 
the third factor of and {{/(x) by the third factor of (f> (x)^ We have, therefore, 

(K'x + mO <> («) = (A* + m) (*)> 

where X, /u, X', // are indeterminate quantities. This identity leads to the equations 
X^« — \a' ss 0, 

4 /u.'a — \b* — fia* = 0, 

XV + /lb ^ /lb * « 0, 

\*d 4* /io — \d* — /id sss 0, 

/l*d — fKf ssO. 

Eliminating X', /i% X, /i from every four of these, we obtain five determinants, 
whose vanishing expresses the required conditions. There is a convenient notation 
in use to express the result of eliminating from a number of equations of this kind. 
In the present instance the vanishing of the five determinants is expressed as 
follows : — 

a b c d 0 

0 a b 0 d 

a* b* d 0 

0 a* b' d d* 

the determinants being formed by omitting each column in turn. It should be 
observed that the conditions here obtained are equivalent to two independent 
conditions only, and it can be shown that, when any two of the determinants 
vanish, the remaining three must vanish also. 
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4. Prove the identity 


oca 


2aj9 

a/3' + a'^ 
2a'/3' 


/B* 

/8i8' 

3^3 


(aiS' - 


This appears by eliminating x and y from the equations 
aa?+i8y = 0, aa?-fi8'y = 0; 
for from these equations we derive 

(our + = 0, (ad? + iSy) (a*4? + i8V) = 0, {ax + ffy)^ = 0* 

The determinant above written is the result of eliminating a;*, xy, and y* from the 
latter equations ; and this result must be a power of the determinant deiived by 
eliminating y from the linear equations. 

6. Prove similarly 


(aiS' - a'/8)®. 


6. Prove the result of Ex. 13, p. 65, by eliminating A, /a. A', fi', from four 
equations 

, Aa + At A3 + /i 


a® 

3a*j3 

3oj8» 


aV 

a*i8' + 2ao'/8 

2oj8i8' + a'iS* 


aa'2 

o'*)8 + 2ao';8' 

2o'/8i8' + oi8'» 

BB'^ 

a'3 

3a'*j8' 


B'^ 


A'a + A*’ 




A'3 + At' 


, &o* 


connecting the variables in homographic transformation. 

7. Given U s Au^ + 2^wv + Cv\ 

V s + 2B'uv + (T'v*, 

. M + 25dry -f 

) V a a"x^ + 25'a:y + 

determine the resultant of U and F considered as functions of a?, y. 

Since U = A(u- av){U’~ 3v), 

F = A*(u^ av) {u - iS'v), 

if U and F vanish for common values of a?, y, some pair of factors, as w — at? and 
u ~ aVy must vanish ; whence forming the resultant of u — at? and u ~ av and 
representing the resultant of u and t? by (m, t?), we have 

It {u -- aVf u av) « (a - f?) ; 

and multiplying all these resultants together, we find 

B ( CT., F.) = A^A^^ (a - a')* (3 - 3')* (a - 30* (3 - [E (u, v) 
or 

F.)« 
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8. Prove that the equation whose roots are the differences of the roots of a given 
equation /(a:) « 0 may be obtained by eliminating x from the equations 

m - 0, f{x) +/-(*) + &o. = 0 ; 

and determine the degree of the equation in y (of. Art. 44). 

9. Eliminate z from the equations 

a? -f y + s = 0, 
ayg + bzx + exy = 0, 
ayh^ + bz^x^ f ca^y^ = 0. 

Taking the first two equations along with an assumed linear equation with 
arbitrary coefficients, viz., 

Aa: + /uy -I- = 0, 

and eliminating x, y, «, we easily obtain 

a \^ 4 ctf* -h (d - b - c) fiv {b - 0 — a) {o^a - b) ?\juL = Of ( 1 ) 

which must be equivalent to the equation 

{\Xi + fxyi 4 vz\) {Kx 2 4 /uya 4 vz%) = 0, (2) 

where zi, yi, «i, X 2 , y 2 , 22 are the two systems of values of Xy y, z common to the 
first two of the given equations. Substituting these values in the third of the 
given equations, we have 

E = (ayi^zi^ 4 bz\^x\^ 4 cxi^yi^) {ay%^z%^ 4 bz’^x^ 4 cx%^y %^) ; 

and reducing this value of R by means of the symmetric functions determined by 
the comparison of the equations (1) and (2), we find 

4i? = 4 4 27yr, 

where js? = a* 4 4 - 2^^? - 2oa - 2a^>, 

^ (a 4 ^ 4 e\ 

r = 

10. If Uf Vf W are three given functions of x of the degrees m, ?f, w 4 n — 1, 
respectively, prove that an identical relation exists of the form 

RW^ Uip{x) 4 FiKx), 

where </> (x) and ij/ (x) are functions to be determined, of the degrees n - 1 and w - 1, 
respectively, and R is the resultant of 17 and F, 

11. Verify the results of Art. 168 by differentiating the value of i? given in 
Art. 151. 



(91) 


CHAPTER XV. 

CALCULATION OF SYMMETRIC FUNCTIONS. SEMINVARIANTS AND 

SEMICOVARIANTS. 


159. Waring’s Oeneral Expressions for 8m and pm » — 

The most fundamental properties of symmetric fu'notions ^Fthe 
roots of equations have been already discussed (Arts. 27, 28, 
and Chap, viii., Vol. i.). In the present chapter we add some 
miscellaneous propositions which may often be used with 
advantage in the calculation of symmetric functions. The 
general expressions, due to Waring, referred to in Art. 80, 
will first be given : — 

(1) General expression for Sm in terms of the coefficients 
P\y • • • Pn of an equation of the n^^ degree. 

We have 

- log^(l + jpiy+ . . . -^PnV^) = {Piy-^PzV^ + . • -^Pny^^Y 

r=i 

■= «iy + ^ \ + • • • (Art. 79). 

/CO Tn 


Now, making use of the known form of the coefficient of y” 
in the expansion of {pij/ + + . . . + p^y”)' by the multinomial 

theorem, and comparing coefficients of y” in the above equa- 
tion, we find 


8m 



(- \Y mr{ri + r2 + 

r(ri + i) r(^. + 1) .. 


• + r„) 

r(r„ + 1) 


Px'ipY * . . 


in which fi + ra + r* + . . . + - r, 

r, + 2ra + 3^8 + . . . + nr^ = m ; 

and r„ r„ r., . . . r„ are to be given all positive integer valuea. 
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zero included, which satisfy the last of these two equations. 
Also, representing by n any of these integers, 

r(r, + l) = 1.2.3...r„ 

with the assumption that P (1) “ 1 when n « 0. 

(2) General expression for any coefficient in terms of the 
sums of the powers of the roots Si, $%,... Sm. 

We have 

1 +piy + . . . +Pmy'" + ... + Pnffi = e"*'** • erir "** . . . . 

(Art. 80). 

When the factors on the right-hand side of this equation 
are developed, and the coefficients of y"* on both sides compared, 
we find, employing the notation of the last example, 

2f P^y^ + 1) . . . r(r„ + 1)2'’*3’'» • • w’'"*’ 

in which ri, rt, . . . rm are to be given all positive values, zero 
included, which satisfy the equation 

ri + 2r» + Sr, + . . . + mrm « m. 

160. Symmetric Functions of the Roots of two 
Kquations. — If it be required to calculate a symmetric func- 
tion involving the roots «i, a,, a, ... am of the equation 

f (x) ■ a(pf* + «,«”■* + + . . . + «» =* 0, (1) 

along with the roots /3i, /3„ /S,, . . . /3„, of the equation 

4' iy) ■ + . . . + “ 0, (2) 

we proceed as follows : — 

Assume a new variable t connected with x and y by the 
equation 

t = \x + py; 

and let y be eliminated by means of this equation from (2). The 
result is an equation of the degree in x whose coefficients 
involve X, p, and t in the n*’* power. Now let x be eliminated 
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by any of the preceding methods from this equation v and (1). 
We obtain an equation of the mn** degree in t, whose roots are 
the mn values of the expression Xa + 

If, now, it be required to calculate in terms of the coefficients 
of and any symmetric function such as we form 

the sum of the (p + gY^ powers of the roots of the equation 
in i. We thus find the value of S (Aa + yu/B)**** expressed in 
terms of the original coefficients and the several powers of X 
and fi. The coefficient of XV this expression will furnish 
the required value of in terms of the coefficients of 

^(») and \P(p). 

If it were required to calculate symmetric functions of the 
roots of three equations, we should assume 


t = Xx + fxp + vs. 


eliminate x, y, z, and proceed as before. This method therefore 
applies whatever the number of equations ; and by making the 
coefficients = Cr, &c., we fall back on the symmetric 

functions of the roots of a single equation already calculated. 

161. Calculation by bums of Powers of Roots. — By 
aid of the following differential equation, connecting a function 
of the coefficients and its value in terms of the sums of the 
powers, symmetric functions can often be calculated with great 
facility : — 


A. 

dSr 


P(Pi,P», 


•i»«) 


1 /dF dF dF\ 

r \fpr rfjOr+i ^ dpn) ' 


To prove this equation, we take the equation (1) of Art. 80, 
and differentiate it with regard to Sf. Comparing coefficients 
of the different powers of y, we have 




when q<r\ 



dpr^ 

dSf^ 



and substituting these values in 

d . dF dpi dF dp^ dF 

dsr dpi dsr dpt dSr dp^ d»r 

we have at once the equation above written. 
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Examples. 


1 . Calculate the value of the symmetric function 2ai*a2^a3*a4* of the roots 
of the equation 

«?• +pix^~^ + ^ 2 i*J**"* + . . . + i?n *= 0 . 

Knowing the order and weight of any symmetric function, we can write down 
the literal part of its value in terms of the coefficients. Here 2 is of the second 
order and its weight is eight ; hence 

:6 = kps + tlp^pl + t2P$P2 + hpsPi + 


where to$ fit hf &o., are numerical coefficients to be determined* 

Terms such as pepi^t PtPiPiy PiPi^y &c., although of the right weight, are 
of too high an order, and therefore cannot enter into the expression for X Again, 
2 expressed in terms of the sums of the powers of the roots is of the form 
F{s2f 84, 8e, ^s); for, in general, • * *, when so expressed, is made up 

of terms such as Sp, Sp^q, Sp^q^n . > • Skp, ... all of which are sums of even powers 
when • are even ; therefore in this case none but even sums of powers 

enter into the expression for X 

ds ip 

Also, since ~ = 0 , and = 0 , we have, using the formula above given for — , 

^ 0^6 + kpiPi + t 2 P 3 P 2 + ^3 (P 2 P 3 + Ps) + 2 ^ 4 Pl ^4 = 0 , 
kPi +JiPi = 0. 

From these equations we infer 

^0 + = 0 , ^2 + ^3 *= 0 , ^3 + ^0 = 0 , + 2^4 = 0 ; 

but f4 =» 1 , since for a quartic 5 = pi^ ; therefore 

= — 2 , ^0 “ 2 , ^3 = — 2 , ^3 = 2 ^ 


And, substituting these values of to, h, U, tz, ti, 

5ai*a3^a3^a4* = 2p8 - 2^77^?! + 2^6jt?2 - 2poPz + P4^. 

2 . Calculate for the same equation. 

Ans. - 2po + 2p\po - 2p2P4 + p^. (Cf. Ex. 6, Art, 82.) 

3 . Calculate for the same equation the symmetric function 5ai®a2^a3. 

Here the weight is six, and the order three ; hence 


= kpz + hpopi + t2p4p2 -f hpipi^ + tipz^ + top\p2Pz + kp^. 
Also 2 , expressed in terms of si, 82, «3» &c., is (Art. 78 ) 


Sl«3S3 - 8186 - 33* — 8284 + 240. 


Now, differentiating these two values of 2 with regard to se, and comparing 
differential coefficients, we have 



k 

6 


2, or <0 = - 12. 
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Differentiating with regard to * 5 , we have 

hpi + tiPi = 6»i = — bpi ; (j » 7. 

Differentiating with regard to 

Upa + ftpi^ + hPa + tapi^ = isa = 4(pi* - 2 p 2 ) ; 

whence 

4 = — 8, <1 4 “ 4 ; 

and 

fa = - 3, fa B 4. 

Again, f* = 0 ; for 2 vanishes if >1 — 2 roots vanish. And we find U and fj by 
taking the particular case when « — 3 roots vanish ; for in this case 

2oi Waa = oiajos 201*02 = —p3(- P 1 P 2 + Spa) =pipapa — Spa^, 
and therefore fa = - 3, fs = 1 ; whence, finally, 

2oi®02*o 3 = - 12p6 4 7piP6 4 ipiPa - Spapi^ - 3pa^ 4 p\papa. 

162. Functions of Differences of a Cubic. — Tlie 
propositions contained in this and the next following Artiolea 
are most useful in the calculation of certain classes of symmetric 
functions of the roots of cubic and biquadratic equations ; they 
are also of great importance, as will appear in the sequel, in 
reference to the determination of the number of independent 
invariants and covariants of these forms. 

Prop. I. — Every rational and integral symmetric function 
p (a, |3, 7) of the roots of the equation 

4 Saiic* 4 ^a^ 4 aj = 0 

which involves the differences only of these roots is, when multiplied 
by a^^ expressible in the form F[aQ, H, A), or OF{ao, M, A), 
according as <l> is an even or odd function of the roots, F being a 
rational and integral function of a^, H, A, and zs being the order of^. 

It is first necessary to prove the following Lemma ; — There 
exists no function ofH and A which is divisible by a,. Eor if there 
were any such function Fp (H, A), then, making ao vanish, we 
should have 

Fp{H', A') E 0, where R' -- Ui, A' = 4a, *03 - 3ai*a2*, 

the values of H and A when a^ vanishes (Art. 42) . This equation 
is clearly impossible; for if we eliminate a, by means of the 
equation JET' = - a,*, the resulting equation will contain a% and 
fli as well as H' and A'. 
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To proceed mth the proof of the Proposition : — Since ^ is a 
function of the differences, we can suppose it to be calculated 
from the cubic deprived of its second term (Art. 36). We 
have therefore 

(«> y) = F{a^, H, O), 

in which P’is a rational integral function, and r, which cannot 
be less than w (Art. 81), remains to be determined. Arranging 
the right-hand side according to powers of 6, we may write 

«o*"^(a, ^>7) = + CFiia^yH) + 0*Ft{a^, H) + . . . 

Since the weight of H is even, it follows that when ^ is 
an even function of the roots (t.c. its weight even), all terms 
involving odd powers of O must disappear, and when 0 is an 
odd function, JF], and all terms involving even powers of Q must 
disappear. Taking out (r as a factor in the latter ease, and 
eliminating even powers of G by means of the relation 

+ 4S’* = «„*A, (Art. 42) 

we have proved that is expressible in the form F[a^, H, A), 
or OF{a^,H, A), according as f is even or odd. 

It appears therefore that every odd function of the roots 
of the kind here considered must have as a factor 

(2a - /3 - 7) (2/3 - 7 - a) (27 - a - /8). (Ex. 15, Art. 27.) 

We can suppose this factor removed from with the cor- 
responding value in terms of the coeflBcients from the second 
side of the equation; and it only remains to determine the 
value of r in the case of an even function of the roots. Writing 
the relation in the form 

«o'‘0 («» (3, y) “ P’(«o> A), 

arranging the right-hand side according to powers of a„ and 
dividing by we have 

(«. y) - F, K A) + 2 

Uq 

where F^ is an integral function of ft„, H, A, and 2 contains all 
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the fractional terms. Now, 0 being a symmetric function 
whose order is w, is expressible as an integral function 
of the coefficients (Art. 81) ; and since, by the lemma above 
established, none of the terms included in 2 can become 
integral, the fractional part must disappear, and the equation 
assumes the form 

(a, (3, y) = Fo (fflo, H, A). 

The proposition is therefore proved. 

163. Functions of IMlTerences of a Biquadratic. — 

The corresponding proposition for a biquadratic is as follows : — 
Prop. II. — Every rational and integral symmetric function 
(3,y,B) of the roots of the equation 

a^ + 4ai!B* + + Aa^ + = 0, 

which involves the differences only of the roots, is, when multiplied 
by af, expressible in the form B[> f J) or GF{a„ H, I, J) 
according as is an even or odd function of the roots, F being a 
rational and integral function of a„ H, I, J, and w the order 
of 

The following lemma must first be proved : — There exists 
no function of H, I, J which is divisible by a^. For, suppose if 
possible Fp[H, I, J) to be such a function. Making a, vanish, 
we have Fp{II',I',J') = 0, where H' = -af, J' = - 4«,as + 

J' = (the values of 21, I, J, when - 0) ; 

but no such relation can exist, since it is impossible to elimi- 
nate ax, at, Ot, at, so as to obtain a relation between S', I', J' 
alone. 

Now since, as in the preceding Article, ^ is a function of 
the differences of the roots, we can suppose it calculated from 
the equation deprived of its second term (Art. 37). We have 
f Vl ATA'FnVA 

afi>{a,p,y,S)-F{ao,ff,I,0), 

in which F is a rational and integral function, and r remains to 
be determined. Proceeding as before, 

(a, /3, y, 8) - Fo («o. B:, I) + OFx («o, B, I) + Q*Ft [a^, H,I) + . . . 

VOL. II. H 
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Since the weight is even in the case of both the functions 
jff and J, we infer, just as in the preceding Article, that 6 ? is a 
factor in the odd functions ; and, eliminating even functions of 
Q by the relation 

= ao* [HI - OoJ) - 4J5r», (Art. 37) 

we prove that ao^«f> is expressible in the form ^^(ao, H, I, J) or 
OF{a^, H, I, J) according as ^ is even or odd. It appears, 
therefore, that every odd function of the roots of the kind 
here considered contains the factor 

(/3 + 7 - a - 8) (7 + a - - 8) (o + /3 — y - 8). 

(Ex. 20, Art. 27.) 

Removing this factor, we proceed to determine r in the case 
of an even function. Writing the relation in the form 

(a, 7 , 8 ) = i?’(a„ H, J, J), 

and dividing by a^, we have, as in the preceding Article, 

/3, 7 , 8 ) = H, 1, J) + 

»0 

Now since the right-hand side must be an integral function 
of the coefficients (Art. 81), and since, by the lemma above 
established, none of the terms included in 2 can become integral, 
we have 

y* 8 ) = Fo{ao, AT, J, t7), 
which proves the proposition. 

Instances of the use of this proposition in the calculation of 
symmetric functions of the roots of a biquadratic will be found 
among the examples at the end of the chapter. 

164. Semlnvartant s and S emtco v arlant g. — Lei 

oi, a», a$ On be the roots of 

flo*" + -t- " + . . . + = 0, 

jL • M 

the general equation written with binomial coefficients. We 
proceed to the consideration of an important class of functions 
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of X which may he derived from a given symmetrio function of 
the roots. 

In the two preceding Articles we have been occupied with 
certain special kinds of homogeneous symmetrio functions of 
the roots which contain the differences only of these quantities 
(of. Art. 86). Such functions may be called (for a reason 
which will appear in a subsequent chapter) semi-invariants, or, 
as it is usually written, seminvariants. Being symmetrio funo* 
tions of the roots, they are expressible (when multiplied by a 
power of Oo) in a rational and integral form in terms of the 
coefficients. 

We may use in like manner the term semieovariants to denote 
similar functions of the differences of the quantities x, oi, at,... Om, 
such that, when they are arranged in powers of x, the successive 
coefficients of x are expressible in a similar manner in terms of 
the coefficients. 

We proceed now to show how semieovariants may be gene- 
rated, and then expanded in powers of x, when expressed either 
in terms of the roots or in terms of the coefficients. 

From any relation such as 

O* . . . 0„) “ ... C^n), 

where ^ is an integral function of the order w, and F the cor- 
responding expression in terms of the coefficients, we may, by 
diminishing each of the roots by x, and consequently changing 
any coefficient Or into Ur (see Art. 36), derive the following 
equation ; — 

j j at~ X, . , . On “ .p) “ JF'( Uo) U\, Utt . » • Ut^, (1) 

thus obtaining two forms for a semioovariant, one expressed in 
terms of the roots, and the other in terms of the coefficients. 

To expand these forms in powers of x, we have, for the first 
member of the equation, by Taylor’s theorem, 

^(ai - <P, Oa - <P, . . . a« - «) = ^ + 8*^ + . . . . 

h2 


( 2 ) 
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® ^ (^1) ®^2) • • • On^i 

,na -8=±+±+...+ ±. 

2)ai 2>a2 J)a„ 

Again, omitting all powers of x higher than the first, the 
second member of the equation becomes 

F (^0* 0% "h • • • On 

or, when expanded, 

where 


Fo + xDFq + &o., 

Fa m F{aa, Oi, az, . . . ««), 


and D = ao :^ — h + . • • + ^®n-i-rr~* 

“Ja, Sfla oUn 

% X 

Comparing the two expanded forms, we have 

(oi, Cl2, • • • en) “ I)F{(lQy 

and consequently, by successive applications of the operators 
S and D, 

0 (**!> ®2} • • • ®*») “ ■C’’ F {Oat Oif . . . Oil) J 

whence we infer from the expansion (2) 


F{U„ Uu... Cn) - -F, + ^BFa + ^I^Fa + &o, 


By the aid, therefore, of the two operators— § in terms of 
the roots, and D in terms of the coefficients — we can expand at 
pleasure either side of the equation (1) in powers of x. By 
means of the successive operations of § we obtain a series of 
functions of the roots ; and, by means of D, their equivalent 
values in terms of the coefficients. 

The results now arrived at are equally true if the function ^ 
involves the roots of two or more equations, F being the corre- 
sponding value in terms of the coefficients of these equations, 
and B and S being replaced by the sums of the similar operators 
relative to each equation. 
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It is important to observe that when vanishes identically, 
so also 

8(8^0) or 8*^0 ® 0, S^^o-0, &o., 

and therefore x disappears in the expansion of the first member 
of equation (1). Now this can happen only when ^ is a function 
of the differences of a,, aa, . . . a„ ; whence we conclude that if 
Ox, . . . «,) is a seminvariant 

DF(a^, Cl\y • • • dfl) S 0. 

This identical relation is often sufiicient to determine the 
numerical coefficients in a seminvariant when the order and 
weight are known. If there should he two or more semiu- 
variants of the same order and weight, the operation of D will 
not supply equations enough to determine all the assumed 
coefficients, as will appear from the discussion in the next 
Article. If no seminvariant exists of the required order and 
weight, the coefficients will all vanish. 

165. Determiaation of Seiuinvarianto. — The problem 
of finding the seminvariants of a given order w and weight k of 
a quantio is the same as that of determining all such solutions 
of the differential equation 

2)<I> = Oo ;— + 2«1 + ««„_! — = 0. (1) 

To solve this equation when possible, assume 

O = Xi^i + + . . . + (2) 

where are all the possible combinations of 

«o> • • • «« of the order za and weight k , and Ai, A*, . . . Ar 

arbitrary multipliers. 

Now, substituting this value of in the equation =» 0, 
we liave as the result 

Li\pi + + . . . + Lp\lip ■ 0 , 

where rpi, . ^p are all the distinct terms of the order ts 

and weight k - 1, and Ai, A*, . . . Lp are linear functions of 
Ai, A*, . . . Aj,, which must all vanish when ^ is a seminvariant. 



102 Calcuhtion of Symmetrie Functions. 

To determine Xi, X», As, . . . A^, we have 

Li ■ ^iiAi + /isAs + . • • + ArAr “ 0, 

L% ■ ^siAi + /sjAs + . . . + Ivr^r “ 0, 

JSj, ■ i^iAi 4" /psAs 4* • ♦ • ^ tpr\f‘ ® 0 

There are three distinct cases to he now considered : — 

(1) . When r is greater than p, there are not sufficient 
equations to determine all the quantities A,, As, A,, . . . Ar ; but 
any p of them can be determined as linear functions of the rest. 
For this purpose we can proceed as follows : — Introduce r -p *>J 
arbitrary multipliers defined by the equations 

^iiAi 4" WJiaAs 4" • • » + Wii-Af * Ai, 

WlsiAi 4" ^saAs + ♦ • . 4^ MsrAf = Aa, 

fJ^jAi 4" WJ^Aa 4" • • • ^ fW^A,. /ij 

Solving the equations (3) and (4) for A,, A,, . . . Ar, and sub- 
stituting in equation (2), we have the following value for O ; — 

A4* = AiSi 4- AaSa 4" AsSs 4" . . • + AjSff 
and therefore 

AD4> = A, 2)2, + A, 2)2, 4- ... 4- Ay2)2/ = 0, 
whence 2)2i = 0, 2)2, = 0, . . . 2)2y » 0, 
since Ai, A,, . . . Aj may have any values whatever. 

We conclude, therefore, that in this case there are r - pm j 
linearly independent seminvariants. 

(2) . When^ is equal to r or greater than r, the equations 

Li = 0, L% 0, . . . Lp = 0 

cannot, in general, be satisfied, and there are no seminvariants 
of the quantic of the order w and weight k, 

(3) . When p - r - 1 there are just sufficient equations to 
determine the ratios of A„ A,, . . . Ar, and consequently only 
one seminvariant exists. 
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1. Determine for a cubic a seminvariaat whose order and weight are both 
three. 

Assume ^ = Aa(?az + + Cai*, 

these being the only three terms which satisfy the required conditions. It is 
evident from the form of I) that the operation is performed by applying to the 
suflSx of any coefficient ar the same process as in ordinary differentiation is applied 
to the index. Thus Lur = and therefore 

+ (2B + 3C) 0« 

Hence 

SA S ^ Of and 2J? + OO = 0 j 

and putting A - 1, we have B = — 3, and C' = 2 : whence, finally, 

= floras — 3«o«i«2 + 2ai^ m G, (See Art. 36.) 

For a quadratic no such seminvariant can be formed. 

2. Investigate seminvariants of a quartic whose order and weight are both four. 
Assuming 

<p = Aao^ai + Ba(?aiaz + Ca^a^ + I)a^a^a% + j&ai*, 

we readily find 

J)(p = {^A + jB) "H (3JB + 4^7+ 2D) do^dids 4" (2D + 4D)do^i^* 

We have now only three equations among the assumed five coefficients, whose 
ratios cannot consequently he determined completely. Expressing D, (7, and D in 
teims of A and D, we have easily 

^ = Aoi? (do«4 - 4aid3 + 3d2*) + B{a^a^ - 2a^a^a/i + di*), 
viz., ^ = Aa^I^ 

where A and B may have any values. We may say therefore that there are in 
this case two independent fundamental seminvariants of the required order and 
weight, viz., a^I and ; and from these may be derived an indefinite number 
of seminvariants of the same order and weight by assigning to A and B different 
numerical values. 

3. Determine for a cubic a seminvariant whose order is four and weight six. 
Assume 

= Acio^a^ + JBooai^ -f- Cazdi^ -f I)a^a%^ 4- Baoaio^azf 

whence 

Z)<ff = {OA 4“ D) do^d2d3 4" (6D 4" SB 4" 2D) 4* (3C^ 4* 4D) 

4" (3C7 4* 2D) dodi^d3 ■* 0. 

Now let A — If whence D = — 6 ; also SO + 2D = 0, giving 0 =» 4 ; and 
3(7 4- 4D = 0, giving D = - 3 ; and from dD + 3D 4- 2D = 0, we have finally D « 4* 
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Hence ^ =* + iaoa 2 ^ + ia^ai^ - Zai^a%^ - 6aoa\a%aB. 

Compare Art. 42, where the value of ^ is given in terms of the roots. 

4. Determine a seminvariant of a quintio whose order is three and weight 
five. 

It is easily seen that the only terms of the required order and weight are 
ao^an, aoaiaif aoa 2 » 3 i and aia%^. Proceeding as before we find that the 

ratios of the assumed coefficients are determinate, and the seminvariant is found 
to be 

Oo^Ui - Baoaiai + 2ao^2«3 — + 8«i*as. 

6. Determine for a quartic a seminvariant whose order is three and weight six. 

Ant, + 2aia2a3 — a •/. 

6. Investigate for the general equation the semin variants whose order is three 
and weight six. 

It is easily seen that the only terms which can enter into such seminvariants 
additional to those which occur in the preceding example are oo^a^ and 
Writing down the function <p consisting of seven terms with indeterminate coef- 
ficients, and applying the operator D, we find that there are only five equations 
among the assumed coefficients. We obtain therefore, as is easily seen, semin- 
variants of the form 

\ao(aoa^ — Qaiaa + Ibazat — lOaa*) + ju/, 

in which K and /t* remain undetermined, their multipliers in this expression being 
two fundamental seminvariants of the required type. 

It may be observed that aoas — 6aiai + 15fl2a4 — lOds* is an invariant of a 
sextic. This function can be readily found directly by investigating seminvariants 
whose order is two and weight six. Invariants being, as well as seminvariants, 
symmetric functions of the roots which contain the differences only are obtained by 
the present method of investigation ; and any function of the coefficients so 
obtained which is an invariant for a quantic of one particular order will be a semin- 
variant for quantics (written with binomial coefficients) of all higher orders. The 
function obtained in Ex. 3 is an invariant of a cubic, and J is an invariant of a 
quartic. It must be carefully noted, however, that most seminvariants, as those 
obtained in Exs. 1, 4, are not invariants for quantics of any degree, as will be seen 
from the definition of an invariant and its properties discussed in the next chapter. 

7. Investigate for a quartic seminvariants of order four and weight six. 

The only terms additional to those of Ex. 3 are ao^a 2 ai and aoaim^. Adding 
therefore Xao^azai + to the value of in Ex. 3, and operating by i>, we 

find, after expressing the remaining coefficients in terms of A and A^ the following 
value of 4>, 

^ « A («o*<»2«4 ao«4«i* + 3 (Zo«2* + iazai^ - - iocaiazaz) + AAz, 

where As is the function obtained in Ex. 3, viz. the discriminant of the cubic. 
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Obserying that the multiplier of A. is the product of the functions H and J, and 
substituting for As its value HI — aoJ (Art. 42), we have 

^ = \*HI 4- jLidoJ. 

For a quartic, therefore, the functions HI and a^J are two fundamental semin- 
variants of the required order and weight. 

8. Investigate semin variants of the same order and weight as in Ex. 7 for 
quantics of the sixth and higher orders. 

It M'ill be found that there are in this case two equations less than would be 
required to determine the ratios of the assumed coeflficients, and there will conse- 
quently be three fundamental seminvariants. It may be easily shown that all 
seminvariants of the required type can be represented in the form 

^ - 6«i« 5 + 15«2«4 - lOas^) + /uHI + voo/. 

9. Prove that any seminvariant of the equation 

(oo, ai, . . . ar) (a;, 1)^ = 0 
is also a seminvariant of the equation 

(flo, ai, . . . «r . ^ . an) (x, 1)» = 0, 

n being greater than r. 

10. Determine a seminvariant of a sextic whose order is three and weight 
eight. 

Ans. a^aia% - <io«3«6 + ~ aia^ai — + 203 ^ 8 *. 


Prof. Cayley originally enunciated the important theorem 
which forms the subject of the foregoing Article, viz. — that the 
number of linearly independent seminvariants of order w and 
weight K is r -p, where r is the number of terms of this order 
and weight which can be formed from the coefficients Oi, . . . 
and p the number of terms of the same order and weight k- 1, 
which* can be formed from the same coefficients. In the dis- 
cussion above given, it is assumed that Li, L%, . . . Lp are 
linearly independent ; and it should be observed that if certain 
linear relations connected them, for each such relation the 
number p would be reduced by one. Cayley himself gave 
no proof of the independence in general of these quantities; 
but proofs have been supplied by Sylvester {Crelle, vol. 85, 
p. 89) and by Prof. Elliott [Algebra of QuanUcSt Art. 128 
See also Note F at the end of this Volume). 
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Examples. 

1. ProTe directly that 

Ui, Ui, ... Vn) = I>F(Uo, ZTi, U^.., 17a). 

This follows readily from the equations 

i)i7, - - g- , 7-( (7,. (Pi . . .1 - 1 . . .). 

2. Expand FiJTa^ f/ii . . . Un) by Maclaurin’s theorem; and hence 
proye 



TTu 

• • • Ur) »= 

Fo + xJ>Fo + - — 

X e 


where 


F(i ss F {oq 

9 ^l> • • • Oft). 


3. Determine 

4>2, < 

t . « <pjf « • . 

from the equations 


-4 

* <P2 4* 

• • • (Pp 

= To, 


iftidi 

+ (pzBz + 

• • • 4* (ppOp 

= Ti, 

• 

<fi 6 i 

* + ^ 363 * + 

• • • 4 

= Tz, 


+ • . • + = Tp-l. 

This is an extension of an example already solved (Ex. 1, p. 38) ; and it will be 
readily found by applying the method there employed that is given as a function 
of the (p — degree in 9j by the equation 


1 

Oj 

ej* . 

. <»/■* 

<h 


SO 

Si 

S2 . 


To 


n 

n 

• 

• %> 

Ti 

= 0, 



• 

• S2pJ» 

T,.i 



where = 8i* + + « 3 * + . . • + 

4. Prove that 

where m = - 27/. 

We make use of the proposition of Art. 163, and express tne gl^en mnotion of 
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the roots, whose order is 6 and weight 12, in terms of oo, IT, /, /. From the 
table — 



Order. 

Weight. ^ 

jar 

2 

2 

I 

2 

4 

j 

3 

6 


it is easy to see that K cannot enter, for the terms of the sixth order containing If, 
viz. JET*, IT*/, jBT/*, have not the proper weight. Therefore n must be of the form 
11 ^ + w/*, where I and m are numerical coefficients. 

Now put a% and ai equal to zero, and n will vanish, since in that case the 
quartic will have equal roots ; hence, employing the reduced values of I and /, 

0 = / (8fl2*)^ + w (- as*)*, and therefore m = - 27/. 

In applying this method to obtain the values of symmetric functions, the rule 
to be followed in every case is — Retain those terms of weight k whose order is not 
greater than 77, and make the whole homogeneous by multiplying terms whose 
order is less than to by suitable powers of ao» 

5. Calculate the symmetric function of the roots of a biquadratic 

Since the order of this symmetric function is four and its weight six, we may 
assume 

00^2 (iS - 7)2 (7 - a)2 (a ~ iS)* = ISI + maoJ. (1) 

The values of / and m may be found by putting as « 0, ai = 0 , as in the pre- 
ceding example, and calculating the value of the reduced symmetric function (when 
7 = 0, 8 = 0) in terms of the coefficients of the quadratic equation 

aoz* + iaiz + 6az = 0. 

Identifying then this value with the reduced value of /JETJ + tnaoJ, we obtain two 
simple equations to determine / and i». Or we may proceed as follows by taking 
two biquadratics whose roots are known, and calculating in each case the sym- 
metric function by actually substituting the roots, and then comparing both sides 
of the equation when NT, I, J are replaced by their values calculated from the 
numerical coefficients. 

First we lake the biquadratic equation 6a;* — 6df2 = 0, whose roots are 0, 0, 1, — 1, 
whence 

/=3, 7=1. 

Substituting in equation (1), we have 1728 = - 3/ + m. 
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Proceeding in the same way with the biquadratic equation 
4^4 _ + 6 « 0, whose roots are ± \/5, ± 

we find 

3 = 768, ir=-l, J=:8, /--4; 

whence 

and 

/ = - 2 X 192, m s 3 X 192 ; 

and finally, 

= 192 (- 2jrZ+3ao/). 

6 . If a, iS, 7 , 8 be the roots of the equation 

OqX^ 4 - + ^a^ic + ^*4 = 0 , 

calculate in terms of ao> -S’, /, J the value of the symmetric function 
ao«2(3a - /3 - 7 - 8)3 (3^ - 7 - 3 - a )» (87 ~ 8 - a - 

This may be solved by the same method as the two preceding examples, or we 
may proceed as follows : — 

a0«3 = 4632l3i22W, 
where si, 22 , 23 , 24 are the roots of the equation 

2 ^ + 6 ir 2 * -f 40^2 4 aoU - 3^-3 * 0. (Art. 37.) 

Hence, by Ex. 2 , Art« 161, 

Ans. 4’ {- 7H» 4 iooU]. 

7 . If is a seminvariant of the equation («o> • • (^n) (^ 9 1 )** = 0, 

prove that the same function of the sums of the powers of the roots, viz. 
F{sof 8 if 22 , . . . 2 n) is also a seminvariant. (Mr. M. Roberts.) 

This follows by operating on the first function by D, and on the second by - 8 , 
and observing that Dar = rar.i and — 82 r = r^r-i. We thus obtain results identical 
in form ; and if one vanishes identically, so must the other. 

8 . Calculate the determinant 

So ^ 

A E 21 sz S 9 

82 8z 9i 

in terms of the coefficients of a quartic. 

By the preceding example, this determinant is a function of the differences ol 
the roots ; we may therefore remove the second term of the quartic before calcu- 
lating it ; and if the equation so transformed be 

y* 4 P 2 y* 4 -Psy 4 -P 4 = 0, 

4 0 - 2 P 3 

A= 0 ~2P2 -3P8 « 4{8P2P4-2P23-9P83}; 

-2Pa -SPs 2P33^4P4 



Examples. 

but «o*Pa = 6ir, «0»Ps = 4(?, ao^Pi - «o*P - *. 

Substituting for Pj, Ps, P4 these values, we have 

oo^A = 192 (- 2EJ + 3flo/) t 
the same result as in Ex. 5 (cf. Ex. 7, p. 35). 

9. If a, jS, 7, 5 be the roots of the equation 

Oo^ + -f 6^2^® + + <14 « Of 

express JT,, Tf, of the equation 

8 qX^ 4 * + ^ 82 X^ + iSzX + tf 4 ■ 2 (« -f a)* - 0 

in terms of i/. G. 

An*. - 

SA* 

and by the aid of the relations 
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. E. ..El. 48ir* - »o*/ 0. , & 

Am* — b: - 3 — r, -s as , __ a - 3 _ • 

SO* So* So* eo* 


0* + 4ir» S Olo* - (hf)f G.^ + 45;* - so* (EJ, - So/.), 

192 

/6= — (3ao/-25J). 
flO* 

10* When p is even, prove that 

2 (ai - a2)P « sosp - josisp-i + Jp (p - 1) ssSp-s - &o* 


Since 


2 (ii? - a)*» «= IMJP - psi^P-i — " S3*P** - &o. 


•psp-is? 4 sp. 


changing x into ai, a2, as, . . . on^ in succession, and adding the results on both 
sides of the equations thus obtained, we find 

22 (ai - as)^* « soSp -psiSp.i + S2Sp.f - . . . « psiSp-i + sqI^ 

where all the terms on the right side of this equation are repeated except the middle 
term. Thus 

2(ai - a2)* = soS4 — 4siS3 + 3s2*, 

2 (ai - a2)® — sose - 6S1S5 + I6S3S4 - IOS3*, &0. 

11. Form the equation whose roots are ^'(a), ^'(7). where 

a, iSf 7, 3 are the roots of the equation 

ao<p {x) m oqx^ 4 4^12?* 4- 6^32?* 4- 4 ^4 » 0. 

Jn*. . 0 . 

^ flA* ^ Oo^ ^ flA* 
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12. If a{a - flf ifi - y)*(y - a)»(* - 8)*, 

when expanded, becomes 

^0^ 4* 4“ dJTjiic* 4“ 4- E^\ 

prove that 

JBCaafiy -f Ki {fiy -f ya 4- ai 8 ) 4- JTa (« -f 3 4- 7 ) 4- JTs _ * 16,^/^ 

O - y) (7 - o) " ao* ’ 

where A « /^ — 27/^. 

13. Prove that 

ao*2(i8 4-7-a-«)Mi8-7)M«“^)* « 192 (3ao7 - 2^51). 

14. Prove that 

/ <io®2 (iS 4- 7 - « - «)* (/3 “ 7 )* (a - «)* = 612 (ao’Z* - 36«oJ5r/ 4- 12-ff*J). 

15. The quotient of a simple alternant (one^ namely, in which each element 
is a single power) by the difPerenceiprblluct (see Ex* 31, p. 61) can be expressed 
as a determinant whose elements are the sums of the homogeneous products of the 
quantities involved. 

We take a determinant of the third order, and propose to prove 


of at o*' 


rip iTf iir 


1 a a* 

jSP fit fir 

- 

Hp-i n^i Hi**! 


1 fi 0* 

yP y9 •y*’ 


np .2 n^-S Ilr-S 


1 7 7* 


where XIp, &c., are the sums of the homogeneous products of a, 7, as defined 
in Art. 83, Yol. I. The method employed is perfectly general. Take the following 
identity, which is easily proved : — 


X 

y 

% 

x-a 

y-a 

« — a 

X 

y 

s 


y -0 

t-fi 

X 

y 

z 

x-y 

y ~7 

s -7 


ic* y* ** 


\ a a* 

x^ y« s» 


1 fi 0 * 

X y z 


1 7 7* 


(4:-o)(*-/3){»-7){y-“)(y-i3)(y-7)(«-<*){*-i8)(*-7) 


t 


write [x - a) (a? - 3) (a? - 7) as a divisor under each of the elements of the first 
column on the right-hand side, (y - a) (y - 3) (y - 7) under those of the second, 
and (« - a) (« — 0) {z - 7) under those of the third, and substitute from the follow- 
ing and similar equations (Ex. 1, Art. 83) : — 

X 


1 4* eur' 4- + . . • + 0^*'^ + . . . , 
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Examples. 


^ 

(»-a){x-fi)(x-y) 


1 + ni** + Ti2ifl + . , , + Tipxfp + &0., 


where y'*-, i^==r* 

X ^ y ^ 

The identity written above becomes then 


l + cu!' + ... + oP:l^>»+.,. 


1 + Tlixf + + • • • “f TlpXfP + .ft 


1 a tfi 


= 



1 ^ 0* 

l+7ai'+... + 7P*'P + .,. 




1 7 7» 


where the second and third columns of the determinants here written can be sup- 
plied by replacing af by y' and z\ respectively. Comparing coefficients of liPy'U* 
on both sides, we have the required result. It should be noticed that when the 
difference-product determinant is written in the form used above (viz. with ascend- 
ing powers in the order of the columns), the sign to be attached to the product is 
always positive, since the product of the two determinants, containing the term 
npnj-inr-2i87^, must contain the term aP&^yr, Note also, in applying this calcula- 
tion to particular examples, that Ilo = 1, and Ilf « 0 whenj is negative. 

16 . Prove, by the preceding example, 


1 a* a» 


Ilo Ha IIs 


1 a 

1 0* 0“ 

B 

0 Ui Ui 


I 0 0 * 

1 yt yt 


0 Ilo TIs 


1 7 7 > 


The quotient, therefore, of the given determinant by the difference-product ii 
ITiIIs - Ili, which may be shown to be equal to 2 a®j 8 + 

17 . Prove, by the method of Ex. 16 , 


1 

ai 

ai2..ai**’* 



1 

ai 

ai*. 

. . ai**** 

1 

• 

as 

• 

a2^. .aa**"* 

• • • 

ajm 

a nm-n4] 

1 

• 

oa 

• 

08*. 

• • 

• • 08*"^ 

. . 

1 

On 

On*., a,."-* 

On” 


1 


a«*. 



where m = or > ». 

This result may be derived directly from Ex. 1. Art. 83 * 
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CHAPTER XVI. 

C OVABIANT S AND Ij ^ARIANTS . 

166. Definitions. — In this and the following chapters the 
notation 

(^0> (^» y)* 

will be employed to represent the quautio 

1 ) 

+ nuxs^'^y + + . . . + 

A • ^ 

a homogeneous function of a and y, written with binomial 
ooeflficients. If we put y = 1, this quantio becomes Un of 
Art. 35; and the same notation may be used to denote the 
homogeneous quantio written in x and y. 

Let 0 be a seminvariant (as defined in the preceding 
chapter), of the order w, of the roots oi, a*, as, . . . a» of the 
equation Un ■ (^o, Oi, «»,... cin) {x, 1)" = 0 ; then, if 

1 1 1 

CCj ~ 02 ^ 

be substituted for oi, a*, . . . an, respectively, the result multi- 
plied by CTn" (to remove fractions) is a covariant of Un if it 
involves «, and an invariant if it does not involve x. 

From this definition of an invariant we may infer at once 
that 

• • • **«) 

is an invariant of Un when ^ is composed of a number of terms 
of the same type, each of which involves all the roots, and each 
root in the same degree n. 
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These definitions may be extended to the ease where ^ (the 
function of differences) involves symmetrically the roots of 
several equations Z7J, = 0, Uq = 0, Z7r = 0, &c., the roots of these 
equations entering <ft in the orders zn, ns', ns", &o. . . . respectively. 

We may substitute for each root a, - - - as before, and remove 

n X 

fractions by the multiplier Up'’Uq’'Uf .... &o. If the result 
involves the variable x, we obtain a oovariant of the system of 
quantios Up, Uq, Ur, &o. ; and if it does not, f is an invariant 
of the system. 

167. Formation of Covariants and Invariants. — We 

proceed now to show how the foregoing transformations may 
be conveniently effected, and covariants and invariants calcu- 
lated in terms of the coefficients. With this object, let the 
seminvariant be expressed in terms of the coefficients as 
follows : — 

(ai> Oa, . . . On) = F{%, at,. . . a„). 

Now, changing the roots into their reciprocals, and conse- 
quently a# into a„, &c., Or into a„^, &o. (that is, giving the 
suffixes their complementary values), we have 

• • • *•«) ~ F(a,t, . . . (?(,), 

where ^ff is an integral symmetric function of the roots, and 
Fthe corresponding value in terms of the coefficients. This 
function is called the source* of the oovariant derived therefrom. 

Again, substituting ai-x, at-z, . . . a„-x for oi, Oa, . . . a*, 
and consequently Ur, &o., for ar, &c. (Art. 36), we find 

[ai — z, at~ z, . . . On — z) = F(^ U^, • • . U,, U^. 

Thus, by two steps we derive a oovariant from a function 
of the differences, and find at the same time its equivalent 
calculated in terms of the coefficients. 

To illustrate this mode of procedure, we take as an example, 
in the case of the cubic, 

ao*S(a-j3)’ - l8(a.*-ao«»); 


VOL. II. 


* This term was introduced by Mr. Roberto. 
I 
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whence, changing the roots into their reciprocals, and a„ a„ aj, Ut 
into <ht Of) aij Og, we have 

flo*Sa* (/3 - 7)* = 18 {fli — ^3^1). 

Again, changing a, / 3 , 7 into a - ar, /3 - 7 - ir, and Oi, a%, Oj 

into I 7 i, Cr„ i 7 j, respectively, we find 

0o*2 O - 7)* (a; - ay = 18 (CT,* - 
The second member of this equation becomes when expanded 
UiU»- U% » («o«» - «i*) + («(»fls - «!«*) » + {«iO» - «**). 

This covariant is called the Hessian of Ut. We refer to it 
as Hx, since H is its leading coefficient. 

As a second example we take the following function of the 
quartio : — 

(/3 - 7)* {a - Sy = 24 (a^at - 4 oias + 3 at ) ; (1) 

whence, changing the roots into their reciprocals, and at,ai,at,at,ai 
into at, Ot, a», Oi, a„ we have 

o,*S (7 - / 3 )* (8 - a)* = 24 (Oiflo - 4 «»ai + Sat*). 

These transformations, therefore, do not alter equation (1) : 
again, since in this case \fj{a, / 3 , 7, 8) is a function of the diffe- 
rences of the roots, xp is unchanged when a- x, B - x, &o. , 

are substituted for a, / 3 , 7, 8. We infer that a^at - 4 oifl| + 3 «** 
is an invariant of the quartio Ut. 

We observe also, in accordance with what was stated in 
Art. 166 , since 

♦ - (/3 - r)’ (« - «)■ + (r - «)■ (/3 - 8)’ + (« - fir (7 - 8)*. 

that any one of the three terms of which <f> is made up involves 
each of the roots in the degree tu, which is here equal to 2. 

In a similar manner it may be shown that 

«#* { (7 - «) (/3 - S) - (a - ^) (7 - 8)} { (o - 0 ) (7 - 8) - (/3 - 7) (a - 8) } 

- - 432 (agO*«4 + 2ai«»fl» - OgOi* - ai*a4 - at*) 
is an invariant of the quartio. 
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There is no difficulty in determining in any particular case 
whether ^ leads to an invariant or covariant, for if it leads to an 
invariant, ^ = ±->p, that is, 0 is unchanged (except in sign, when 
its type-term is the product of an odd number of differences of 
the roots, i.e. when its weight is odd) when for the roots their 
reciprocals are substituted, and fractions removed by the simplest 
multiplier (aiOsOa . . . a^)'. An invariant whose weight is odd is 
called a s kew invariant . 

168. i^P6perttes of Covariants and Invariants. — 

Since 0 is a homogeneous function of the roots, the covariant 
derived from it may be written under the form 

U” X X * \ 

— — fh I j • • • • If 

x^ ^\ai-x at-x an-xj 

where vs is the order, and k the weight, of 

Also, since ^ is a function of the differences, we may add 1 to 

CO 

each constituent, such as ,thus obtaining — Again, 

ar-O! ° Or- X o » 

multiplying each constituent by x, the covariant becomes 

/ ttiX \ 

0 ^“ ^\ai-x* a» - " On - 


Employing now the notation x\ di, o'*, &o., for the recipro- 
cals of X, oi, a», &o . ; and denoting by G' the function whose 
roots are o i, o 2 , * • • o viz. 

U' ■ + «an-i»'""‘ + &o., . . . + naisd + a, = 0 ; 


since 


1 - Or* 

a'r - x' Or - X* 


and XT = OnSf* [d - o'l) {of - 0 %) a'») = 

the covariant above written is easily reduced to the form 


(- 1 )* 




whence it is proved that the covariant is unaltered when for 
X, oi. Os, ... On their reciprocals are substituted, and the result 

12 
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multiplied by (- This transformation changes Or into 
that is, each coefficient into the coefficient with the com* 
plementary suffix. 

Now if any oo variant whose degree is m be written in the 
form 

( 1 ) 

changing ^i, • • * into we have 

dc 

another form for this oovariant, namely, 

(— • • • ^«») 1 ^ > 

and as this form is an integral function of x of the same type 
as (1), we have, by comparing the two forms, 

m^nrs- 2k, B^ = (- . • . Br^ (- 

thus determining the degree of the oovariant in terms of the 
order and weight of the function 0, and showing that the 
conjugate coefficients {i.e, those equally removed from the 
extremes) are related in the following way: — 

If F{a„ Oiy <r», . . . fltn) be any coefficient of the covariant, 
(- IfFittn, fln-i, «»-», . . . «o) is its conjugate. 

This property is characteristic of covariants, and is not 
possessed by semicovariants, although the two classes of func- 
tions agree in the mode of formation by the operator D, as will 
appear in the Article which follows - 

From the expression for the degree of a oovariant in terms 
of vs and K, namely, nxs - 2k, we may draw the following 
important inferences : — 

(1) . Ifaf^ is an invariant, nvs = 2k. 

For, in this case ^ and i/; are the same function, and conse- 
quently their weights k and net — k are also the same. 

(2) . AU the invariants of quantics of odd degrees are of even 
order. 

For if It be odd, it is plain from the equation nvs = 2k that 
w must be even, and k a multiple of n. 
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(3), All oovarianta of quantusa of wen degrees are of even 
degrees. 

For in this case n-a - 2k is even. 


(4) . Govariants of quantics of odd degrees are of odd or even 
degree according as the order of their coefficients is odd or even. 

(5) . The resultant of two covariants is always of an even order 
in the coefficients of the original quantic. 

For, the order of the resultant expressed in terms of the 
orders and weights of the oovariants is 

w (nw' - 2k') + tf [nvs - 2k) ■ 2 (mww' - wk' - w'k). 


169. Formation of Covariants by the Operato r O. — 

From Art. 164 we infer that the expansion of F( Un.\t ... 
may be expressed by means of the Differential Calculus in the 
form 




j ^ ITF^ + . . . + 


1 . 2. 3 . . . r 


D^Fo + . . . , 


where F^ is the result of making a? = 0 in F( IT,, Cu-\, • . • Co), 
viz. 

Fo = F[aft, <7n_i, ... flfj), 

and D oPa" ^ ^^ 2 -. *4" . . . ■!“ rta^^. . 

In forming a oovariant by this process, the source F^ with 
which we set out is altered by the successive operations D, each 
operation reducing the weight by one, till we arrive at the 
original function F(ao, «i, . • . «») from which the source was 
formed. Since this is a function of the differences, the ex- 
pression resulting from the next operation D vanishes, and the 
covariant is completely formed. The corresponding operations 
S on the symmetric function have the effect of reducing the 
degree in the roots by one each step, the final symmetric function 
containing the differences only. Thus by successive operations 
we obtain two expressions for a oovariant — one in terms of the 
roots, and the other in terms of the coefficients. 
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The degree m of the oovariant is plainly equal to the number 
of times S operates in reduoing \f/o to equal to the difference 
of the weights of the extreme coefficients. And since 

ipo ** (oiaa . . . 

the weight of rpo is - k, where k is the weight of ^(at, at, . .. On ) ; 
hence the degree of the oovariant whose leading coefficient is 
is n«T • 2 k, the same value as before obtained. We add 
some simple examples in illustration of this method. 

ExiHFLilS. 

1. Form the Hessian p i the cubic 

+ 3ai«* + Soss? + = 0. 

Talcing the function a ootkt ai^, we find, as in Art. 167f 
(0 - 7)^ = 18 - aios). 

Operating on the left-hand side by d, and on the right-hand side by 2 )^ we obtain 
- ao*22a (0 - 7)* = 18 («iaa *- rto^s) ; 
and operating in the same way again, 

00*22 ()8 — 7)* « 86 (ai* — aoas)- 

The next operation causes both sides of the equation to vanish. Henoe the 
required covariant is, as in Art. 167, 

(aios — «a*) + (ooaz - aiog) nf + (ooat - ai*) 

We find at the same time the corresponding expression in terms of tv and the 
roots. 

2 . Form the Hessian of the biquadratic 

+ 4 oi«* + 6a2ic* + iastc + 04 0. 

The covariant whose leading coefficient is JT b 0002 - 01* is called the Hessian 
of the biquadratic. Its degree is 4, since zc s 2, and k = 2 ; and nzc — 2fc = 4. 
Changing the coefficients into their complementaries, the source of the oovariant is 
«40s - 03*, and we easily find 

Eg s (OoOt - -f 2(ao08 — Oi®*) a?* + - 3aa*)a:* 

+ 2(0x04 — OjO,)® + (ojO* — Oa*). 




Theorem, 1 19 

8. Form for a cubic a covariant whose leading coefficient is the sem- 
mYariant O. 

Changing the coefficients in G into their complementaries, we get the source 
a^aa - %aia%a\ + 202*, and operating with D we easily obtain the covariant in the 
following form : — 

(o8*oo — Sosoaoi 4 - 20*3) ^ 3 (asoaOo + 02*01 - 20301*) x 

- 3 (oooioa 4 - — 2oo02*) - ( 00*03 - Soooio* 4- 2oi*) 

In this the conjugate coefficients (Art. 168 ) differ in sign as well as in the inter- 
change of complementaries, the weight of G being odd. The student will have no 
difficulty in expressing this covariant in terms of x and the roots by the aid of the 
value of G given in Ex. 15 , Art. 27 . 

170. Theorem * — Any function of the differences of the roots 
of a covariant or semicovariant is a function of the differences of 
the roots of the original equation. 

Let the covariant or semicovariant be 

^ («) - (« - px){x - pj) . . . - pp). 

Since ^ is a function of the differences of x, ai, as, . . . a., 
we have 

™ - 8^ s 0, viz., ^'(x) + S(«-p»)(«-p») ... {<»- Pp) 8pi s= 0. 

Now, substituting for x in this identical equation each root 
pi, ps, . . . in succession, we have 

• • • » 

whence 

8pi + 1 = 0, Bp» + 1 = 0,... Spj + 1 — 0, . . » 

and consequently 

^ ipj - Ph) “ 0, 

which proves the theorem. 

In the preceding pages many instances have been given in 
which the roots of covariants or semioovariants are expressed 
in terms of the roots of the original equation ; and the student 
will easily verify that the result of the operation of 8 on any 
such expression is - 1. The roots of the covariants in Exs. 1 
and 3 of the preceding Article are given in Ex. 26, p. 67, and 
Ex. 13, p. 88, Vol. I., respectively ; and roots of semioovariants 
will be found in Exs. 10, 11, p. 87, and 12, 14, p. 88, Vol. I. 
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The theorem here proved is clearly true also for any 
function of the differences of the roots of two or more oova- 
riants or semicovariants. 

171. Double liinear Transformation applied to tbe 
Theory of Covarlante. — Hitherto we have discussed the 
theory of covariants and invariants through the medium of the 
roots of equations. We proceed now to give some account of a 
different and more general mode of treatment, by means of 
which this theory may be extended to quantics homogeneous 
in more than two variables, such as present themselves in the 
numerous important geometrical applications of the theory. 
Although this enlarged view of the subject does not come 
within the scope of the present work, we think it desirable to 
show the connexion between the method of treatment we have 
adopted and the more general method referred to. With this 
object we give in the present Article two important propo- 
sitions. 

Pnor. I. — Let any quantie 

Un - a# (<» - (» - a»y) ..•(»- any) 

be transformed by the substitution 

» - Xa?' + fiy\ y «= XV + ju'y' ; 

then if I and I' be corresponding invariants of the tm forms 17* 
and JTn, we have 

To prove this, let 

I «“ (ai — a»)“ (a» — as)* . . . (ai — o*)^, 

each root entering every term of S in the degree w. When 
any factor of 17«, e. g. x- aiy, is transformed, we find 

a? - a,y = (X - X'oj) {if - a' if), where a', = ^ ; 

honoo — •••• {pf ^ ci *• 2^)1 

where - A'ai) (A - A'aa) . . • . (A - A^on). 
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Again, for the difference of any two roots of ZT,, we have 

, _ »- - AV)(ap - aq) 

(A- A'a,)(X-X'a,)‘ 

Making these substitutions for a\ and for all the differences 
of roots in I', the denominators of the fractions which enter by 
the transformation disappear, and we have finally 

r = (A/ - X'nYL 

Prop. II. — If f {x, y) he a comriant of the quantio Tin, the 
new value of<^, after linear tramformation, « 

i\f/ -XfiYqtix, y). 

The proof is similar to that of the preceding proposition. 
We have 

^ («, y) = a/2 (ai - off {at - atf aiy)** [x - • • • > 

where each root enters in the degree w. 

Now, transforming, as in the previous proposition, the value 
of ^{x, y) thus derived ; since the factors A - A'oi, A - A'a», . . . 
all enter in the same degree w in the denominator, they will all 
be removed by the multiplier a'^, and the transformed value of 
y)is 

(A/ - \'nY ^ («, y). 

The determinant \ff - A'/u> whose constituents are the 
coefficients which enter into the double linear transformation, 
is called the m odulus q f Irnnufnrmatimi. 

Without any reference to the roots of the equation ZT, = 0, 
we can suppose the transformation of x and y to be applied to 
the quantio in the form 

U„ ■ + . . . f «*y*. 

The propositions here proved with respect to invariants and 
oovariants regarded as functions of the roots will still hold good 
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when these functions are expressed in their equivalent forms in 
terms of the coefficients. We may therefore now restate the 
Propositions in the following form : — 

Prop. I. —An invariant is a function of the coefficients of a 
quantic, such that when the quantic is transformed by linear trans- 
formation of the variables, the same function of the new coefficients 
is equal to the original function multiplied by a power of the modulus 
of transformation. 

Prop. II. — A covariant is a function of the coefficients of a 
quantic, and also of the variables, such that when the quantic is 
transformed by linear transformation, the same function of the new 
variables and coefficients is equal to the original function transformed 
directly multiplied by a power of the modulus of transformation. 

The definitions contained in the preceding propositions are 
plainly applicable to quantics homogeneous in any number of 
variables, and form the basis of the more extended theory of 
oovariants and invariants above referred to. We give among 
the following examples an application to the case of a quantic 
involving three variables. 

Examples. 

1. Performing the linear transformation 

sf = + /iP, y — \i2l + )ui 

if 

ax'‘ + 2bxy + cy^ m AX^ + 2BXT + CT*, 

prove that 

AC-B'^ = {KpLi - Myf (<w - 6»). 

2. Performing the same transformation, if 

(a, b, e, d, e){x, y)* =< {A, B, O, JD, E) {X, F)*, 

prove that 

AB — 4BB + 3C* = (\fii — Xi/*)* (as — 4bd + 8e*). 

3. Performing the same transformation, if 

a** + + tfy* = + 2BXr+ OY\ 

and 

aia^ + 2bixy + = AiX* + 2BiXT + 0\ 7*, 

prove that 

AO\ + AiO — 2BBi = (Xjiii — Xi/«)*(aai + ai« — 2Mi). 

This follows from Ex. 1, applied to the quadratic forms 
(a+ aat) »*+ 2(J + aii) *y + (« + it«i) y*= (A+kAi) Z*+ 2{B+ »Pi)Xr+ {C+kCi)T*, 
by comparing the coefficients of k on both sides. 
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Whence we may infer that, if two quadratics determine a harmonic system, the 
new quadratics obtained by linear transformation also form a harmonic system. 
For their roots being a, jS, and ai, jSi, we haye 

<wi{(a — oi)(i8 - i8i) + (a — i3i)(i8 - ai)} = 2 {aoi + aio — 2bbi). 

4. If the homogeneous quadratic function of three variables 
oa;* + by^ + + %fyz + 2gzx + 2hxy 

be transformed into 

AJ} + BY^ + CZ^ + 2Fr^+ 2QZX + 2HXY 

by the linear substitution 

X = XiX + /u-i F + viZf y « Xa-X + X + v%Zf s XsX -f /la F -I- v^Z ) 
prove the relation 

A H 0 a k g 

R B B ^ h b / y 

G F C g f 0 

where the determinant (\iih 2 Pz) is the modulus of transformation. 

This is easily verihed by multiplying the proposed determinant of the original 
coefficients twice in succession by the modulus of transformation written in the 
form 

Ai Xa ^ 

fU /OL /13 f 

VI Vz vz 

and comparing the constituents of the resulting determinant with the expanded 
values of the coefficients of X*, F*, &c., in the new form. 

It appears therefore that the determinant here treated is an invariant of the 
given function of three variables. 

172. Properties of Cowart ants derived from Unear 
Transformation. — We proceed now to shoW) taking the 
second statement of Prop. II. in Art. 171 as the definition of a 
covariant, that the law of derivation of the coefficients given in 
Art. 169 immediately follows ; — that is, given any one coefficient, 
all the rest may be determined. 

For this purpose, performing the linear transformation 

«-x + Ar, y = ox+r, 

whose modulus is unity, the quantio 

(flo, a„ a,, . . . o«)(a?, y)” becomes (A,, A,, . . . -4«)(X, F)", 

where 

Ao = ao, Ai^Oi + Ooh, A, = ai + 2aih + agh*, & 0 . (Art. 36.) 
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Now, if f {a„ Oy, Oty . . . On, at, y) be any oovariant of this 
quantio, we have by the definition 

^ • • • flPn, ip, y) ™ ^ (“^0> “d-\y . . . ‘d.ttf 


or 


<l> (tZo, ciif Off . . . cinf <•<» y) ■ ^ (-^of -d-t) • • . ■d.nf X — hy^ y)« 

Expanding the second member of this equation, and con- 
fining our attention to the terms which multiply h : observing 
<>-4 

also that when terms are omitted which would be 

multiplied in the result by A®, h\ &c., we have 

a(- D<^)+ )+&c 

which must hold whatever value h may have ; hence 


y — = a^- + 2o,-^ + 3o®^^ + . 
"aui "2)a, ^la^ ^ 


.+ «o„_i 


}xf> 


( 1 ) 


and, substituting for 0 the value 

(■®o> y)"*» 


we have 


y + »» (m - 1) + . . . + 


■ + mBBiie”*~^y + . . . + DB^y”^ ; 

whence, comparing coefficients, we have the following equations : 

BBq ■“ 0 , BBi “ Bdf BB% “• 2 ^ 1 , . , . BSm = tnB^^iy 

which determine the law of derivation of the coefficients from 
the source B ^ ; the leading coefficient Bo being a function of 
the differences, since BB^ » 0. 

The calculation of the coefficients is facilitated by the fol- 
lowing theorem, which has been proved already on different 
principles : — 

Two eoeffieienU of a oovariant equally removed from the extremes 
become equal {pirn or minus) when in either of them a„ Oi, . . . a« 
are replaced by a^, a«_i, ... a,, respectively. 
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To prove this, let the quantio be transformed by the linea 
substitution 

(T-OX+F, y = X+0F, whose modulus 1. 

Thus 

(ofo, fli, Ot, ... a„){(e, y)* - (a«, a«-j, ...a^) (X, F)", 

and, by definition, any oovariant 
0 (®», X, F) “ (— 1)* 0 («o> ®»» • • • y) 

■ (— 1)* ^(Ao> • • • ®*w ■^) 5 


whence it follows that the coefficients of the oovariant equally 
removed from the extremes are similar in form, and become 
identical (except in sign when k is odd) wlien for the suffixes 
their complementary values are substituted. 

It is easily inferred in a similar manner that a oovariant 
satisfies the differential equation 


U 2xA 


+ — + 3a„_2: 




. + nUi 


iOn 


( 2 ) 


<)®n -2 ^®n -8 

as well as the equation (1) already given. 

Again, if ^ (a„ ai, a%, . . . On) be an invariant of the quantio, 
the former transformation of the present Article gives, employ- 
ing the definition of Art. 171, 


^ (e^o, ^1, diy ... ^ ^ (Aq, Ai, As, ... An) ^ 


and proceeding as before, in the case of a covariant, we prove 
that an invariant must satisfy both the differential equations 

74 


a. 


7>(f> 


+ + 3a„_8 




*3 

^®«-3 


. + na„_i 


■SOn 


0, 


}xf> - 

,+ m..^ = 0, 


either of which may be regarded as contained in the other, since 
if we make the linear transformation' ® = F, y => X (whose 
modulus = - 1), we have from the definition of an invariant 


^n-i> ®n-8» • 


«o) = ( - l)*^(ao. Oi. aj, . . . an ) ; 


• • 
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proving that an invariant is a function of the coefficients of a 
quantio which does not alter (except in sign if the weight be 
odd) when the coefficients are written in direct or reverse order. 

The relation between invariants and seminvariants, oova* 
riants and semioovariants, is now clear. Invariants of the 
quantio (oj, ai, ... a„) («, y)" satisfy both the differential equa- 
tions last written, whereas seminvariants of (Op, oi, . . . a„) (», 1)** 
satisfy only the first of these equations. In like manner 
semioovariants of (a^, Oi, . . . 1)“ satisfy only the first of 

the differential equations (1) and (2) above written, whereas 
both are satisfied by covariants. 

Having now explained the nature of Oovariants and Inva- 
riants of quantics, and the connexion between the two modes in 
which these functions may be discussed, we proceed to prove 
certain propositions which are of wide application in the forma- 
tion of the Covariants and Invariants of quantics transformed 
by a linesir substitution. The student who is reading this 
subject for the first time may pass at once to the next chapter, 
where the principles already explained are applied to the oases 
of the quadratic, cubic, and quartic. 

173. Prop. I. — Lei any homogeneous quantio of the degree 
f[x, y) become F{X, Y) by the linear transformation 

x = \X^fxY, y = \'X^n'Y\ 

also let any function u, ofx, y, become U by the same transformation', 
then we have 

■ a) “ 

where M is the Modulus of transformation. 

To prove this proposition, solving the equations 
x=XX + fi Y, XX + ix'Y, 

we have 

MX = yfx - fiy, MY <= - Xx + Xy; 

whence 

Tit^X , „,'bX 



Linear Transformation. 127 


Again, 


lx IX Tix ()r i)a; ~ M\^ })X ^ if)’ 

ly “ <)A i)y ■*■ SF -by ~ M\ ^bX ^bf)’ 


which equations may be put under the form 


by ~ \MbY) Mbx)’ 

bu .,/l bU\ ,/ 1 bV\ 

~ bx~ ^ J>Yj ^ V E 5zj ’ 

and since 

/(AZ + itY, XX + ifY) = F{X, Y), 

changing X and Y into ^ and - ^ respectively, the 
proposition is proved. 

In an exactly similar manner, changing X and Y into 

1 -L _ lA 

MbY’ MbX’ 

it may be proved that 

- s)“ - Kw - P) 


The results (1) and (2) may be applied to generate cova- 
riants and invariants, as we proceed to show. 

Suppose /(», y) and u to be co variants of any third quantic v, 
where v may become identical with either as a particular case ; 
also, denoting by Fo{X, Y) and I7« the same covariants ex- 
pressed in terms of the X, Y variables and the new coefficients 
of V after linear transformation, we have, by Prop. II., Art. 171, 
the identical equations 

MPF{X, Y) s Fc{X, F), and XTci 
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whence, substituting from these equations in (1), 



■bxr 


proving that 



lx) 


is a covariant of v. 


And in a similar manner it is proved from (2) that 



leads to an invariant or covariant of v, according as u is of the 
or any higher order. 

We add some applications of this method of forming inva- 
riants and covariants. 


Examples. 


1. If ^ be substituted for x and y in the quartio (a, 6, c, d, c)(ar, 

and the resulting operation performed on the quartio itself, show that the inva- 
riant I is obtained. 

We find 

(0, 6. c, d, - 1^)*^ = 48(ae - 464 + 3c»). 

2. Prove, by performing the same operation on Hx 9 the Hessian of the quartic 
(Ex. 2, Art. 169), that the invariant J is obtained. 

Here we find 

(a, h, c, d, e)^^. - = 72{ace + 26c(i - ad* - e6* - c»). 

3. Prove that 

(a, 6, c, d){^ - = - 12(a»d* - 6o6cd + 4ac» + 46»d - 35*c*), 

where Ox is the cubic covariant of the cubic (a, 6, c, d) {x, y)^ (Ex. 3, Art. 169). 

4. Find the value of 

(ae - M * 

where « = (a, 6, e, d) (x, y)*. 


Atu. — 9fl**. 
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174. Prop. II. — If <!> {uq, a^, a^, . . . a„) he an invariant of the 
form (ao, a^, a^, . . . o„) (cc, yY, and u any qtiantic of the or 
any higher degree, 






is an invariant or covariant of u. 
To prove this, let 


x = XX + g,Y, x'^XX'+fiY', 
y^X'X + fx'Y, y’ =^X'X’ + g.’Y’; 


and transforming, as in the last proposition, 


x' 1 + y> 1 ^ X' ^ + Y' 

2)x iy dX t> r 

also transforming u, we have U = u; whence 




jT; - -V* + W 


and writing this equation when expanded under the, form 
{Dq, Di, D 2 , • • • D„) {X , Y )" = (do, di, d^, . • • d„) [x , y )", 
we have, from the definition of an invariant. 


^1’ •®2> * • * ^n) “ di, dj, . • . d„), 

showing that <f>{dQ, d^, d^, ... d„) is an invariant or covariant. 

When X, y, and x' , y' are transformed similarly, as in the 
present proposition, they are said to be cogredient variables. 
And, in general, for any number of variables, when the coeffi- 
cients which enter into the transformation of one set are the 
same as those which enter into the transformation of the other, 
the two sets are said to be cogredient. 

The functions which occur in the equation (1) are called 
emanants ; the expression on the right-hand side of the equation 
being the n** emanaht of u. 

VOL. n. 


K 
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Examples. 


1. Let the quadratic 

+ 2(i^xy + become doZ* + 2A^XY 4- A^Y\ 
We have then, as in Ex. 1, Art. 171, 


AqA, ~ Ai* = Jf» (aottji - a^^). 

Now since 


I OV/V/ 


y/» ^ I 2* V + v'® ^— 


it follows from the last result, considering X', 7', and x\ y' as variables, that 


b*C7 V SV / yu v\ 

i)z* ay* vazay/ “ ^ Ux* ay* “ \bxiy) j 


This gives an invariant of a quadratic, and a co variant (called the Hessian) of 
any higher quantic. 

2, When u has the values 


(a, 6, c, d) («, y)* and (a, 6, c, d, e) (a;, y)S 

what CO variants are derived by the process of the last example ? 

(Cf. Exs. 1, 2, Art. 169.) 

Ans, (1). (oc — 6*) x^ 4“ («d ~ be) xy 4- (6d — c*) yK 

(2). (oc — 6®) x* 4- 2 (ad — be) x^y 4- (ae 4- 26d — 3c*) a?*y* 

4- 2 (6c ~ cd) xy^ 4- (ce — d*) y*. 


175. Prop. III. — If any invariant of the quantic in x, y, 

V + k {xy' - x'yY 

he formed, the coefficients of the different fowers of h, regarded as 

homogeneous functions of the variables x', y', are covariants of U. 

> 

For, transforming U by linear transformation, let 
K, «!, «2, . . . aj{x, yY = {Aq, Ai, ^2, . . . A„) (X, Y )” ; 
also, if X, y and x', y' be cogredient variables, 
xy' - x'y = M{XY' - X'Y). 

Whence 

(Oo, »!, a^, . . . a„) {x, yY + h{xy' - x'yY 
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becomes when transformed 

(^ 0 , ^ 2 , . . . ^«) {X, yy + m^{XY' - X'YY ; 

and forming any invariant <f) of both these forms, we have 
(<^,<^^.<^2, . . . <l>^){l,k)P^M\0,^,0„ . . . 0^){l,M^k)P, 
proving that 

<l>r = 

or that <f>f. is a covariant. 

When {xy' - x'yY is. replaced by (b®, bi. bg, . . . b„) {x, yY, 
we have the following proposition, which is established in a 
similar manner : — 

If <f>{aQ, «!, 02 , . . . «„) be an invariant of (Oq, o^, Oj, . . . a„) 
{x, yY all the coefficients of kin 

^ (®o "t ^bi, . . , a„ + kb„) 

are invariants of the system of two quantics 

(oo, Oi, «2, . . . a«) («, y)", (bo, bi, bg, . . . b„) (x, y)» ; 
or, tobicA is the same thing, 



are invariants of the system. 

This proposition may be extended to any number of quantics 
of the same degree in any number of variables. If, further, V be 
replaced by a covariant V of the p** degree, we may generate new 
covariants by forming any invariant of 

F + A {xy' - x'yY- 

176. Prop. IV. — If<f>{x, y) and ^(x, y) be homogeneous quantics> 
the determinant 

dx ^y 
<>x dy 

is a covariant of these quantics. 

k 2 
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For, transforming ^ and by tbe linear substitution 

AJ: + /*r, y=^XX + ii'Y, 


X 


we have 


giving 


OiX,Y)-^i>{x,y), W{X,Y)^^{x,y), 


Whence 


^X ix 7>y' 
})<P Ixh }j(k 




lY" 


Tttl/ f'bdt 

ix dy 



10 


IX 

lY 


l-qr 

IV 


IX 

lY 



x^+xp, 

lx ly 


u^ + u'^ 
^Ix ^ly 


l*lt M 


which reduces to 


M 


/1<I> Itit ^ (Xf> ltl>\ 

\lx ly ly lx/ ’ 


<lx ly 

and the proposition is proved. 

This CO variant is called the Jacobian of ^ and i(i, and is often 
written in the form J (^, ijs). The Jacobian of n functions in n 
variables is a determinant of similar form, and can be shown to 
be a covariant by an exactly similar proof. 

177. Derivation of Invariants and Covariants by 


Difibrentiai Symbols. — If Xi, y ^ ; x^, y ^ ; Xg, y ^ ; 


Vn 


be a series of cogredient variables (such as, for example, the co- 
ordinates of n points), the fimctions {x-^y^, - x^^, . . . {Xj,yq-x,y„) 

I I 


are unaltered by linear transformation ; and since 


lyi Ix^ 


are 


transformed by the same linear transformation as (see 

Art. 173), we derive a series of symbols of difEerentiation, which, 
combined as above, give the following : — 

I I \ n I I I 


i- 

\<)Xi 


ly^ Ix^lyJ’ 


•(: 


Ix^lyq ^Xgly. 


;), &C. 
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These symbols may be denoted simply by (1, 2), . . . (p, j), 
&c. ; and by their aid a complete calculus can be constructed 
for deriving and comparing invariants and covariants. For 
example, the Jacobian of if/ may be written in the form 

(1, 2) ^2, 

where Hi), ^2 = '/’ Vz), 

the sufl&xes being omitted after the differentiation has been per- 
formed. Similarly, expanding the symbolic form (1, 2 )*^i^ 2 , we 
obtain the covariant 

<)«* 7>y^ tixby ixby ^ "by* bx* ’ 

the distinction between the variables being removed after the 
differentiation has been performed. 

In the investigation by this method of the invariants and 
covariants of a single quantic, the result is obtained imder the 
symbolic form 

(1,2)“ (2, 3)^(3, 4)v . . . {p,qrU,U,U, . . . 

where Uy, for example, is used to denote the quantic obtained by 
substituting jc, and y^ for x and y in U. If after this operation is 
performed, x and y disappear, we have obtained an invariant ; 
and it is easy to see in this case that the figures 1, 2, 3, . . . p,q 
must all occur exactly n times in terms such as (i, y)*. For 
example, the formula 

gives a series of binary invariants for all even quantics, the order 
of the invariant in general being equal to the number of factors 
Ux, V 2 , &c. In like manner from the formula 
(12)2’»(23)2»»(31)2’»E7il72l73 

we can derive a series of ternary invariants for quantics of the 
degree 4m, the operation (12)“ (23)“ (31)“ in the case of the quartic 
gelding the invariant 
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It may be noticed that this interchange of variables can be 
accomplished by means of a differential operator ; for instance, 

1 • 2 • 3 . . . &c., &c. 

The method here explained of forming invariants and co- 
variants is due to Prof. Cayley. 

The above method of calculating invariants and covariants 
can be easily extended to ternary forms ; for, if x^y-yZ^, X 2 y 2 Z 2 , 
be cogredient variables, it appears readily by the rule for 
multiplying determinants that if we express ij’bXy, 'dj’dYy, Tt/'bZi, 
in terms of ‘d/’bXy, 'b/'iyi, and deal similarly with the other 
partial differential coefficients, the following relations hold be- 
tween s 3 rmbols of differentiation: — 



7) 

d 


7> 

a 


iXy 

iYy 

hZi 


t)Xj 




D 

.3 

= M 

a 

7> 


D^a 

iY2 

<)Za 

J)Xa 

^y2 

7iZ2 


i) 

<) 



<) 


^X2 

7>Y2 



iX3 

^3 

(JZg 


where M is the modulus of the transformation. 


178. IVotation of Aronliold and Clebsch. — ^Aronhold 
and Clebsch have used with much success a method of forming 
invariants and covariants which is closely allied to the method 
given by Cayley. It is therefore desirable to explain their 
notation, and to show the connexion of the two methods of 
procedure. 

Aronhold denotes symbolically the binary quantic U of the 
n“ degree by o/ s {ayXy -f- The products a/aj* are at 

once expressible by the coefficients of U when p + q = n. Thus, 
Oi* denotes the coefficient of Xj** in Z7, Oj^'^Oa coefficient of 
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SO on ; but when the sum of the indices p + q in 
the product is not a multiple of n, no interpretation is 

afforded. 

Again, since 


we may replace and Oj in any homogeneous function of Oj 
and <*2 of degree by the differential symbols and 

operating on f7, a numerical factor being disregarded. 

Moreover, in place of substituting different pairs of variables 
in Z7, thus forming f/j, V^, . . . , as in Cayley’s method, 
Aronhold writes the quantic JJ under the various forms 
(a^x^ + (b^x^ + + CaS^a)"* • • •» where 

- = Ci^’Ca”"^ • • • > the coefficient of x-J^x^ in J7, the 

order of the coefficients of any invariant or covariant being the 
number of the symbols o, 6, c, ... in its expression. In the for- 
mation of an invariant the differential symbol - c— c— ^ 

given in Cayley’s method is now replaced by {ah) = (Oifej - * 2 ^* 1 ) 
in Aronhold’s notation. 

Thus, for example, the invariants of the quartic are, in Aron- 
hold’s notation, written thus : — 


21 = (ah)*, 6J = (6c)2 (ca)^ {ab)^ 

and trfe covariants whose leading coefficients are H and G as 
follows : — 

2ff a, = {abYa^b^, Gg, = (oh)* (co) 

which expressions may be verified by replacing (oh), &c., by 
(Ojha - Oahi), &c., then expanding and introducing the coefficients 
of TJ, which is practicable since these expressions are homo- 
geneous functions of the 4** degree in each pair of symbols Oj, a^. 
This method, like Cayley’s, can be readily applied to a quantic 
V involving any number of variables. 



136 


Covariants and Invariants. 


We now conclude this chapter with some examples selected 
to illustrate the foregoing theory. The student is referred for 
further information on this subject to Salmon’s Lessons Intro- 
ductory to the Modern Higher Algebra ; to Gordan’s Vorlesungen 
ilber Invariantentheorie ; and to Clebsch’s Theorie der bindren 
algebraischen Fonnen^ where a symbolic method is adopted 
throughout. 


Examples. 


1. The discriminant of any quantic is an invariant. 

2. The resultant of two quantics is an invariant of the system, 

3. From the definitions, Art. 166, prove that all the invariants of the quantic 
(xy' — x*y)U are covariants of C7, the variable being x ' : y\ 

Hence derive the covariants of a cubic from the invariants of a quartic 
expressed in terms of the roots. 

4. If /i, /j, Jj, . . . 1^ be the same invariant for each of the quantics 

4>{x) ^{x) 4(x) 

X — ai ® — 01,' X — og' ' ■ ■ a: — o„' 


of the order where a^, ag, . . . are the roots of ^ {x) = 0, prove that 

r s== n 

r = 1 

is a covariant of 0 (x). 

For example, using to denote the J invariant composed of the four roots 
<h 9 (h* a4> (Art. 167), with similar values for J 2 , J3, t/5, we have the following 

oovariant of a quintic : — 

Ji {x — aj)* 4 * Ji{x — aj)* + ~ ««)* + ^4 (* “* ^4)® + — 05)*. 

5. If Ox, agy aa» . . . On be the roots of the equation 


and if 


{O/Qf dj, (i^f . • • flu) {Xf I)** — 0 ; 


““ ^(^op 

where are all the values of a rational and integral function of some 

or all the roots obtained by substitution, find the equation whose roots are the 


m values of — given 8*^ (^* 12, 13, 14, p. 88, Vol. I.) 

Ans. F(Uo, U,, . . . U^) - 0. 

6. Express the identical relation connecting three quadratics in terms of 
their invariants. 
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Let U = OiX* -f 2bixy + 

V = ajic* + 2b^ + c^y\ 

W = + 2b^ 4* Cjy* ; 

multiplying together the two determinants 

Uj b^ Cj 0 Oj 0 

(I2 ^2 ^2 0 C2 262 0 

^2 b^ C2 0 C2 ^^8 ^^3 0 

y* -- xy x^ 0 2a:y y* 0 

we have 



4 s 0, where 21 pa » apCa + ajc« — 2bpba. 

I» /« /s. W 

U V W 0 

Expanding this determinant we have 

(W« - W)U* + (/,./u - + (Ai/« - + 2(/,j/„ - ItxInWW 

4- 2(l2zJi2 + 2(/28/81 ^ZZ^n)^y = 0. (1) 

There are two particular cases worth noticing : — 

(1). When the three quctdraJtica are mutually harmonic , — In this case J^z = 0, 
Izi = 0, 1 12 « 0 ; and the identical equation assumes the following simple form : 



(2). When one of the quadralics IT = 0 determines the foci of the involution of 
the poHts given by the other two, 17 =* 0, and V *= 0. — In this case /ja = 

0 ; and making this reduction in the general equation (1), we have 

(V - hiUW^ = UIuU* - 2IxxUV + IxxV*) ; 

but from the equations As — and As ~ ^ we find 

a^ ^ K (Uyb^, — 263 = K ^ k ( A^s) 5 

whence 

4 (aaCa - 63 *) = k* {4 ( 0,63) M - (c^aa)*}, 
or 

As “ {A 1 A 2 “ As*}* 

and reducing, when ic — 1, or If = J (17, F), 

~ {J{U, H}* « AsC^* “ 2A2C^F 4- Ai^*- 

7. Prove that 

(<X2* <*•» tti) (« ~ Ol)* 

is a oovariant of a quartio, where V(ai, oa* • . . Of.) represents the product of 
the squared difierenoes of ai, Of, ... Of. 
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8. Prove that the condition that four roots of an equation of the degree 
should determine on a right line a harmonic system of points may be expressed 
by equating to zero an invariant of the degree \(n — l)(n — 2) (n — 3). 


9. If ^ . . . %) be any seminvariant of the quantic (ao» • Uq) 

(a?, 1)”, prove that — is also a seminvariant. 

3an 

10. Prove that the seminvariants 

Ooaj - ~ + 2%*, 

of the quantic (ao, a^, eij, . . . (a:, give rise to covariants of the degrees 

2n — 4, 2n — 8, 3w ~ 6. 


11. Prove that the coefficient of the penultimate term in the equation of the 
squares of the differences of any quantic leads to a covariant of that quantic of 
the fourth degree in the variables. 

12. Prove that the product of two covariants of the same quantic whose 
sources are ^ and ip may be written under the form 

+ ®D(#) +:^D* (U) + &C 

Mr. M. Roberts. 


(See Art. 169.) 

13. Prove in particular that the power of the quantic 
(®o> 1)^* 

may be represented by 

(«„*«) + («»”*) + &<=. 

Mr. M. Roberts. 


14. Prove from both definitions of a covariant that any covariant of a 
covariant is a covariant of the original quantic or quantics. 

16. If ai, 02 , ... o^, and ft, . . . ft roots of the equations 

U s (oq, Oj, ^ 2 , • . . Oju) (Xf 1)^ ~ 0, and V == (ft, 6^, ft, . . . ft) (sj, 1)^ = 0 j 
it is required to derive a covariant of the system U and V from the simplest 
function of the differences of their roots, viz., 2{ap — ft) = nUa — mZp. 

This question will be solved if we express 

ap)(a:-ft) 

in terms of the coefficients of U and V. 

For this purpose we have 


^ ft _ ^ ^ P ^ ^ . 

(a;~Oj,)(a; — ft)“‘^a? — o^a; — - a* 

VI 

2; 


^ (a; ~ oj,) (« — ft) “ Ax — a; — ^ a; - 

and if U and V be written as homogeneous functions of x and 

1 ^ Dlog U ^ g __ _ Slog U 4-0 

I 'dx * ay 2)t/ ' * 


ay 
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Whence, substituting these values in the last equation, we have 

^ ^{x — apt/) (x — Pqy) 5a? 'by by bx * 

which is the Jacobian of U and F. It should be noticed also that the leading 
coefficient ot J {U, V) is mn — aib^), 

16. Prove that the common factors of two quantics are double factors of 
their Jacobian J ( U, F), when the quantics are of the same degree n. 

Let U = P<l>, V = Piff^ where P s Za? + my. Forming J ( Z7, F), we find part 
of it divisible by P®, and the part which apparently has only P as a factor may 
be written as follows (using Euler’s theorem of homogeneous functions, and 
omitting a numerical factor) : — * 


and this is identical with (lx + my) J (0, ^). 

17. Prove that the 2 (n — 1) double factors of Af7 + /iF, obtained by varying 
A and fx, are the factors of J (U, F), where U and F are both of the degree. 

18. Find the resultant of two cubics U and F by eliminating dialyticall y 

between 1 


C/=0, F=0, 


bJjU, V) 


bJiUy V) 


(A^f Aif • • • Ap) (Xf y)^f 

(Bq, Pi, P2» • • • ^q) y)® 

be two covariants of prove that the leading coefficient of their Jacobian is 

pq{AoBi - AM. 


(i4o> Aif A^f . • . Ap) (Xp y)^f 
(Pg, P|, P29 • • • Bp) (Xf y)^9 
(Cg, Cl, • • • Cp) (x, y)^ 
be three covariants of C7^, prove that the determinant 


A^ Ai A^ 

Pg Pi Pj 

C^ C7i C, 


is a semin variant. 
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CHAPTER XVII. 

COVARIANTS AND INVARIANTS OF THE QUADRATIC, CUBIC, 
AND QUARTIC. 

179. The Quadratic. — The quadratic has only one invariant, 
and no covariant other than the quadratic itself. 

For, if a and jS be the roots of the quadratic equation 

V = ax^ + 2bx + c = 0, 

the only functions of their difference which can lead to an 
invariant or covariant are powers of a - jS of the type (a - ; 

the odd powers of a - j3 not being expressible by the coefficients 
in a rational form. Whence, expressing 

/I 1 \ 

U^p(— - 5 -!-) 

\a-x p - xj 

by the coefficients, we conclude that the quadratic has only the 
one distinct invariant ac - 6*, and no covariant distinct from U 
itself. 

180. The Cubic and Its Covariants. — In the present 
Article the covariants of the cubic will be discussed as examples 
of the principles already explained, and in the following Article 
the definite number of covariants and invariants will be deter- 
mined. 

. In the case of the cubic a covariant is obtained from a function 
of the differences of the roots most simply by substituting 

j8y + ax, Ya + ^x, aj8 + yx for a, y respectively, 
and thus avoiding fractions ; for, transforming a - j8, we have 


_1 L_ + ax)- {ya + px) 

a-x jS-a: (a - a5)(j8 - x){y - x)' *’ 
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and when fractions are removed, we arrive at the above trans- 
formation (the order being equal to the weight in the case of 
either function of the difEerences H or Q). This mode of trans- 
forming functions of the differences will now be applied to the 
covariants of the cubic. 

( 1 ) . The Qtiadratic Covariant, or Hessian 
Transforming both sides of the equation 

Oq® (a + (Op + (o\) (a 4- to^P 4- toy) = 9 - a^p,^, 

we have 

+ oi^)x 4- jSy 4- toya + to^ap] 

X ((a 4- to^P 4- (oy)x + Py 4- to^ya + coaP) “ 9 (172* “ ^3^1) > 
thus showing that 

Lx + Li and Mx 4 - (Art. 69) 

are the factors of 

s (dflOa - Ui*)®* 4 - {ap^ - ap^x 4- (ap^ - ai), 

where 

Li = Py + (oya + aj*aj8, Mi = Py + a)*)/a 4- OKijS. 

From the form of the Hessian in terms of the roots in Art. 167, 
or from the relations of Art. 43, we conclude that when a cubic 
is a perfect cube, each of the coefficients of the Hessian vanishes 
identically. 

( 2 ) . The Cubic Covariant Ox. 

We have, as in Art. 59, 

®o* {(a4-a>jS4-a>*y)®4-(a4-w*j34-a)y)*}= -27 {afa^+^a^—^Pia^. 
Transforming both sides of this equation as before, we find 
ao»{(£a: 4 - ii)» 4- {Mx 4 - Afi)*} - - 21{V^U^ -H - SUiUJJ) 

« 27Gx, 

where Ox denotes the covariant formed from the function of 
differences 0 operating as in Art. 169 on the source derived from 
0 (the sign being changed in order that 0 may be the leading 
coefficient) ; hence (Ex. 3, Art. 169) 
d* = (Oo *®3 - 4- 2ai*)a5* 4 - 3 {app^ 4- a^a^ - 2apf^)x* 

- (03*00 - SogOjOj 4- 2 o 2*) - 3 (O3O2O0 4- 08*0i - 2 apr^)x. 
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Resolving {Lx + Z/i)® + {Mx + ilfi)®, we may obtain the factors 
of Gx ; or, more simply, since the factors of 0 are + y - 2a, 
y + a — 2jS, a + - 2y, the factors of (?* are 

1 Jl ^ J ^ J_ JL ^ 

jg-a; y_a; o-a:’ y-a; a-a: j8-a:’ a-a: ^-x y-x' 

when fractions are removed. 

We have obviously the following geometrical interpretation 
of the equation <?jb = 0 : If three points A, B, C determined by 
the equation 17 = 0 be taken on a right line ; and three points 
A', B', C, such that A' is the harmonic conjugate of A with 
regard to B and C, B' of B with regard to C and A, and C of G 
with regard to A and B ; the points A', B', C' are determined by 
the equation Gx = 0. (Compare Ex. 13, p. 88, Vol. I.) 

(3) . Expression of the Cubic as the difference of two cubes. 

This can be effected by means of the factors of the Hessian, 
as follows : — 

" {Lx f L^Y - {Mx + Ml)® = 2W 

Oo® 

For, as in Ex. 6, p. 116, Vol. I., we have 

Z® - M® = ()8 - y) (y - a) (a - jS). 

Transforming this equation as before, the first side becomes 
{Lx + L^Y - {Mx + Ml)®, 
and the second side 

>v/-27 (^-y) (y-a) (a - ^){x- a) {x - ^) {x-y). 
Substituting from previous equations, we have 

{Lx + ii)® - {Mx + Ml)® = 27— 4 V'G'* + 41?® = 27 

CLq O/q 

(4) . Relation between the Cubic and its Covariants. 

The following relation exists : — 

Gx^ + 4H.® - A17®. 
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For, from Ex. 6, p. 116, Vol. I., 

< iP - y)® (y - «)“ (“ 27 (<?2 + 4H3) = - 27o„*A, 

and transforming this equation as before, 

V (i8-y)*(y-a) V-i3)*(®-a)*(a;-iS)<*(a:-y)a= -27 ; 

whence 

This also follows at once by substituting Z7„, &c., for a^, a^, 

&c., in the identity (7® + 4iT® = Oq^A. 

(5), Solution of the Cubic. 

The expression 

(17^^+ + (f/VA-G**)* 

is a linear factor of V. 

For from the relations in (2) and (3) we have 

2ao®(ia: + L^Y = 27(17 VA + G^), 

- 2aY{Mx + Mi)3 = 21(U J^ - G ^) ; 

and since 

{Lx + Li) - {Mx + Ml) 
is a factor of U, the proposition follows. 

This form of solution of the cubic is due to Prof. Cayley. 

181. dumber of Covariants and Invariants of the 
Cubic. — Before proceeding to the discussion of the quartic, we 
take up the problem referred to in Art. 162, viz., the determina- 
tion of the number of independent covariants and invariants, for 
which purpose we have in the case of the cubic the follo\ving 
proposition : — 

The cubic has only two covariants, their leading terms being 
H and G ; and only one invariant, viz. the discriminant A, where 
a*A = (7* + 4M®, or A == aH^ -i- 4ac® - 6o6cd + 4d6® - 36V. 

The proof of this can be derived immediately from the pro- 
position of Art. 162. Let ^(a, j3, y) be any integral symmetric 
function of the differences of the roots (of order SS), expressible 
by the coefficients in a rational form. It is proved in the 
proposition referred to that a^<f> is of the form 

GF{a, H, A), or F{a, H, A), 
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according as <f> is an odd or even function of the roots. It follows, 
therefore, in the first place that there cannot be an invariant of 
an odd degree in the roots, since GF (a, H, A) does not remain 
the same function when a, b, c, d are changed into d, c, b, a, 
respectively ; and the only invariant of an even degree must be 
a power of A, since if F (a, H, A) contained a ox H besides A, it 
could not remain the same function when the coefi&cients are 
similarly interchanged. 

Again, the cubic has only two distinct covariants ; for it has 
been proved that every seminvariant is of one of the forms 

F^fl,H,^), or GF(a,H,^)-, 

and therefore the corresponding covariant, formed from the 
seminvariant as leading term, must be expressible as 

F{U,H^,A), or 

that is, every covariant is expressible in a rational and integral 
form in terms. of H* and G*, along with U and A ; or, in other 
words, there are only two distinct co variants. 

182 . The Quartie. Its Covariants and Invariants.— 

We have shown already that the quartic has two invariants, 
I and J (Art. 167 ). From the functions H and G of the differences 
of the roots we can derive two covariants Hj. and (?„, whose 
leading coefficients are H and G ; for from the relation 

00*2" (a - j8)* ■= - 48 
we derive, by the process of Art. 167 , 
o„* 2 (a - j 3 )* (X - y)* {X - 8)* = - 48 {UU^ - = - 48 F* ; 

and, expanding UU^- we have 

s (a^Oa - tti®) + 2 (aflOg - as® + (0904 + 20403 - Soj®) x® 
+ 2 (0404 - OjOg) X + (02O4 - 03®). 

In a similar manner, since 

G s 0 q®03 204® ““ 303O4O2, 
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we obtain the covariant 

mUi + 2Ua» - SUU3U2, 

which reduces to the sixth degree ; and if it be written as 
follows : 

Gic = Afpfi + Ajpfi + A^x* + A^x^ + A^x^ + A^x + A^, 

we find, by expanding the above, or more simply, by forming 
the source Ag, and performing the successive operations of Art. 
169, the following values of the coefiicients : — 

Ai= - - lOag^Ui + ISoiagUi, Ag = - lOagOg® + lOoi^a^, 

A2=5aoaiai+10aj^as-15aoa^3, .4i=ao®04+2aoai03+6ai*a2-9ooa2®» 

"I" 

Here it will be observed that, when A 3 is determined, A 2 , Ai, 
Ag may be obtained from A 4 , A 5, and .4e by changing the sufi&xes 
into their complementary values, and altering the sign of the 
whole, in accordance with what was proved in Art. 168. 

We proceed in the following Articles to discuss the leading 
properties of thesf two covariants of the quartic. 

183. 4|uadratic Factors of the Sextic Covariant.* — 

As the quadratic factors of G^ enter prominently into the follow- 
ing discussion, we proceed in the first place to find expressions 
for those factors in terms of the roots of the quartic, and to 
deduce their principal properties. 

Since the factors of G, expressed in terms of a, jS, y, 8 , are 

j 8 + y — a — 8 , y + a — j 8 — 8 , a + j 8 — y — 8 , 
the factors of G,, are obtained from these by substituting 

— 3 , — for a, B, y, 8 respectively, and multi- 
X — ax — px — yx — o 

plying each factor by — to remove fractions. 

CL 

♦ See a Paper by Prof. Ball, Quarterly Journal of Mathematica, vol. vii., p. 368, 
containing a full and valuable discussion of the various solutions of the biquad- 
ratic. 

VOL. n. 


L 
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Whence, denoting these factors by «, v, w, we have 


m 


av 


aw 


= jj( _J_ + L_'\ 

\x - P x — y x — a X — 8/' 

= U(-l—+-l ?_ L_\ 

= u( — 1_ + I I L_'\ 

\x - a X — jS x — y X — 8/' 


( 1 ) 


which values of u, v, w, arranged in powers of x, are 


= (jS + y - a - 8)x® - 2(j8y - aS)x + j8y(a + 8) - a8(j8 + y), ” 
v=(y + a- jS - 8)x® - 2(ya - /S8)x + ya{^ + 8) - j88(y + a), 
W — (a + ^ —y — 8)x® — 2(aj8 — y8)x + aj8(y + 8) — y8(a f jS)^ 


( 2 ) 


and, consequently, 326? ,, = a^umo. 

From equations (1) we easily find 

V = (a -8){x - P){x -y) - (P - y) (x - a) (x - 8), 
w = (a- 8) (x - ^) (® - y) + (^ - y) (x - a) (x - 8) ; . 
and from these and similar equations we have 

V® — w* tt* - V® U 

H — V V — X X — ij, a’ 

where A, ja, v have the usual meaning (Ex. 17, Art. 27) ; and 
consequently, 

(ft, — v)u^ <= (X — v) V* — (A — ft,) ; 

whence 


(^ - v) = (Va^X - V + Wa^X - fl) (V>v/A -V- Wa/X - jx). 

Since, as this identical equation shows, the factors on the 
second side are both perfect squares, we may assume 

VAfX — V + W/a/X - /as 2«i®, 


Va/X - V - WaJX- fi s 2%* ; 
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we have, therefore, 

W>/A — jU. •= Ml® - M2®, 
v-v/A - V = Ml® + Ma®, 
us/jx - V = 2miM2 ; 

from which values we conclude that m, v, w, the quadratic factors 
of G^, are mutually harmonic. 

For the geometrical interpretation of the equation G** = 0, 
see Art. 65. 

184. Expression of the Hessian by the Hnadratle 
Factors oft?*. — Since 

- 48 ^- 

combining the terms in pairs, and noticing that 
Z{^-y)(a~h)V 

{x-yY (x-SY 

= r{(^ - y) (x - a) (x - S) + (a- 8) (x - (x - y)}®, 
the quantities between brackets being m, v, to, we have 

- 48 ^ = M* + V® + w®, 
a® 

which is the required expression for H,.. 

185. Expression of the Quartic itself by the Huad- 
ratie Factors of G^g . — From equations (3) a symmetrical 
value may be obtained for U ; for, substituting in those equa- 
tions in place of A, fx, v their values in terms of the roots pi, p^, p^ 
of the equation 4p® - Ip + J = 0, we find 

a® (V® - m;®) = 16 (p 2 - Ps) U, a® (w® - m®) =» 16 (p, - pi) V, 
o®(M®-t;®) = 16(pi-p2) U, 

from which equations, by means of the value of Hg. in the preceding 
Article, we obtain 

(MM)® = 16 (piU - Hg), {avY = 16 {p^U ~ Hfi, (4) 
(aM;)®=16(p3£7-£f.), 

t.9. 
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We now make the substitutions 

where Ai, Aj, A 3 are the discriminants of u,v,w’, thus replacing 
u, V, w by three quadratics X, Y, Z whose discriminants are each 
equal to unity. By means of this transformation the forms of 
the quadratics are further fixed, and the identical relation con- 
necting their squares (see ( 1 ), Ex. 6 , p. 137) is expressed in its 
simplest form. Calculating their discriminants, we find 

= {p + Y -o.- 8){^y (a -t- 8) - aS -l- y)} - (jSy - aS)®, 

with similar values of Ag and A 3 ; whence we have 

Ai = - (A - jn) (A - v), Ag = - (/i - v)(jU. - A), Aa = - (v - A)(v - /a). 

Making these substitutions, the preceding equations become 

(Pi - Pz) ipi - Pa) X® = F* - piU, 
.{p2-Pa){p2-Pi)y^ = H,-p,U, ( 5 ) 

ipa - Pi) iPa - Pa) = p^U, 

from which are easily deduced the following values of U and 
and the identical equation connecting X, Y, Z : — 

H^ = p,^X^ + p^^Y^ + pfZ^, 

-U = p,X^ + p,Y^ + p,Z^ (6) 

0 = + 72 + Z 2 ; 

where, as has been proved, X, Y, Z are three mutually harmonic 
quadratics whose discriminants are reduced to unity in each 
case. The value of Gg, may be expressed in terms of X, Y, Z 
as follows. Since 326*,, = aHivw, and 

9Kf5 

mVm;* = (^ _ v)* (v - A)2 (A - pl)KX^Y^Z^ = (/a _ 27 J^)X^Y^Z^, 

Of 

we find 
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186. Resolution of the Ruartic. — From the equations 

-U = p,X^ + P,Y^ + p,Z^ 

0 = X^+Y^ + Z®, 

we find 

u = {p^- P 2 ) r* + {pi - Pz)z\ u^ip,- P,)Z^ + (p, - P,)X^ 
U = {p3 — Pi) X^ + ipa ~ pa) 

where X^, Y^, Z* have the values determined by equations ( 6 ) ; 
and breaking up these values of V into their factors, we have 
three ways of resolving V depending on the solution of the 
equation 

— Ip + J = 0. 

The resolution of the quartic has been presented by Professor 
Cayley in a symmetrical form which may be easily derived from 
the expressions abeady given for V and E^. For, since in general 

l{aiX^ + 2bixy + Ciy^) + m(a^^ + + c^^) + ^(aaX® + ^^y + c^^) 

is a perfect square when 

ifliCi - hi^) + Smn {a^c^ + - 26263 ) = 0 , 

IX + mY ■¥ nZ IS Si, perfect square when = 0, 

X, Y, Z being mutually harmonic, and the discriminants each 
reduced to unity. 

The resolution of U is therefore reduced to finding values of 
I, m, n such that the general quadratic IX + mY + nZ, or 

Is/pa- P3 >/Ex-- piU + ms/p3 - pi>jH^~ P 3 U 

■¥ n »Jpi — p^aJEj. — P 3 U, 

shall be a perfect square, and shall vanish when V vanishes. 
These values, corresponding to any root x = a, may be found by 
taking any set of values for oj pa — pa, *yp 3 - Pv •fp 1 p2f ^nd 
a set of values for the square roots of E^- piV, E^- paU, E^-paU, 
which are each perfect squares, so that the square roots have 
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each the same value for x = a, and then taking for X, Y, Z the 
definite values 

X ■= s/ P 2 — ps s/H-a ~ PiP I s/ P 2 ~ Pa • ^ Pa ~ pi ‘ ^ Pi ~ P 2 
with similar values for Y, Z, accordingly I, m, n have to satisfy 

^xJpa - Pa + »^Vp3 “ Pi + ^s/pi - P 2 = 0, Z* + + n* = 0, 

which equations are plainly satisfied if 

I ! s/ Pi- p2 = m ! s/ Pa- Pi = n ! sf pi- pz- 
Finally, the squares of the four linear factors of U must be 

iPi — P^ '>/ a pJI ^ iPa- Pi)**/Hx — PiU i: (pi— P2 )\/Hiii — p3;U, 

of which the product is AZ7*. 

If it be required to solve the quartic kU we may 

similarly select values of Z, m, n so that IX + mY + nZ shall be a 
perfect square and shall vanish when kU - XH^ vanishes. These 
values may be foimd by taking a definite set of values for 

Vp2 - Ps. V Pa- Pv p Pi- Pay P><y writing 
- pJJ = 

where IH=‘ Pi / Vi) similar values for - p^U, 

Bx - PaB, selecting values for the square roots of 

Hx-H{KV-mx), Hx-ii2{xU-XH,), Hx-P2{kU-XHx), 

which are each perfect squares, so that they may each have the 
same value for a definite root a' of /c 17 - XH^, putting 

X^Vp^-PsVk-XpiVHx- ih{KU - XHx)l\/ K p Pi- ps 

Vpa-piVpi-pi 

with similar values for Y, Z ; then Z, m, n have to satisfy the 
equations 

^ Vp2 - Pa Vk - Api + ^ Vps - Pi - Apa + n Vpi - Pa 

Vk - Ap3 = 0 


Z* + m* + = 0, 
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which are plainly satisfied if 

II Vpi- P sVk -X pi^^mlVpa- P iVk-Xp 2 

= n/Vpi - p^Vk - Xpa, 

whence IX + mY + nZ is the square of a linear factor of 

kU - XH^ = 0. 

187. The Invariants and Covariants of kU - AH*. — 
Employing the equations (6) of Art. 185, and denoting 

X^+ y* + Z* by V, we may, by adding - ~ V to AH* - /cH, 

reduce it to the form Ji^X^ + Hj + H3Z®, where Hj + H2 + H3 = 0. 
When this is done, we have the following reduced values of 

■Rj, Jtij, Hg . 

3Hi = K (2pi - Pi - Pa) + ^ (2p2p3 - PaPi ~ P 1 P 2 ), 

3^2 = K {2p2 -p3- pi) + ^ i^PaPi - Pip2 - PiiPs). 

3R3 = K ( 2 p 3 - pi- P2) ^ ( 2 piP 2 - P2P3 - PaPi)- 

On account of the similarity of the forms 

PiX^ + p^Y^ + PiZ^ and HiX** + H2F* + H3Z*, 

which are of the same type, it is clear, and we may verify by 
direct calc\dation, that XYZ are also the factors of the sextic 
CO variant of kU - AH*, and that its Hessian is 

Rj^X^ + R^^Y^ + Ra^Z\ 

so that we may calculate the invariants and covariants of kV-XH^ 
by simply changing pi, p2, ps into R^, R^, R^ in the expressions for 
the invariants and covariants of JJ. 

Therefore, since 

^ = f {(p2 - Pzf + (Ps - Pi)® + (pi - P2)®}. I ° - ^pipipz, 
and 

H2 - Hs = (p2 - Ps) (k - Api). Rs - Ri =■ (Ps - Pi) (« - Va)> 

Ri - R* “ (Pi - Pa) (« - Vs). 
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we find the following values for the invariants oi kU - AH* 


I{k,k) = Ik* -SJkX+ j^A2 
7 7S 64J2-/3,, 

«/(«, A) = - -g kX* gjg A*. 


If we form the covariants and (r(*^ of Q, where 

iQ = 4k« - Lx* + JX* 

(the reducing cubic rendered homogeneous in k, A), we find, as 
M. Hermite has remarked, 

Ak, A) ~ ~ ^^II{K,\)f 'Iu,\) ~ ^^(k.A)' 

Again, to calculate the Hessian of kU — AHj., we reduce 
Rj*X* + + R*Z* 

by the substitutions 

p,*X* + p,*Y* + p,*Z* s J(/H* + JU), 
which are obtained from the equations 

Pl^ = PHP3 + ily P2^^PsPl + lI> Ps^ = P 1 P 2 + 
by multiplying first by piX*, p^Y*, p^Z*, respectively, and, 
secondly, by p-^X*, p^Y*, p^Z^, and adding. 

In this way we find the following form for the Hessian of 
kV - XE^ 


E, (fK* - 1 A*) - 17 (|z«A - JA»)| ; 
which may be expressed in the form 



which is a multiple of the Jacobian oi kU - AH* and ii, the 
variables being k and A. 

Again, since Z* - 27 J* = I6{p^ - pg)* ipa - PiY {pa - Paf, 
and - W/® - 27 J* . XYZ ; 
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transforming p^, p^, p^ into R^, R^, R 3 , we find 

/*(«. A) - 27J2(«. A) = - 27 J% G(k. a)« = 

We have therefore expressed the invariants and covariants of 
kV — XHj. in terms of the invariants and covariants of TJ. 

188. IVumber of Covarlants and Invariants of the 
Quartic. — We proceed to prove the following proposition, which 
determines the number of these functions : — 

The quartic has only the two distinct invariants I and J, and 
two distinct covariants whose leading coefficients are H and G. 

This proposition asserts that every invariant is a rational and 
integral function of I and J, and every covariant a rational and 
integral function of U, H„ G^, I, J. The following discussion 
is founded on principles similar to those already employed in the 
case of the cubic. It is proved in the proposition of Art. 163, if 
<f> (a, j8, y, 8) be any integral function of the differences of the 
roots expressible by the coefiicients in a rational form, that 
a^tf) (a, y, 8) may be expressed by the forms 

GF{a,H,I,J), or F(a,H,I,J), 

according as <f> is odd or even. 

Now, if F {a, H, I, J) be an invariant, a and H must disappear, 
since if they were present this function could not remain the 
same when the coefficients are written in direct or reverse order. 
Similarly, no odd function such as GF {a, H, I, J) can give 
an invariant. It follows, therefore, that every invariant is a 
function of I and J. 

Again, the quartic has only two distinct covariants ; for we 
have proved that every function of the differences is of one 
of the forms 

F{a,H,I,J) or GF{a,H,I,J). 

Now, considering these forms as the leading coefficients of 
covariants, it has been proved that every covariant is expres- 
sible as 


FiU,H^I,J) or GJ'{U,H,,I,J)) 
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that is, every covariant is expressible in terms of and 0^^ 
along with Z7, 7, and J ; and this is the proposition which was 
required to be proved. 


Examples. 


1. If be any cubic, and its cubic covariant, prove that the Hessian of 
XU + fiGx has the same roots as the Hessian of U, X and being constants. 

2. Prove that any co variant of a quantic, whose roots are a^, a 2 , . . • %» 
satisfies the equation 

where a is the degree of ^ in the coefficients of the quantic, and = £a. 

3. If a quantic have a square factor, prove that the same square factor enters 
its Hessian. 


4. If a quartic have a square factor, prove that the co variant 0^ has that 
factor as a quintuple factor, and give the values of u, v, to in this case. (See 
Art. 146.) 


6. If 4 M ^ two quantics of the degree, the roots of ^ (a:) being 
«!» aa» 08* • • • show that their Jacobian may be expressed as follows : — 


f«n 

J(^. = 

f*»l 


f(Of) 


1 

(*-Or)*’ 


and in particular prove that the sextic covariant of the quartic ^(x) may be 
written under the form 




(» - g)*- 


6. Prove for a quartic U that the sum of any two of the quadrics 
(x - a)* (x - )5)* (X - y)» (x - 8)* 

^'(a) ' f(fi) ' f(y) ' m 
is a factor of the sextic covariant of U expressed in terms of the roots. 


7. If A be the discriminant of 


^(x) s a^{x ~ aj) (x ~ a,) (a: - ag) ... (a? - a^), 
prove that the equation which has for roots the n values of the irrational covariant 




Zf 


- 4>'(ar) 


(X - 


oan be expressed in terms of the covariants and invariants of ^ (a;) in a rational 
form when J adjoined ; and show that the values of % when w = 3 and n =» 4, 
respectively, are multiples of the solutions of the cubic and quartic given by 
Cayley (Arts. 180, 186). 
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8. Applying the principles of Art, 188, determine without calculation the 
form of the sextic oovariant of the quartic AC/ 4- 

9. Calculate the values of Hy 1, 0, J for the Hessian of a quartic. 


Ans. H' 


3^0^/ - HI P 
12 ^ - 12 


*0' - - 


‘ SIT" 


10. Find the two conditions that the Hessian of the quartic wanting its second 
term should be a perfect square, and show that both contain J as a factor. 

Ans, JO 0, a^(2HI — Za^J) = 0. 

11. A seminvariant of the equation 

(ao, ai, aj, . . . a^) (a;, l)^ = 0 
arranged in powers of being 

^ 3 Ajj -f“ pAjf-ittf^ 4“ J 2 4“ • • • 4* A^df^^ ; 

prove that DAj ~ hence show that if ^ (Oo» ® 2 » • • • ®f) ^ 

seminvariant, so also is ^ (Aq, Aj, Ag, . . . A^). 

12. Hence show how the final coefficient of the equation of squared differences 
can be found for any equation when it is known for the equation of next lower 
order. 

13. If 4>{an) 3 (Ao, Ai, A^, . . . Ap) (a„, 1)^ 

^ i^n) = ■®2> • • • ^q) (®n> 1)* 

be two seminvariants of arranged in powers of a^, prove that any semin- 
variant of the system </> (a?) and ^ (a?) is a seminvariant of 

14. If 

A ^ (-^0> ^19 Aj, ... Ap) ((lf^y 1)^, 

A ~ (^o» • • • -^g) 1)^ 

be two invariants of = (oq, aj, . . . %) (ar, y)^, prove that the resultant of 
and /g when is eliminated is the leader of a co variant of C/n-i of the degree 

(n 4 - l)pq - pn^ - 

in the variables, tti and ttj being the orders of and /j. 


16. If the discriminant of a biquadratic be written under the form 
(Ao, Aj, Ao, Ag) (ag, 1)*, 
prove that the discriminant of this cubic is 

where Ag is the discriminant of (ao» «!» «a» 1)* • knowing Ag, find 

Ag, Ag, and Aq. 
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16. Form the equatidn whose roots are 

4^(9^* ^(® 8 )» • • • 4(^n)> 

where a^, Og, aj, . . . i^re the roots of f(x) = 0, the res 
<l> {x) being given. 

Change the last coefficient 6^ of ^ {x) into — p, and substitute this value 
for in the equation = 0. 

17. If ^ (a;) = (flo, Oj, aj, . . . a^) (a?, 1)**, whose roots are oi, ag, . . . On > 
and if 

^ (aj) ^ Aq(x — pi) (x — P 2 ) ... (a; — Pn- 2 )* 

a covariant of ^ (a;) of the degree n — 2, prove that any symmetric function of 
the quantities 

f(ai)' ‘ ’ ‘fK) 

can be expressed by invariants. (Hermite.) 

Denoting by R the resultant of ^ (a?) and X^'{x) 4- ^ (a?) expressed in terms of 
the roots of ^ (a;), we can prove this proposition simply by showing that the values 
of A given by the equation R — 0 are not altered (except in sign) when for the 
roots a and the roots p their reciprocals are written ; the inversion of the roots a 
involving the substitution of af^_f for % and also the inversion of the roots P of 
ilt{x). 

18. Prove that and expressed in terms of and of Art. 183 are 
both of the form 

(A, B,A){ih^ 

19. Prove that the quartic 

f(x,y) = (a, 6,c, d, e) (x, y)^ 


may bo reduced by a linear transformation x = XX + y,Y, y ^ X'X + fi'Y to 
the form 

/(A, X')X^ + epM^X^Y^ 

where 

— /p 4 - / = 0, Jf = Xfi' — X'fi- (Sylvester.) 


A fi 

20. Retaining the notation of the last example, prove that ~ and — are the 

A ft 

roots of one of the factors u, v, w of the aextic covariaut of the quartic (Art. 183). 


21. Prove that 


dx* 


= 60(17, - 


UoV,*), 


the reducing cubic of Art. 66 (cf. Ex. 5, p. 132, Vol. I.). 
22. Prove that 


PiPX* + p,i»r* + p,vZ* = n,_,£fa - Xip-iU, 
where n^.,, are sums of homogeneous products. 
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23. Prove 

(27J2 - /*)(r*Z2 + + X^Y^) = + 12IH^^ 

the second side of this identity being the Hessian of 

24. If C; s 

where f = Aa; + fiy, rj = X'x + /i'y, M = \fi — AV ; 

prove that I = 4- 3m*), J = M^(m — m*), 

Mt^ i l±i^, 4(ilf»w)» - + J = 0, 

I m — 

Hi = if*{m(f* 4- 1 ?*) + (1 - 3m*) fV}, 

-9m*)^„(^^-T;*). 

25. Show (1) that there are two real and distinct ways of making the trans- 
formation of Example 19 when the roots of the quartic are all real or all 
imaginary, and (2) only one reaJ way when two roots are real and two imaginary. 

Calculate the values of Aj, A 2 , Aj of Art. 185, and observe that in the first 
case the reducing cubic has three real roots, and in the second one real and two 
imaginary roots. 
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CHAPTEK XVIII. 

COVABIANTS ND INVARIANTS OF COMBINED FORMS. 

189 . Cc ^bined Formg . — the present chapter we pro- 
pose to illustrate the theory of the covariants and invariants of 
systems of two or more quantics (Art. 166) by the simplest 
cases, viz. : (1) two quadratics, (2) quadratic and cubic, and 
(3) two cubics. We give in each case an enumeration of the 
forms which have been shown to be fundamental by the investi- 
gations of Clebsch, Gordan, and Sylvester, showing how these 
forms may be obtained, but without attempting the reduction 
of all other forms dependent on them. In estimating the num- 
ber of covariants and invariants of a combined system, the 
independent foribs which belong to each quantic by itself are 
counted among the total number belonging to the system. It 
will be found convenient to use the term special to designate 
those forms which belong to the two quantics regarded as a 
system (and which therefore contain the coefficients of both), as 
distinguished from those which belong to the quantics taken 
separately. 

Invariants and covariants are both included under the name 
conccmitant, which is applied to any function whose relations to 
the quantics are independent of linear transformation. 

190. Two Quadratics. — Let the two quadratics be 

U a Oja:® + 26ia^ + V a O2X® + 2 b^y -h 

This system has one special invariant, and one special covariant. 
The invariant may be obtained by forming the discriminant of 
XU + pV, which is found to be 

A® hj®) -f- Xfi {ajC^ + UgCj ~ 26^62) — ^a^)» 
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all the coefficients of A : /x beinig invariants (Art. 176) ; whence 
we have the special invariant 

O1C2 + OjCi - 26162 = 2 Ii2- (Ex. 3 , Art. 171 .) 

The vanishing of this function of the coefficients is the con- 
dition that the pencil of lines VV = 0 should be harmonic, the 
rays represented by one equation being conjugate to those 
represented by the other. 

The special covariant is the Jacobian of the system, viz., 
a^x + 6iy h^x + 

^ J{U, V), 

+ 62 ® + 

which may be written in the form 

- xy X® 

» 

62 C 2 

obtained by eliminating dialytically the variables from the 
quantics U, V, (xy' - x'y)®, the form xy' - x'y being a universal 
concomitant of all binary quantics (Art. 175). This form for 
J {U,V) can also be arrived at by eliminating A and /x. from the 
equations obtained by comparing the coefficients in the identity 
XU + /xF s {xy' - x'yY. 

The square of J is connected with U and V by the following 
important relation : — 

- J® (Cr. F) = - 2I^,UV + /uF®, (1) 

which may be derived immediately from the equation 



- xy 

®® 



2xy 

y^ 


0 

u 

F 

Ol 

K 

Cl 


Cl 

-26i 

Ol 

= 

u 

2/u 

27ig 

02 


C 2 


02 

-262 

0/2 


V 

2 /., 

2/22 


Again, it is easy to see that J{UV) gives the double lines of 
the system \U + /xF, for when XU + /xF is a perfect square 
A®/u + 2 A^/j 2 "t" “ 9> 
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and eliminating A : /t by means of the equation \U + yiV = 0, the 
double lines are determined by the equation 

- 2£wgF + /uF* =. 0, 

or F) = 0. 

Every concomitant of a system of two quadratics may be 
expressed in terms of the six forms V, V, J {U, F), Zn, / 12 , Z 22 
all of which are constituents of the formula (1) written*^BSfVe. 
The resultant of U, V, for example, is 

4(ZxiZ 22-«. (Art. 160.) 

which is also the discriminant of J (U, F), and the dialytic 
eliminant of U, V, J {U, F). 


191. Quadratic and Cubic. — Let the two quantics be 
U = {a, b, c, d) {x, y)®, F s (o', b', c') {x, yf. 


the covariants of U being denoted as usual by Hg. and Gg.. The 
system has one special cubic covariant, the Jacobian of V and F, 
or J (Z7, F) ; and one special quadratic covariant, viz., J {H^ F). 

In writing down the remaining covariants it will be found 
convenient to adopt the following notation. We use U with 
suffix D to denote the result of substituting in U the differential 


symbols Dy, - for x, y, respectively, where D* = ^,Dy s 
hence 


iy’ 


Ujj^{a,b,c,d){Dy,-DX, Vo 


(o',6',c') {Dy,-D,r, 


with a corresponding notation in other cases. 

There are four linear covariants, which may now be written 
as follows : — 


Vom VoiO.), Vo{V% QoiV^). 

The first of these written at length is 

(oc' - 266' + ca') x + (6c' ~ 2c6' + da') y. 
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There are three special invariants. The first is the inter- 
mediate invariant of the system of two quadratics if* and V, 
viz., 

(oc - 6®)o' - {ad - bc)b' + {bd — c^)a' s 

where the notation I,, is used to signify that the invariant is 
of the degree in the coefficients of U, and the j** in the 
coefficients of V. The second invariant is the resultant R of 
U and F. It is of the second degree in the coefficients of U, 
and third in the coefficients of V, and may be expressed in 
many ways by the methods of elimination of Chap. XIV. The 
general form of any invariant of this type is 

7j3 = IR + m {a'c' - b'^)!^!, 

I and m being any numbers. 

The third invariant (which is skew) is of the type and 
may be obtained by operating with F^ three times in succession 
on the product of U and ; it can be written in the form 

Vi>^{UG,). 

There are, therefore, nine special forms belonging to this 
system ; and if to these be added U and F, and the independent 
covariants and invariants of each, we obtain the complete list 
of fifteen forms, viz., three cubic, three quadratic, and four linear 
covariants, and five invariants. 

192. Two Cables. — Let the cubics be 

U s (o, 6, c, d) {X, y)\ V = (a', b’, c', d') {x, y)*, 
the covariants of U being represented as before by and G^e 
and those of F by J?'j, and (r'*. 

Of this system there is one quartic co variant, the Jacobian of 
U and F, viz., 

J{U,V) s {ab') X* + 2 (oc') x®y + {{ad') + 3 (6c')} xV 

+ 2 {bd') xy^ + {cd') y* ; 
and two special cubic co variants, viz., 

J{U, H’^),&ndJ{V, H^). 

M • 


VOL. II. 
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There are four special quadratic covariants. If we form the 
Hessian of XU + jti7, i.e. substitute Xa + jtta', Xh + /a6', &c., for 
a, h, &c., in H,., we find 

+ A/iMa, + fx^H' 

The intermediate Hessian Mj, here obtained is the first special 
quadratic covariant ; and the remaining three are obtained by 
taking the Jacobians in pairs of M,^, and H'*. 

There are six linear covariants which may be written as 
follows : — 

It is easily seen that Hj,{U) and Hj^iG^) vanish identically, 
for U and may be brought by linear transformation to the 
forms ox® + dy®, and ad(ax^ - dy^), respectively, and to the 
form adxy (cf. Art, 180). 

There are in all seven invariants, five of which may be ob- 
tained by forming the discriminant of XU + ju,7, the coefficients 
of the different powers of A : /x being invariants. If the dis- 
criminant is 

X*A + 4A®jx0 + 6AV®^ + 4A/x®0' + /x*A', 
we obtain in this way three special invariants 0, 0, the 
extreme coefficients being the discriminants of V and 7, The 
two remaining invariants are of odd orders in the coefficients of 
each cubic. They are denoted by P and Q, and may be defined 
as follows : — 

i^-iC^i,(F) = (od')-3(6c'), (1) 

27g = P^-R, (2) 

where R is the resultant of U and 7 as obtained by Bezout’s 
method (Art. 165), viz,, 

R = {ady - 18 {ab') {cd') {ad') + 9 {bd') {ca') {ad') 

-I- 27 {ca')^ {cd') + 27 {ah') {M')'^ - 81 {ah') {be') {cd'). 

Substituting this value of R in (2), we find 

- g = (6c')® + (m')® {cd') + {ah') {bd')^ - {bc')^ {ad') 

- 3 {ah') {be') {cd') - {ad') {ah') {cd'). 
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Any invariant comprised in the formula IP® + mR, where I 
and m are numbers, being of the type might have been 
selected instead of Q as the fundamental invariant of this type ; 
reasons will appear subsequently for the selection which has 
been made (see Ex. 4, p. 164). 

If to the special forms enumerated be added those which 
belong to each cubic, we have in all twenty-six fundamental 
forms, viz., one quartic, six cubic, six quadratic, and six linear, 
covariants ; and seven invariants. 

Several of the covariants and invariants enumerated in the 
preceding Articles will be found expressed in terms of the roots 
of the two equations of the combined system among the examples 
which follow on the next page. 

193. Combinant s. — Combined forms of the same degree 
give rise to a series of invariants and covariants whose coeffi- 
cients are expressible by determinants of the form (ajb,), such 
as occur in the resultant obtained by Bezout’s method (Art. 166). 
These concomitants are unaltered, save by a factor of the form 
(Xfi - when the quantics U, V are changed into AfJ + /iV, 
X'U + fjfV. Such invariants have been called combinants, and 
the corresponding covariants may be termed in like manner 
combining covariants. Of the former we have examples in P and 
Q of Art. 192 ; and the Jacobians of such forms are examples of 
the latter class of concomitants. 

It may be noticed that the I and J invariants of the biquad- 
ratic in A : ju. of the preceding Article, viz., the discriminant of 
AZ7 + /xF, are combinants of the system of two cubics ; for, in 
fact, a linear transformation of A and g, is equivalent to a trans- 
formation of TJ and F of the kind considered in the present 
Article, and therefore any function of the invariants A, 0, 0, 
&c., unaltered by such transformation, must be a combinant. 
It can be verified that these invariants may be expressed in 
terms of P and Q as follows (see Salmon’s High&r Algebra, Art. 
218) 

7 = 3P (P® - 24(2), J = - P« -t- 36P«Q - 216Q®. 
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Examples. 

1. If a, /}, y, and of, fi' are the roots of the equations 

U s oa;* + Zbx* + Sex -f- d 0, F s a'x^ + 26'aj + c' = 0, 
express in terms of the coefficients the function 

()} - y)*(a - a')(a - p') + (y ~ a)HP - a')(P - jS') + (a - P)*(y - a')(y-^'). 

Denoting this function by we easily find 

- a^a'4> = 9{a'(6d - c*) - 6'(ad - 6c) + c'(ac 62)}. 

The given function of the roots is an invariant of the system, for it involves 
all the roots of the cubic in the second degree, and all the roots of the quadratic 
in the first degree. If, in fact, we make the substitutions of Art. 166, and multiply 
by 17 *F to make the function integral, the result will not contain a:, and is 
therefore an invariant (Art. 191). 

The geometrical interpretation of the equation ^ ~ 0 is that the quadratic F 
should form with the Hessian of (7 a harmonic system. 

2. Using the same notation as in the preceding question, find the condition 
that one pair of roots of 17 = 0 should form a harmonic range with the roots of 
F-0. 

Ana, i2 4-9(a'c'~6'*)/ai = 0. 

3. If a, p, y, and a', /S', y' be the roots of the cubics 

U s ax^ -f- 36a;2 + dex + d = 0, F s a'*® + + 3c'a; -f- d' = 0, 

express the following function (when multiplied by oo') in terms of the coefficients, 
and prove that it is an invariant of the system : — 

(a - a') (p - P') (y ~ y') + (a - p') (p - /) (y ~ a') + (a - /) {p - a') (y^/S') ; 
or, differently arranged, 

(a-a') {p - /) (y - /S') + (a - /S') (p - a') (y - /) + (a - y') (/5 - /S') (y-a') ; 

Ana. 3P, where P s {ad' a'd) - 3 (6c' - 6'c). (Art. 192.) 

4. Retaining the notation of the preceding example, prove that if k can be 
determined so as to make 17 + icF a perfect cube, the following relation exists 
among the roots of the two cubics : — 

iP - y) i/W) + (y - «)^^) + (a - /S) W) = 0, 

where f^{x) s V and a, /S, y are the roots of f7 «= 0 ; and prove that in this case 
the invariant Q (Art. 192) vanishes. 

The relation among the roots is obtained immediately by substituting a, /3, y 
for X in the identity 17 + /cF 5 (fa; + m)®, and eliminating k, I, m from the 
resulting equations. 
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Rationalizing, we have 

Substituting for ^ (a), <f> (j3), ^ (y) ; 'introducing the relations obtained by com- 
paring the different powers of A in the following identity : — 

Z(a + Xy{p - y)a = 3(a + X) (p + A) (y + A) {p - y) (y - a) (a - p); 

and expressing the result in terms of the coefficients, we find 

{3P}* - 27JB = 0, or Q^O (Art. 192). 

We now give several different forms under which the invariant Q presents 
itself. Since U + kV is a perfect cube, we have (Art. 43) — 

a “h ft 4" ® 4” /i\ 

6 4- Kft^ c Kc' d -h Kd'* 

Equating these fractions separately to — k\ we find 

d 4" “1“ ^^ft 4" fCK^b^ = 0> 


ft 4- /eft' 4- te'e 4- if/cV « 0 , V (2) 

c 4- /ec' 4" ic'd 4- ic/c'd' = 0 ; J 

and solving for /c, /c', /e/c', we may eliminate them, and find the condition in 
the form 



d 

b 

C 


ft' 

c' 

d' 


d' 

ft' 

c' 


b 

c 

d 


d' 

b' 

c' 


d 

b 

c 

- 

a 

ft 

c 


a' 

ft' 

e' 


ft' 

c' 

d' 


ft 

c 

d 


ft 

c 

d 


b' 

c' 

d' 


Again, eliminating k and /c® from the equations (1) without introducing k', 
we obtain another form for Q, viz., 

dc — b^ ac' 4“ cb'c — 2ftft' d'e' — ft'* 

Q s ad — be ad' 4- cx'd — ftc' — ft'c a'd' — ft'c' 

ftd - c* ftd' 4- ft'd - 2cc' ft'd' - c'* 

This form of Q can be readily obtained also by expressing the condition that 
the Hessian of Ai7 -t fiV (Art. 192) should vanish identically — a condition which 
is fulfilled when XU + /iV is a perfect cube. 

Finally, writing the equations (2) in the form 

a 4- /c'ft _ ft + /e'e c 4- ic'd 
a' + K'b' 6' + k'c' “ c' + K’d'* 

and eliminating k' and k'*, we have a third form for Q, viz., 

(Ob') (ac') (be') 

Q s (ae') (ad') + (be') (bd') 

(be') (M') (ed') 
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The constituents in this form are the same minor determinants which occur in 
Bezout’s form of the resultant ; and it may be easily verified that this value of 
Q agrees with the expanded form written in Art. 192, 

6. Find the condition that the roots of two cubics should determine a system 
in involution. 

The condition in terms of the roots is expressed by equating to zero the pro- 
duct of six determinants of the type 


1 

o + a' 

aa' 

1 

P + P’ 

pp' 

1 

y + y' 

yy' 


6. Express the condition of the preceding example in terms of the coefficients 
of the cubics. 

The roots of one cubic being conjugates to the roots of the other, the two are 
reducible to the following forms : — 

U = ax^ 4- 36a:* -f 3ca: + d, 

F ~ da:* -f Zkcx^ -f 3/c*6a: -f K*a ; 

and writing the discriminant of pU + F in general in the form (Art. 192) — 
p^A -f 4p*0 -f + 4/)0' + A', 

we find in this case 

0' = /c*0, A'-/c«A; 
whence the required condition 

A0'* - A'0* = 0. 

7. Express in terms of the coefficients of the cubics of Ex. 3 the following 
covariant of the system ; — 

aa'Zm - n (y - /) + 3(i3 ^ /) (y - jS') + (jS - y) (jS'-- /) } (a: - a) (a:-a'). 
Aim, 18{(ac' 4- a'c — 266')a:* -f {ad' 4- a'd — be' — 6'c)a: 4* (6d' + b'd — 2cc')}. 

8. To reduce the two cubics 

U = (a, 6, c, d) (a:, y)*, F = (a', 6', c', d') {x, y)® 

to the forms 


4 az’ 


V = 


1 ^ 

iar’ 


by means of a linear transformation whose coefiB.cients are to be determined in 
terms of the coe£Scients of the given cubics. 

If F ^(A,B,0,D.E){X,Y)*; 

and U s (a, b, c. d) {x. y)* = {A, B, G, D) (X, Y)*, 

V s (o'. 6', o', d') (X, y)» =. (B, 0, D, E) (X, Y)>. 
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by substituting the differential symbols Dy, — for x and y, and — Dy, 

— -r_ Dx for X and Y in the Hessian of both forms of C/, we find 
M 



DxDy 

D a 

Uy 



DxDy 

Dr^ 

a 

h 

C 

1 

“ il/4 

A 

B 

C 

b 

c 

d 


5 

G 

D 


whence, operating on both forms of F, we have 



a' 

6' 

c' 


6' 

c' 

d' 

ill 

a 

b 

c 

X + 

a 

b 

c 


b 

c 

d 


b 

c 

d 

Similarly 

a 

b 

c 


b 

c 

d 

4>(!»,y) = 

a' 

b' 

c' 

X 4- 

a' 

6' 

c' 


b' 

c' 

d' 



c' 

d' 


JY 
^ ~ M*' 


JX 


where ^ and 0 are covariants of TJ and F, and J is the ternary invariant of F. 
Again, since 

^ ““ ~ and — == — tjt {Dyt — Y)x) = 

performing the operation 

<t>D^ {x, y), or {x, y), 
on equivalent forms, we have 





a 

6 

c 


6' 

c' 

d' 


a' 

6' 

c' 


b 

c 

d 


a' 

6' 

c' 


a 

b 

c 

— 

a 

6 

c 


a' 

b' 

c' 


6' 

c' 

d' 


6 

c 

d 


b 

c 

d 


b' 

c' 

d' 




We are now in a position to prove that 17, F may be reduced to the required 
forms. 


From former equations we have 
Qx 


Qy ^ - 


b' c' d' 


bed 

a b c 

<!>- 

a' W c' 

bed 


6' c' d' 

a! 6' c' 1 


a b c 

a b ' c \ 

<!> + 

a' b' c' 

bed 


6' c' d' 


0 s 


0 =s — 4“ F^* 


0 « ia? + wy, ^ Fa; + w'y. 
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If, using this transformation, 

Q^U = (A% O', Z>') (^, 0", D") (^, 0)», 

we have 

r:= am* — 36m*i -f 3cmZ* — (fl* = 

JB' = — amhn' -f 6m*Z' -f 2bmm'l — 2cm?r ~ cf*m' + 

~ m\hV — am') + 2mf(6m' — d') -1- — cm'). 

Now if the Hessians H, W of ( 7 , V are equal to 

yx^ — pxy + ay\ y'x^ — p'xy + a'y* 

respectively, we have V = oa' + bp' -f cy\ m' = 6a' -f cp' 4* dy\ with similar 
values for I, m, and hence 

bl' — am' « Oy') == a'm — b% cl' — 6m' = (ya') == 6'm — c'f, 

dF — cm' « (ap') * c'm — d'L 

Hence B' == m*(j3y') - 2nd(ya') 4- l\aP') = H% 

B' also *s — 

C' *= mm'(am' — bl') 4- ml'(cl' — 6m') 4- — 6m') 4- U'(cm' — dF) 

mm'iPy') 4- (ml' + m'l) (ya') - ll'(ap') - - ^tPo4^i^(HH'), 

C' also - 

D' * m'* (py') - 2m'F (ya') 4- F* (a/S) = (H, H'), D' also = - 

Similarly, 

A" - m* (/5y') - 2ml (ya') 4- (ap') = B' 

B" - mm'(py') + (mF 4- (ya') - W (aP') « C' 

C" = m'*(j8y') - 2m'l'(ya') 4- V (ap) = D' 

D" = - 

Hence, putting 

A'^Q*A, B'^A"^Q^B, C' ^ B" ^ QW, D'^C"^Q^D, D" ^ Q*E, 
F^(A, B,G.D,E)(4>, 0)S 

u rr jr 

we hare ^“4^* ^“4^' 

and we note that A, B, G, D, E are invariants as they should be. 

9. Determine the invariants of F in the preceding example, and hence infer 
the form of the resultants of two cubics. 

We have, from the equations of Ex. 8, 

Q « J* / if» ; if - (ml') / 0* « g, 

and, substituting differential symbols for x, y and tjs in both forms of F, and 
operating on U, we find 

Pmad' --a'd^ 3(6c' 6'c) * //if* » //«*. 

Hence J* « Qw / « Q*P, 

J* ~ 27J* « g*(P* - 27©), 

from which it follows that when P* « 27©, we have /* = 27J* ; but the last 
relation holds when F has a square factor, which necessitates U and F having a 
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common factor ; whence, if P* — 27 Q, U and V have a common factor, and 
therefore P* — 270, being of proper degree and weight, is the resultant of the 
cubics U and V (cf. Art. 192). 

10. If o, ]8, y, 8 : a, j8', y', 8' be the roots of the biquadratics 

(a, b, c, d, e) {x, 1)^ = 0, (a', 6', c', d', e') {x, 1)* = 0, 

prove 

oa'i? (a - a') (p - p') (y ~ y') (8 - 8') = 24{ae' + a'e - 4 {bd' 4- b'd) + 6cc'}, 
and show that this function is an invariant of the system. 

11. Prove that the following function of the roots of a biquadratic and 
quadratic gives an invariant of the system, and determine its geometrical 
interpretation : — 

I P + y Py ly + aya I a p ap 

Ia-f8a8 X Ij9 + 8j88 x Iy4-8y8 

1 a' + jS' a'p' 1 a' ^ p' a'p' 1 a' +p' a'p' 

The geometrical interpretation of the equation ^ » 0 is, that the two con- 
jugate’' foci of some one of the three involutions determined by the biquadratic 
form along with the quadratic an harmonic system. 

12. Prove that the following functions of the roots of a biquadratic and 
quadratic give invariants of the system, and determine their values in terms of 
the coefficients ; — 

ao6o*i7(a' ~ a) (a' - p) {p' - y) (P' - 8), 
ao*b,^U{a ^ P)^ (y - a') (8 - p') (y - P') (8 - a'). 

13. lff(x) and <l>{x) be two quartics with unequal roots, the roots of /(«) being 
a, Pf y, 8, prove that the condition that a quartio of the system Xf{x) + fji4(^) 
can have two square factors may be expressed as follows : — 

1 a a* \/^(a) 

1 p JfW) 

= 0 . 

1 y yJ ^^{y) 

I 8 8 * sIW) 

14. Determine the condition in terms of the coefficients that the quartio of 
the form Xf{x)+fj4> (x) may have two square factors. 

In this case the Hessian of y^(x) 4- (x) s k{A/ (x) 4* {*)}, from which 

identity we have five equations to eliminate A*, A/i, fx\ /cA, /c/li ; thus obtaining an 
invariant 144, of the degree in the coefficients of each equation. 

15. The discriminant of XU 4- where U and V are cubics (a, 6, c, d)(x, y)\ 
(a', 6', c', d') («, y)\ being written as in Art. 192, resolve into its factors the 
covariant 
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The leading coefficient of this covariant is easily obtained by forming the 
discriminant of aV — a'U directly ; it is 

(aby{4.(aJb'){ad') - 3(ac')*}, 

which may be written in the form 2^1* {PA + 6 (AG — ^*)}, where -4, 5, C are 
the first three coefficients of the Jacobian ; and» consequently, the given covariant 
is expressed as follows : — 

2J*(?7, V) {PJ(U, F) + 6 Hessian of J(?7, V)}. 

1 6. Express the invariants of the Jacobian of two cubics in terms of P and Q. 

Ana. 127' = P*, 216J' = 64C - 
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CHAPTER XIX. 

TRANSFOR MATIO NS. 

Section I. — Tschirnhausen’s Transformations. 


194. Under the general heading of this chapter we propose 
collecting several propositions which could not have been con- 
veniently given elsewhere, and which are of importance in 
connexion with the subjects discussed in the foregoing pages. 
We commence with a general theorem relating to rational trans- 
formations. 

Ttaeorem. — The most general rational algebraic transforma- 
tion of a root of an eqmtion of the degree can he reduced to an 
integral transformation of the degree n- \ at most. 

For every rational function of a root a, of the equation 
/ (a?) = 0 is of the form 

X (°r). 

lA(®r) 

where x S’!!*! 0 integral functions ; also, 


xM 


tp (ttr) P (ai) ^ (“2) ^ (“n-l) *P (an) 

and the denominator ip (a^) >p {a^) . . . ip (a„), being a symmetric 
function of the roots otf{x) = 0, can be expressed as a rational 

X(«r) 


ip (ai) . ... tp (ar-i) *P (ar+i) ■ • • . ^ (an) 


function of the coefficients. Whence 


tp{ar) 


is reduced to an 


integral form. 

Moreover, the numerator of the former fraction is a symmetric 

f/x) 

function of the roots of the equation — = 0, and may con- 

wC Ct|» 

sequently be expressed as a rational function of the coefficients 
of that equation ; that is, in terms of a, and the coefficients of 
/(»)• 



172 


Transformations. 


Now, denoting by F (a,) this integral form of 
by division 


xK) 

^(«r) 


, we have 


T (or) = Of (a,) + <f> {ar) - <f> (a,), 


where <f> (a^) does not exceed the degree w - 1 ; which proves the 
proposition. 

In the particular cases of the quadratic and cubic it follows 
that the most general rational function of a root can be reduced 
to a linear function, and a quadratic function of that root, 
respectively. In the case of the cubic this quadratic function 
may be reduced to another form which is often useful, as follows : 
Denoting the quadratic function by tjt (d), and dividing the cubic 
/ (0) by tft {$) ,we have 


/(^) “ (?o + ?i^) ^ {&) + J'o + =■ 0, 

proving that 

rp + rid . 

whence it appears that the most general transformation of a root 
of a cubic may be reduced to a homographic transformation. 

In connexion with the proposition here established it is easy 
to justify the remarks made in Arts. 69, 66, relative to the 
solutions of the cubic and the biquadratic equations. With this 
object in view, let (f> and ifj be two rational functions of n quan- 
tities tti, a (which may be considered as the roots of an 

equation), each having only p values when the roots are inter- 
changed in every way. Denoting these values of both functions 
obtained by the same substitutions by 



4 * 2 > ^8> • • • ^J>| 

^1. «A8. • • • ^J.. 

we have, for every integer j, 

“ T) ; 

a symmetric function of the roots, since it is the sum of all the 
possible values which can take. 
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In this way we may obtain the system of equations 

(f>l + + ^3 + ... (f>p Tq, 

+ (f>2(fl2 + ^3^8 + . . . (f>f>pp = T*!* 

• •••••••• 

+ . . • 

where Tq, Ti, . . . are all symmetric functions of 

^l9 ®2> ^3> • • • ^n* 

Solving these equations, we find at once expressed as a 
symmetric function of ^ 2 > since any interchange of 

*p 2 > *l>z> ■ ' • *h») being equivalent to an interchange of <f> 2 , (f> 3 , . . . <f>„ 
does not alter the value of (f)^. This value, therefore, is by the 
present proposition reducible to a rational and integral function 
of ff/i of the degree p - 1, since tp has only p values considered as 
a function of a^, aj, . . . a„. Now considering the special cases 
referred to — (1) when p = 2, and n = 3, it is proved that a linear 
relation connects ^ and >p in terms of symmetric functions of 
“i» « 2 > ® 3 ; (2), when p -Z, and n = <f> and t/t may be 

shown to be connected by a rational relation (see Examples 5, 
6, 7, p. 132, Vol. I. ; Ex. 3, p. 106, Vol. II.). 

195. Formation of tbe Transformed Equation.^ — 

The transformation explained in the preceding Article was first 
employed by Tschirnhausen for the reduction of the cubic and 
biquadratic. We may form in general the equation whose roots 
are ^ (aj), ^ (aj), . . . <f> (a„), where 

<f> {x) = Oq + a^x + Og®* + . . . + 

is an integral function of x of the degree w - 1, by putting 
<f> (x) = y, and eliminating x from the equations 

/(®) = 0, y = + ttiX + Oa®* + . . . + a„_i®"“^ ; 

or we may proceed by raising <f>{x) to the different powers 
2, 3, ... n in succession, and reducing the exponents of ® in 
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each case below n (by dividing by / (») and retaining only the 
remainder), we have 

^* = 60 + + ^ 2 ^® + . . . + 

=> Co + c^x + CjOj® + . . . + c„_ia;"“^, 


tjX "f" “I" • • • •!* 

Substituting for x in these equations each of the roots of the 
equation / (x) = 0, and adding, we find, if S^, S^, &c., denote 
the sums of the powers of the roots of the required equation, 

/Sj = TICIq + + ClijS^ . . . + 

^2 ~ "t ^2^2 

“ ^Iq "h "h ^2^2 "t" • • • "I" l^n— 1 * 

Now, expressing s^, Sj* • • • s„_i in terms of the coefficients 
of f{x), we have /S^, S^, . . . S„ determined in terms of the 
coefficients of <(> (x) and/(x) ; we are also enabled by Art. 80 to 
express the coefficients of the equations whose roots are <f> (oi), 
^ ( 02 ), . . . <f> (a„) in terms of S 2 , . . . S„, and therefore finally 
in terms of the coefficients of ^ (x) and /(x) ; thus theoretically 
the transformation is completed. 

196. Another Method of forming? the Transformed 
Equation. — There is another way of finding the final equation 
in ^ by elimination, which we now give. Since 

Uq - ^ + UiX + + . . . - o„_iX”“^ = 0, 

if this equation be multiplied by x, x®, . . . x““^, and the ex- 
ponents of X reduced below n by means of the equation /(x) = 0, 
we have in all n equations to eliminate dialytically the w - 1 
quantities, x, x*, . . . x""^. We thus obtain the transformed 
equation in the form of a determinant of the order, <f> entering 
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into the diagonal constituents only. For example, if/ (a;) = a:** - 1, 
we obtain the transformed equation in the following form : — 

CIq — <f> <*2 • • ®«— 1 

®n-l ®0 ~ ^ ®1 • • ®n-2 

a • • a • • — Oa 

a a a a a a 

flSj ^2 Ug a a O/Q — ^ 

Although these methods of performing Tschirnhausen’s trans- 
formation appear simple, yet if they be apphed to particular 
cases, the result usually appears in a complicated form. Pro- 
fessor Cayley, by choosing a form of the transformation suggested 
by M. Hermite, was enabled to take advantage of the theory of 
covariants, and thus to complete the transformation for the cubic, 
quartic, and quintic. We shall content ourselves with showing 
in an elementary way how Cayley’s results for the cubic and 
quartic may be obtained. 

197. Tschirnhausen’s Transformation applied to 
the Cubic. — Let the cubic equation 

oa;® -I- + Zcx + d = 0 

be written under the form 

2* + 3^2 + (? = 0 ; 

and let it be transformed by the substitution 

K2 + 2®. 

If 2 i, 22 , 23 be th^roots of the cubic, and y^, y^ the corresponding 
values of y, w/ have 

y2-yz = (2a - H) {k - 2i). 

yz ~ yi — (23 ~ 2^) {k — 22), 

y \~ yz '^ {2i ~ 22) {k — 23), 


( 1 ) 
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and consequently 

2 yi ~ Vs ~ Va (2*1 — — Zfi) K + — 232^ — ZjZji), 

2 ya -yz-yi = (2*2 - 23 - z^) « + ( 2 z^ - z^z^ - ZjZa), - 

2^8 - - ya = (223 - 2i - Za) KT + (22i2a - ZgZg - 2321)., 


( 2 ) 


Wherefore, if the equation in y with the second term removed be 
7 * + 3 ^'y + G*' = 0, 


we have from equations (1) and- (2) 

where and G^ are the Hessian and cubic covariant of 

K® 4- ZHk + G ; 

and the transformation is therefore completed, since yi + y2 + y^ 
can be easily determined. 


198. The Tschlrnhausen Transformation applied 
to the Quartlc. — In this case we do not attempt to form 
directly the transformed quartic, but prove the following theorem, 
which shows how this transformation may be resolved into two 
others. 

Theorem. — The Tschirnhamen transformation changes a 
quartic U into one having the same invariants as lU + mH^, 
and therefore in general reducible to the latter form by linear 
transformation,. 

To prove this, let the quartic 

X* + PiX* + PjX® 4- p3® + ;?4 = 0 

be transformed by the substitution of the most general expression 
for a root of a quartic. 

y ^ a^ 4“ a-jX -4- a^t^ -4- U 3 X®. 

If Xi, Xj, Xg, X4 be the roots of the quartic, and yi, y^^ y^, y^ 
the corresponding values of y, we have 

^ ^ = «! 4 - ttg (Xg 4- X 3 ) 4- Ug (Xg® 4 - XgXj 4 - Xg®), 

•^2 — *^3 

~ ~ + (^2 (^1 ^4) ^8 ^^ 1^4 ^ 4 ^)* 

^“*^4 
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From these equations we proceed- to show ^hat 

th-xl = -^0 + Qo (a;2»3 + 

where Pq and Qq involve the roots of the quartic synunetrically. 
In the first place, we find 


{x^ + 052053 + xf) (05i® + fl5i054 + X^) = - p^^ + Pi - P^, 

where A has its usual value, viz., x^^ + a:ia; 4 ; and, secondly, since 
x^ + x^^ + x^ = («2 + * 3 )® - a 52 a; 3 . &c., 
we find again 

(»2+®3) (a5i*+a;i054+054®)-f (Xi-f054) {X2^+X^3+X^)=p^-p^^+p-d(. 

Finally, since the other terms in the product are obviously of 
the same form as Pq -f QoA, we have proved that 


whence 


{y2-yi){yi-yi) 

(Xi-x^) ( 251 - 0 : 4 ) 


— Pq + Qo ( 2 : 2 X 3 + 254 X 4 ) 


iy2 - yz) (yi - y*) = (»' - z^) (^0 + 


Now, introducing pi, p^, pa in place of A, p, v this and the 
similar equations preserve their forms ; whence, altering Pq and 
Qo iiito similar quantities, we obtain the equations 

(^2 - Vz) {yi -yi)-^{pz- Pz) {P - Qpi)^ 

{yz - 2 Zi) {yz - ^ 4 ) = 4 {pt - Pa) (P - Qpz), 

{yi - yz) {Vz - ^ 4 ) = 4 (p 2 - pi) (P - Qpz)y 

which lead at once to the invariants of the transformed quartic ; 
and comparing their values with the invariants ol kD - 
given in Art. 187, the theorem follows at once. 

199. Reduction of the Cubic to a Binom ial form by 
tbe Tscbirnbausen Transformation. — Let the cubic 


a25* + 36x® + 3cx + d 

be reduced to the form y® — V by the transformation 

y = q + px + x^, 

N 


VOL. 11. 
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If * 1 , x^, ajj be the roots of the given cubic, and a root 
of the transformed cubic, we have the following equations to 
determine p and q : — 

+ piCi + ? = Vi, 
px^^- q = co^i, 
iCa® + pX 3 + q^ toVi ; 

from which we find 


+ coxj® + 

X^ "f* COX^ "1“ OJ^Xq 


?= -i(S2+^>Sl)- 


Adding + Xj + Xg to this value of p, we have 


+ Xi + Xa + Xg = 


X 2 X 3 + OiXgXi + tO^X^Xj 
Xj COXg H" CU^Xg 


it follows (Ex. 25, p. 57, Vol. I.) that there are only two ways 
of completing this transformation, as the values of p, q ultimately 
depend on the solution of the Hessian of the cubic. 


200. RedUjCtion of the Ruartic to a n ppirtlhiiial Form 
by Tschirnhausen’s Transformation. — ^Let the quartic 

ax* + 46x® + 6cx® + 4dx + e 


be reduced to the form y* + Py^ + Q, in which the second and 
fourth terms are absent, by the transformation 

y = q + px + x^. 

If Xi, Xg, Xg, X4 be the roots of the quartic ; also y^, y^ two 
distinct roots of the transformed quartic, we have the following 
equations to determine p and q : — 

xj® + pxi + y = yi, Xg* + iJXg + j = y^, 

Xg* + yxg + g = - ^ 1 , X 4 * + pxg + j = - ^ 2 ; 

from which we find 


/j* 2 i/ 7 » 2 _^/y» 2 __( 7 » 2 

“T 0/2 •t '4 

Xi + X 2 -Xg-X 4 


? = -i(«2+;>si)- 


And, adding Xj + Xg 4 - Xg + X 4 to this value of p, we have 


p + Xi + X2 + a:« + X4 = 


2(xiX2-a^4) 
Xi + X2-a^-X4 


> 
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hence, by Ex. 5, p. 132, Vol. I., it follows that there are three 
ways of reducing the quartic to the proposed form, the deter- 
mination of which ultimately depends on the solution of the 
reducing cubic of the quartic. 

201. Removal of the Seeond, Third and Fourth 
Terms fk*om an Rquatfon of the Deg;ree> — We begin 
by proving the following proposition, which we shall subsequently 
apply 

A komogeneom function V of the second degree in n variables 
Xi, Xg, Xg, . . . x„ can be expressed as the sum of n squares. 

To prove this, let V arranged in powers of Xj take the form 

V = + 2j)iXi + Pa 


where po is a constant, p^ a linear function, and p^ a quadratic 


function of x,, x. 


2 > '^39 




(а) If po does not vanish, V s Po(xi + —'^ + 7>2 - — > and as 

Pa - — does not contain x^, we have reduced the question to one 
Po 

of expressing a homogeneous function of the second degree in 
n - 1 variables as a sum of n - 1 squares with constant coeffi- 
cients. • 

( б ) If Pq = 0 , and we wish to .deal with Xj, the coefficient of 
the product of x^ and some other variable, say Xa, must not vanish, 
otherwise V would be independent of x^. Write, then, V in the 
form ox^Xa + cxa® + PiX^ + g'^Xa -I- where a, c are constants, 
Pi, gi linear functions, and r^ a quadratic function of Xg, X 4 , . . . x„. 

Therefore, 

F s Xa (oxi + cxg) -I- (axi + cxg) ^ + (?i ~ + ^2 


s apipa + rz 
Vi 


Xi-|--X2+--^, 

^ a a a® 


Pi 

y2 = »2 + ^. 

(jL 


where 



180 


Transformations. 


and r^ is a quadratic function of x^, x^, . . . 




where 


Vi + Vi 


— 


Vi-Vi 


^ V2 ’ “ V2 ■ 

We have thus reduced the question to one of expressing a 
homogeneous function of the second degree in n — 2 variables as 
a sum of » — 2 squares with constant coefficients. 

Note if ajj, x^, . . . x„ are put equal to zero, we have arranged 
the modulus of transformation between Xi, x^, and z^, z^, so that 
it is equal to unity. 

Proceeding then by (o) or (6) as required, we finally express 
V as the sum of n squares, for any one of the squares, say aX^, 
may be written (y'aZ)®. 

Now, returning to the original problem, let the equation be 


X" + + paX""* + . . . + p„ = 0 ; 

and, putting 

y = ox* + j8x® + yx® + 8x + 6, 
let the transformed equation be 

«/" + + Qzy”"® + . . . + Q„ = 0, 

where, by Art. 195, Q^, Q^, ... Q^, .. . are homogeneous 
functions of the first, second, . . . degrees in a, j8, y, S, e. 
Now, if a, J3, y, S, € can be determined so that 

Qi — o> Q 2 ~ Qs ~ 

the problem will be solved. For this purpose, eliminating e 
from Qz and Q^, by substituting its value derived from Qi = 0, 
we obtain two homogeneous equations 

•Rj •= 0, R3 “ 0, 

of the second and third degrees in a, j8, y, S ; and by the pro- 
position proved above, we may write under the form 

+ w® - 


which is satisfied by putting u = v and w = t. From these simple 
equations we find y — ia -t- mfi, and S - Zja + ; and substitut- 

ing these values in Q3 - 0, we have a cubic equation to determine 
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the ratio jS : a. Whence, giving any one of the quantities a, jS, 
y, 8, € a definite value, the rest are determined, and the equation 
is reduced to the form 

y" + + . . . + Qn = 0- 

In a similar way we may remove the coeflBlcients Qi, Q^, Q^, 
by solving an equation of the fourth degree. 

Applying this method to the quintic, we may reduce it to 
either of the trinomial forms 

+ Px + Q, + Q ; 

or again, changing x into -, to either of the forms 

*c 

a:® + Paj® + Q, a:® + Px* + Q. 

In this investigation we have followed M. Serret (see his 
Cours d^Alg^yre Supirieure, Vol. I., Art. 192). 

Section II. — Hermite’s and Sylvester’s Theorems. 

202. Homogeneous Function of Second Hegree 
expressed as Sum of Squares. — We have already shown, 
(Art. 201) that a homogeneous function of the second degree in 
the variables may be reduced to a sum of squares, no hypothesis 
being made as to the nature of the coefficients of the function 
considered. We now return to the consideration of this problem 
when the coefficients of the function are supposed to be all real ; 
and we proceed to determine, in magnitude and sign, the coeffi- 
cients of the squares in the transformed fimction. 

Let P (a^i, * 2 , . . . a;„) be a homogeneous function of the second 
degree in n variables, with real coefficients ; and let us suppose 
that it is reduced, using the method (a) of Art. 201 alone, to the 
form 

p^ (cCi -t- + OgCCa + ... + o„x„)2 

+ Pi {Xi -f- haiCs + . . . + 6„a;„)® 

+ P3(®8 + • • • +CnX„Y 


+ 2>n®n®. 

where all the coefficients of this new form are real. 



182 


Transformations. 


Making now the linear transformation 

Xi = Xi + + agXg + O4Z4 + . . . + a„Xn, 

^^2 “ 3J2 + 63353 + 64X4 + . . . + b „ x „, 

Z3 = Xs + C4X4 + . . . + c„x„, 


X 


n 


we have 


^n®n> 


F (Xi, X2, X3, . . . X„) 3 + J)2X2* + P 3 X 3 ^ + . . . + PnXn. 

Since the modulus of this transformation is equal to 1, the 
discriminants of both these forms of F must be absolutely equal. 
Denoting, therefore, the discriminant of by A„, we have 

= p^Fi!Pz •••?>«; 

and similarly, when the variables x^^^, x^+2, . . . x„ are made to 
vanish in both forms of F, we have 


A, = PiP^Z . . . Pf. 

Now, giving j the values 1, 2 , 3 , &c., we find, assuming 
Pi = 4 , 

A A, A3 A„ 

IT > Tz~ jr > • • • Pn— T > 

Lli ii2 ^n-1 


and the coefficients are determined in terms of the discriminants 
of the original quadratic form in n variables and the discriminants 
of the forms in n - 1, n - 2, &c., variables derived from the given 
form by causing one, two, &c., of the variables to vanish in 
succession in the manner just explained. 

If we have to use the method (6) of Art. 201 in expressing F 
in the form F = piXi^ + p^z + . . . + we note that 

whenever we do so, say in dealing with X3, x*, we have 

^^2X3 = X3 + (1 + c) X4 + agXg + . . . + a„x„, 

^/ 2 X^ = - X3 + (1 - c) X4 + 68X5 + . . . + 6„x'„, 

and that Pi= - Pz- We see then that the moduli of trans- 
formation are still all equal to 1. When, however, we make 
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... x„ vanish, so that PaX^^ + 3J4-X4® = 0, and 

As = 0, but A4 = - PiPiPs\ and Aj = p^pa, jjg* = - A4/A2. 
Generally, then, when A, = 0, j), = - and p/ = - A,.+i/A,_i. 
By this method we determine p^+i in absolute magnitude, but 
not in sign. It is important also to note that if A, vanishes, A^+i 
and A,_i have opposite sign. 

Again, although F can be reduced to a sum of squares in a 
great number of ways, it is most important to observe that m 
whatever way the transformation is made, provided it is real, the 
number of coefficients {affecting these squares) which have a given 
sign is always the same. This theorem, which is due to Jacobi, 
is easily proved ; for suppose the contrary possible, and let 

F = piX^^ + p^X^^ + . . . + PnXn^ s + q^Ya^ + . . . + 

where the number of positive coefficients on both sides of this 
identity is not the same. Making all the terms positive, by 
transferring those affected with negative signs to the opposite 
sides of the identity, we shall have a sum of I squares identically 
equal to a sum of m squares, where m is greater than 1 . Now, 
substituting such values for x^, x^, . . . that each of the 
I sqtiares may vanish (which may be done in an infinity of ways), 
we find a sum of m squares identically equal to zero, which is 
impossible. 

203. Hermite’s Theorem. — The principles explained in 
the preceding Article have been applied by Hermite to the 
determination of the number of real roots of the equation/ (x) = 0 
comprised within given limits. The special form of the equation 
F which he makes use of for this purpose is 

r-»w j 

S (x, + + . . . + 

a, — p 

in which x^, Xj, . . . x„ are any variables in number equal to 
the degree of the equation ; and r takes all values from 1 to n 
inclusive, the roots of the equation being uj, a^, ... a„; also p 
is an arbitrary parameter. 
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This form is plainly a symmetric function of the roots of the 
equation / (x) = 0 ; and as the coefficients of this equation are 
supposed to be real, F will be also real, when expressed in terms 
of these coefficients and p, provided the parameter p be given any 
real value. If the roots ai, oj, oj, . . . a„ are not all real, the 
assumed form of F will not be obtained by a real transformation ; 
but it is easy to deduce from it, as follows, another form which 
will be so obtained. 

If Cl and 02 be a pair of conjugate imaginary roots, we may 
write 

Oj = ro (cos a + i sin a), 02 = r^ (cos a - i sin a). 

Denoting for shortness + “r^s + • • • + l>y 

Yf, and substituting these values in Yj and Yg* we find 

Yi = U + iV, Y2 = 17 - iV, 

where U and V are real ; also putting 

(cos <f> + i sin <f>), — = r (cos <^ - t sin ^), 

the part of the function F depending on and Oj, viz., 

y 2 y 2 
^ 1 I ^ 2 

Oi — pa^ — p’ 

becomes 

rj^cos^ + i sin^^ {U + iV)^+ (cos^ -i sin^^ (?^-*Y)*|, 

which may be also written as the difference of the squares 

2 r (^U cos-^ - V ~ 2 r^C 7 sin-^ + V cos ^ ; 

proving that, if p is real, two imaginary conjugate roots introduce 
into F two real squares, one of which has a positive and the 
other a negative coefficient. 

We now state Hermite’s theorem as follows : Let the equation 
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f (®) = (35 - ai) (a: - ttg) . . . - a„) = 0 have real coefficietUs and 

unequal roots : if then by a real substitution we reduce 


+ 


Y * 

3 


where 


JjI 

^1 — p Ctg — p ®3*“P 

Ff - a?! + a^2 + 


+ 


y 2 

• “ > 
O-n-p 


( 1 ) 


to a sum of squares, the number of squares having 'positive coefficients 
will be equal to the number of pairs of imaginary roots of the equa- 
tion f {x) = 0, augmented by the number of real roots greater than p. 

The theorem will be also true if (a^ - pY* is substituted for 
Of - p, where m is any odd integer, positive or negative. 

The theorem follows at once from what has preceded if we 
consider separately the parts of the function (1) which refer to 
real roots and to imaginary roots, for obviously there is a positive 
square for every root greater than p ; and we have proved that 
every pair of conjugate imaginary roots leads to a positive and 
negative real square, without affecting the other squares inde- 
pendent of these roots. 

The number of real roots between any two numbers p^ and p^ 
may be readily estimated. For, denoting in general by the 
number of positive squares in F when p = by the number 
of roots of the equation / (x) = 0 greater than p^, and by 21 the 
number of imaginary roots, we have 


P^ = N^ + I, P^^N^ + I; 
whence - iVg = Pi - P 2 , 


proving that the number of real roots between pi and p 2 is equal 
to the difference between the number of positive or negative 
squares when p has the values pi and p^. 

The number here determined may be shown to depend on 
a very important series of functions connected with the given 
equation. In order to derive these functions, we consider F under 
the form (a). Art. 202 : — 
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in which it can be expressed if none of Ai, A^, . . . A„ 
vanish. 

The number P expresses the number of coefficients in this form 
which are positive, or, which is the same thing, the number of 
the following quantities which are negative : — 


1 ’ 


Aa 

A,’ 


(2) 


Ai’ Aa’--' A„.V 
We proceed now to calculate AijAj, . . . A^, . . . A„ in terms 
of p and the roots of the equation / (») = 0 ; and as the method 
is similar in every case, it will be sufficient to calculate Aj, i.e. 
the discriminant of the original form of F when all the variables 
except Xi, x^, x^ vanish. 

Writing for shortness Vf = — — , we have in this case 

o,-p 

Pa = Svr (»1 + a^2 + a,®Xa)2. 


The discriminant in this form is 


Sv Eav Eah 
Aa = Eav EaSf Eah> 

Eah> Eah> Ea*v 
which may be written as the product of the two arrays 

>'1 


1 


1 ’I 


and consequently 


Aa = Eviv^vs 

In a similar manner we find 


. . a„‘ 

1 1 1 
ai a2 


^2 

a^2 




Oj* aa* tta*! 


“l»'l 

“2^2 • • • an% 


_ ^ (Oa - Og)^ (oa - {o-i ~ 

(oi-p) (oa-p) (og-p) 


V (oi, Oa, Oa . . . a,) 
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where the notation V (aj, a^, ag, . . . a^) is employed to represent 
the product of the squares of the differences of a^, • • • CL^» 

Hence the quantities Aj, Ag, . . . Ay, . . . A„ are all determined. 

Now, multiplying the numerator and denominator of each of 
the fractions in the series (2) by/ (p), each value of A is rendered 
integral, and the series becomes 

Ej Zb Ha ... 

y, Fg’ ■ ■ ’ F„_i’ ^ ^ 

where 

V = (p - tti) (p - ag) . . . (p - a„), 

Fi = 2'(p - ag) (p - ag) . . . (p - a„), 

Fg = UV (ai, ag) (p - ag) . . . (p - a„), 

Fg = (ttj, ag, ag) {p — . . . (p — a„), 

F„ = A {ai, ag, ag, . . . a„). 

Since negative terms in the series (3) correspond to variations 
of sign in the series F, Fy, Fg, Fg, . . . F„, it is proved that the 
number of variations lost in the series last written, when p passes 
from the value p^ to the value pg, is exactly equal to the number 
of real roots of the equation/ (p) = 0 comprised between p^ and pg. 

As F, Fi, Fg, . . . F„ are derived from 1, Aj, Ag, . . . A„, by 
multiplying the latter by /(p), and as when A, = 0, A,+i and A,_i 
have opposite sign, we note that when F, vanishes for a value of 
p not equal to a root of/(p), and Vr-i have opposite sign. 

It will be observed that the functions F, F^, Fg, &c., here 
arrived at have the same properties as Sturm’s functions ; from 
which in fact they differ by positive multipliers only, as was 
observed by Sylvester, who first published these forms in the 
Philosophical Magazine, December, 1839. In order to establish 
the identity of the two series of functions, we proceed in the first 
place to prove in the following Article an important theorem 
connecting the leading coefiicients of Sturm’s functions and the 
sums of the powers of the roots of an equation. 

204. Theorem . — The leading coefficients of Sturm’s auxil iary 
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functions (i.e. /' (sc), and the n- \ remainders) differ by positive 
factors only from the following series of determinants : — 









^0 

Si 

Sa 

»8 




So 

Si 

S2 



Sa 

S3 

S4 

*0 

Si 


Si 

Sa 



^2 

S3 

S4 

S5 

Si 

S2 

5 

Sa 

Ss 


> 

^3 

S4 

Sfi 

So 


Using the bracket notation, we may write these determinants 
in the form s^, (Vz)* (so> « 2 > * 4 )> the series being 

(^0^2*4 • • • ^2n-i)‘ 

Representing Sturm’s remainders by IJg, 1?3, . . . R„ . . . R„, 
and the successive quotients by Q^, Q 2 , Q^, &c., we have (see 
Art. 96) 

R2-QJ'(x)-f{x), 

^3 ~ ^ 2-^2 ~f (®) ~ (^ 1^2 “ 1)/^ ('*') ~ Qff (®)> 

1^4 “ ~ R^ — {QiQiQs ~ Qi ~ Qs)/ (®) — {Q 2 Q 3 ~ i) ifa)> 

Proceeding in this manner, we observe that any remainder Rf 
can be expressed in the form 

R, ^ AJ' ix) - BJ(x). (1) 

The degree of Ry is n - j ; and since Qi, Q^, &c., are all of 
the first degree in x, it appears that the degrees of Aj and Bf are 
j — 1 and j — 2, respectively. 

Ass\iming therefore, for R^ and Ay, the forms 

Ry = /"o + + ... + 

Aj s A 0 Ajir + “I" • • . "t" Ay_iir^ 

and substituting in (1) any root a of the equation f (x) = 0, we 
have 


A0 + A^a + Aatt® + . . . + Ay_ia^~^ =■ 


ro + ria + r2a®+ • • • 

/(a) 


Multiplying by a, a®, . . . a^~*, in succession ; making 
similar substitutions of the other roots ; and adding the 
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equations thus derived, we obtain, by aid of - the relations of 
Ex. 4, p. 172, Vol. I., the following system of equations : — 

+ . • • + 1 ~ 9, 

^i®2 + • • • + 1®# “ 9, 


^0®y-2 + ^l®i-l + . • . + A^_2 Sj^_4 + A^_iS2^_3 = 0, 
^0®y-l + AiSy + . . . + + Ay_iS2y-2 = ^ n-) 

From these equations we have, without difficulty. 



,®0 ®1 • 



®0 


»•«-# = yy 

S2 . 

• * 

II 

Si 

$2 • • • 

» • « • • 


• 

• • 


®y -2 

. . . S2y-4 ®2y-3 


®y-i ®y • ■ 



1 

X . . . x^~^ 


the value of being so far arbitrary. It appears, therefore, that 
the coefficient of the highest power of x in Bf differs by this 
multiplier only from the determinant (soS 2®4 • • • ® 2 y- 2 )* We 
proceed to show that the sign of y^ is positive. For this purpose 
we make use of the following relation connecting the successive 
values of the functions R and A : — 

■^fc+l -S* “ ^fc+l =/(*)• (2) 

To prove this, substituting for Bk-\i their values in 

terms of A and B in the relation R^^x = Qj^Rjc - Rk-i> derive 

^k+l “ Qk^k ~ ^k-V ^k+l ~ Qlfik ~ ^k~l > 
by aid of which we readily obtain the following relations con- 
necting the successive functions : — 

~ ^lfik¥l “ ■^lfik-1 ~ ^k-l^k ”•••“= AxBq — AqBx 

«-l, 

~ ^k^k+l “ ~ -^k-l^k “ • • • = AxRq — AqRx 

in which jBi = f'(x), jBo - /(a:) - af + + ...+}>«. 
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Now, comparing the coefficients of the highest powers of a: in 
(2) ; observing that a;” occurs only in and making use 

of the determinant forms previously obtained, we have 

y*+i (* 0 * 2*4 • • • *2*1-2) y* (*0*2*1 • • • *2*5-2) “ i> 
or ytyt+i = (*0*3*4 • • • *2*5-2) 

Also, calculating the value of in the ordinary manner, we 
easily find 



whence it is seen that the value of is —5. 

*0 

It follows, from the relation just established between any two 
successive values of y, that y^, 74, . . . &c., are all positive 

squares, and therefore, finally, that r„_^, the coefficient of the 
highest power of x in Rj, has the same sign as the determinant 

(So*2*4 • • • *2y-2)* 

It should be noticed that there is only one way of obtaining 
a function of x, of the degree n - j, in the form Af (x) - Bf (x), 
where A and B are of the degrees ^ - 1 and j - 2, respectively, 
and / (x) of the degree n ; for this function being in general of 
the degree n + j - 2, in order that it may reduce to the- degree 
n - j, the 2j - 2 highest terms must vanish, and this is exactly 
the number of undetermined quantities in A and B at our dis- 
posal, since it is the ratios only of the coefficients we are concerned 
with. Sturm’s remainders may therefore be obtained in this way 
with an undetermined multiplier. 

The functions Rj, Af, and Bf are functions of the differences 
of X, uj, oj, . . . a„, and so, in other words, are semicovariants of 
/ (x), as may be seen by putting x p for x and a, -t- p for a, in 
the identity Rf = Aff (x) - By/(x), noting that /(x) and f (x) are 
unaltered, and hence that Rf, Af, Bf must be independent of p 
as they are uniquely determined from /(x), /'(x) when j is assigned. 
Their actual expressions in terms of the differences of x and the 
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roots can be readily inferred from the discussion in the following 
Article. 

205 . Sylvester’s Forms of Sturm’s Functions. — ^We 

make use of the notation employed in the preceding Article, and 
propose to show that the Sturmian remainder Ej differs only by 
the positive factor y, from the function Vf. We have 

^ AJ\x) - ( 1 ) 

where jRy = + r^x + + . . . + r^_jX”^, 

Aj = Aq "1“ AjX "I" "I* . • . "l“ 

= (jt,Q + lijps + + . . . + ; 

also from the value of above given we have inunediately 
= y^^V(al, tta, 03, . . . o^), 

showing that the leading coefficients in Rf and Vj differ only by 
the factor y^. We now proceed to prove that the last coefficients 
in these functions differ only by the same factor. For this pur- 
pose, dividing the identity (1) by f{x), substituting in it from 
the equation 

/ (^) _ £o , fi , £2 , 

f{x) X ofi • • • > 

and comparing the coefficients, we find 

~ ^1^0 A3S2 + . . . -f- A^_iSy_2, 

/ij = A2S0 + A3S1 + . . . + A;_iS^_3. 


AJso, putting X = 0 in ( 1 ) we have 
and substituting for /xo in terms of A^, Aj, A3, &c., 

T 

“ “ ^ 0^-1 + ^ 1^0 + ^ 2^1 + • • • + i 

i'n 
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whence, giving to Aq, Aj, . . . 
calculation of r„_^, we find 

A^_i the 

same values 


s-i 

^0 

2 

ro = (- lyp^y, 

«o 

Si 

• • 

$2 • • • 

• • e • 


S #_2 


. ^2^— 3 


Now, referring to the calculation of in Art. 203, and 
putting p - 0, or v, = — , in the value of there found, we 
find for the determinant just written the value 

(oi, Oa, 03, . . . gy) . 

^ . . . CI^ 

then, expressing the determinant as the product of two arrays, 
and giving its value in terms of the roots, we have 

^0 = (- 1)’*“^ y^‘27V(ai, 02, Ua, . . . af)af+iaf+2 •••««. 

which was required to be proved. 

Now Rf is, as we saw, a semicovariant, and 

• . — ^ (Uj "" * 0,1 "" , 

therefore r^ = <f> ( 0^02 . • . o„) ; so Rf is derived from by sub- 
stituting af-x for o,. Also, y, is a function of the differences 
of the roots. 


= (- ^ («i. a2, . . . o,) (o,+i - 05) ( 0^+2 - x) . . . 




(«» - ®) 


Examples. 

L Using the notation of Arts. 204, 205, prove that the quotient of Aj by yj 
can be written as a symmetrio function involving x and the roots : e.g., 


^ = 27(/J - y)*(y - a)»(a - «*(* - a) (* - P)(x - y). 
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2, With the same notation prove that 

8q 8i ^2 • • * 

Sj ^2 ^8 • • • 

8j^2 ^i-1 8j , . , ^2i-8 

0 T^. . . Ty-i 

where = 8qX^-^ 4- + ... + 

3. With the same notation, and denoting by Uf^ 

r:=n 

]^(p — ajr) (a?j + a^2 "i” 4* • • • + 

r=i 

prove that the discriminant of Uj may be determined by the equation yjAj = Aj, 
and show directly that if Aj = 0 for a certain value of x, Aj^^ and Aj^i have 
opposite signs for the same value of x. 

Section III. — Miscellaneous Theorems. 

206. Reduction of the Ruintic to the ISum of Three 
Fifth Powers* — This reduction can be effected by the solution 
of an equation of the third degree, as we proceed to show. 
Let 

K. «1> «2. «3. «4» Cfft) y)^ = bi{x- + 62 (x - 

+ 63 (x - ^3^)®, 

where jSj, ^2> roots of the equation 

+ p^z + jJo = 0. 

Now, comparing coefficients in the two forms of the quintic, 

(Zq — bi + f>2 "t ^3 J ~ ®1 “ b^^i + 62^2 "t ^ 3 ^ 3 > 

®2 ~ + b^^ + 63^3®, — <13 = bi^Y "t b^Y "t ^ 3 ^ 3 *> 

®4 ~ bi^Y "t ^2^2* t bzPYf ~ ®6 “ "t ^2^2* "t b^Y > 
whence 

J>0«0 - Pl«l + P2«2 - ^>3«3 = 9, 
l>oai - ^1«2 + P2«s - 2>3«4 = 9, 

Po«2 - i>l«3 + Pt^i - P3«5 = 9. 


VOL. II. 
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When these equations are taken in conjunction with the 
equation 

Pa + = 0 , 

we have the following equation to determine jSs : — 

— 1 

(Iq di 0/2 

C = =0. 

d-^ ^2 ^3 ^4 

^2 ^3 ^4 ^6 

When jSi, jSj, are determined by this equation, it will 
follow that any values of h^, 63 which satisfy three of the six 
equations above, satisfy the other three, and so fcj, 63, 63 may be 
found from the equations 

61 +62 + ^3 = Oq) 

+ 62^2 + ^3^3 ~ — 

+ 62^2® "t" b^Pz^ — ®2» 
and the solution thereby completed. 

This important transformation of the quintic is a particular 
case of the following general theorem (proved in an exactly 
similar manner) due to Sylvester : — 

Any homogeneous function of x, y, of the degree 2« - 1, can be 
reduced to the form 

bi (x - + &2 (x - ^2^)*“"^ + . . . + bjx - Pnyf"-^ 

by the solution of an equation of the degree. 

The cubic, 0 , in 2, when written as a homogeneous equation in 
X, y (called the cag|Mgan0, equals 

Pz - Piy)'(^ - Pd/) - Pd/l 

and must be a covariant, because if the quintic is expressed in 
the form u® + v® + to®, when transformed it is w'® + t?'® + to'®, 
where u', v', w' are the transformed values of u, v, w, but the 
transformed quintic is uniquely expressible in the form 

+ v"® + w"6, 
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and so u”, v”, w'\ fonned from the transformed equation, are 
equal to u', v', w', directly transformed from u, v, w, formed in 
a corresponding way for the original quintic, and therefore uvw 
is an absolute covariant. The canonizant is also easily seen to 
be the J invariant of the quadratic emanent, and so obtained by 
substituting in J, 

Sx*’ ’ * ' iy* 

for Uq, a^, where U is the quintic, or otherwise it is 

seen to be the covariant whose source is obtained from J by 
altering Uq, to Ug, ... 

When the cubic C has a root equal to infinity, using the 
forms y - y - ^2^, y - jSjX, we get an equation for j8i, Ps 
of which one root is zero. 

When the cubic C has two equal roots, or Pi = jSj, the reduction 
to three fifth powers is not possible, as we cannot satisfy any 
three of the equations for 6^, b^, 63, fcr they involve bi, b^ in the 
form 61 + 62 only. Putting jSg = ^ ^1 + V> nnd solving 

for bi, 62) in terms of j3, e, -q, and writin^y^, u- ey,u - rfy, for 
X - Piy, X - X - Psy, we get in the liniit when € = 0, that 
the quintic may be expressed in the form Au^ + Bu*v + Cv®. 
Further, when the canonizant has all its roots equal, we find that 
the quintic may be expressed in the form Au^ + Bu^v^, by getting 
the limit of the last form when 1; = 0. 

If the canonizant vanishes identically, we can find jo, jj, q^, 
so that 

?o«o - + ?a«a == 0, Jo®! - ?i«a + ?a«3 ^ 0. 

2oOa - ?i«3 + 2a®4 = 0. ?o«3 “ + ?a®6 = 0 ; 

and if we take Pi, P2 equal to the roots of Jq + qiZ f q^^k^ == 0, we 
can express the quintic in the form 6^ (x - Pi^)® + 63 (®'~ 
or as the sum of two fifth powers. Following the same mbt^iod 
as for the quintic, if we try to express the quartic as the sum of 
two fourth powers, we get = 0 ; and if we try to express the 
sextic as the sum of three sixth powers, we get a determinant = 0 

0 2 
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whose rows are {a^, a^, a^, 03), (oi, Oj, a^, at), {a^, a^, a^, a^), 
(oj, 04, tti, Og), and so on for a quantic of degree 2 n, we express as 
a determinant the condition that it may be expressible as the 
sum of 2 w** powers of n linear functions. All such conditions 
are invariants for the corresponding quantics, as may also be 
verified by performing the general transformation x = + my', 

y = Vx' + m'y', by the successive transformations x = ax^, 

y-Pvi'y = + yi-y^’, = yi = y'-^^^', and 

noting that if I is one of the above conditions, 

7 ' = = (ajS)*/. 

207. Quartlcs and Cubfcs Transformable into each 
other. — If two quantics U, U' can be transformed into each 
other, it is obviously necessary that corresponding invariants 
7 , r should be connected by the relation 7 ' = M"!, where k is 
their weight and M the same constant for all such pairs of 
invariants, and also that if any covariant vanishes identically 
for U, the corresponding one for U' also vanishes identically. 
These conditions are sufiicient for cubics and quartics. 

Two Cubics . — (o) If A does not vanish, and so the cubic U has 
not a square factor, then by the method of the preceding section, 
or of Vol. I., page 111, assuming that Ug is not zero, U may 
be expressed as the sum of the cubes of two linear functions 
u, V. As A does not vanish by hypothesis, neither does A', so 
U' similarly = Hence U may be transformed to U 

by « = wu', V = dv', ot u = oiv', V = du', where a>® = 0® = 1. 

Note if Ug = 0 for a quantic TJ{x, y) we can transform f7 to a 
form in which Og does not vanish by putting x = X, y = IX + Y, 
where I is chosen so that f7(l, 1) does not vanish. Thus a cubic 
V for which Og vanishes may be transformed to one for which Og 
does not vanish, then by the method of Vol. I., page 111, expressed 
as the sum of two cubes, and by putting X = x, Y == y - lx, 
the original cubic is expressed as the sum of two cubes. 

(6) If Hg. vanishes identically, U = u®, and as by hypothesis 
H'x also vanishes identically, and .•. V = i*'®, U may be trans- 
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formed to U' by taking u = tow', where to® = 1, with any other 
linear relation between x, y and x\ y'. 

(c) If A 0 and H.j. =|= 0, XJ is of form uH, and as A' = 0, 
Hx'z\a0, U' also = w'V, U may be transformed to U' by 
u = tow', V = dv', where to®0 = 1. 

The three classes of cubics, such that all cubics of the same 
class are transformable into each other by a linear transformation, 
are distinguished by (a) A + 0, (b) H,, = 0, (c) A = 0, H,. =j= 0. 

Two Qwartics, — (a) If A = 7® - 277® + 0, so that the quartic 
TJ has not a square factor, using the method and notation of 
section 183, and assuming does not vanish. 


W® - 1 f 4Mi®W 2® (Wi® + Wj®)) 

Wq X — fi X — \ fjt, — V X — V f 


1 


U = 


(v - A) (A - fi) 

V 

(Ps ~ Pi) (Pi ~ P2) 


{ 


u. 


— 


{ 




2 (2A — fi — v) 

[JL — V 
6pi 

P 2 P3 


Wi®Wa® I 


— “‘V}. 


Now as A' =t= 0, U' may be similarly expressed, and as by 
hypothesis I' = M*I, J' = il7®7, the roots of 4p'® - I'p'+J' = 0 
are equal to the corresponding roots of 4p® - Ip + 7 = 0 multi- 
plied by M\ and p/ / (p '2 - p' 3 ) = Pi / (p 2 - ps)- 

Hence U may be transformed to U' by taking w^ = wUi, 
W 2 =" dwj', or Wj = ajWj', = ^w/, where to® = 0® = Wq'® / M*ao^. 

When either a® or a'® vanish we can proceed by first transform- 
ing U or U' as above to a form for which a® or Wq' does not vanish. 

Reverting now to the notation in which we regard w, v as 
linear functions of x, y, we see that all quartics for which 
7® - 277® + 0 can be expressed in the form w® + + 6Aw®v®, 

where A is the same for all quartics which have the same absolute 
invariant 7® / 7®, an absolute invariant being one which is un- 
altered by linear transformation. For all such quartics A is the 
same, because if 7® / 7® = 7'® / 7'®, taking 7' = M*I, .•. 7'* = 
il7^®7®, 7' = ± M*7, and if the negative sign occurs, put 

- M® for M®, 7' = M*I, 7' = M«7. 
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(6) if = 9> CT = aiid as by hypothesis H\ = 0, 

U' = m'*, and so U may be transformed to U' by taking u = cum', 
where tu* = 1, along with any other arbitrary linear equation 
between x, y, x', y'. 

(c) If A = 0, Hg. s|= 0, TJ must be of form m®v (46m + 6cv). For 
such form writing x for u and y for v, 1 => 3c*, J = - o^, 
Gg. = 26*x* (hx + 3cy). 

If A = 0, H^^O, I + 0, J + 0, G*a.^=0, U is of form 
M*v (46m + Gcv), where 6 + 0, c =t= 0, and U' is of same form, and 

U may be transformed to U' by taking m = lu', v = mv', where 

= 6' / 6, = c' / c. 

(d) If 7 = 0, J = 0, Hgc =1= 0, =1= 0, then c = 0, 6+0. 

V = ibuH, U' = 46'm'®v', and V may be transformed to U' 

by taking m = lu', v = mv', with = h' j h. 

(c) If A = 0, 7+0, J + 0, Hx 0, Gx = 0, then c + 0, 

6 = 0. U = U' = 6c'm'*m'*, and U may be transformed 

to U' by taking u = lu', v = mv' or m = Iv', v = mu', with Z*m* = 
c'jc. 

Thus quartics may be divided into five classes, and quartics of 
the same class may be transformed into each other by a linear 
transformation, if corresponding invariants and covariants are 
connected by the relations given at the beginning of this article. 

208. Number of Absolute Invariants of any tluan- 
tic.. — We proceed now to examine how the number of absolute 
invariants of any binary quantic is connected with the number 
of ordinary invariants, and how far a limit can be determined 
to either of these numbers. Transforming the quantic 
(Oo, Oi, a^, . . . a„) {x, y)” 

by the substitution 

x = U: + fjiY, y = X'X + ii'Y-, 
if the new form be 

(■4o> ’ • • -^n) Y)’*, 

we have by the comparison of coefficients n + 1 equations ex- 
pressing Ao, Ai, . . . A„ as follows : — 
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Aq = • • • ^n) (^j ^ )**> • • • Aj ^ Afiy . • . , 

J- (n) 

-4^ = ((Xq, (Xj, (X2> • • • ^n) (/^> )^> 

where A = + A' Fu) = 1-2-3 . . . j, r(<,) = l. 

Now, eliminating A, /x, A', /x', we obtain, among the new and old 
coefficients, n - Z independent relations, which number is there- 
fore a superior limit to the number of absolute invariants. But 
if (A/x' - A'jix) be admitted when A, /x, A', (i are excluded by 
elimination, we must add the equation A/x' - A'ju. = M to the 
» + 1 equations given above ; and when the elimination is now 
completed^ we have n - 2‘ independent relations. We will 
assume, as suggested by our previous investigations, that these 
relations can be reduced to the form 

■^1) ■^2> • • • -^n) “ ®2> * • • ®n) > 171) 

and we have therefore n - 2 independent ordinary invariants 
<f>i> 4>2> ^ 3 » • • • ^n- 2 - Eliminating M we obtain, as above stated, 
n - Z relations connecting the two sets of coefficients, and this, 
therefore, is the number of independent absolute invariants. 
It is not true, in general, that every invariant can be expressed 
as a rational function of the invariants ^ 2 > ^ 3 > • • • *f>n ~2 > *>’iid 
consequently we have not obtained a superior limit to the num- 
ber of ordinary invariants by this investigation (see Note E). 

209. nif umber of Seminvariants of a Quantie. — 

Every seminvariant can be expressed rationally in terms of 
<*0 and n - 1 functions of the coefficients which are either 
invariants or seminvariants. For, removing the second term 
from the equation 

Un = (Oo> «1. a2» • • • »n) (aj. 1)" = 0, 

the new coefficients are easily obtained by substituting for h its 
value - — (Art. 36).. As these coefficients, when divided by 

(Zq 

ao, are symmetric functions of the differences of the roots, they 
must be invariants or seminvariants when multiplied by a power 
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of Ofl ; also, every other symmetric function of the differences 
of the roots must be a rational function of the same quantities, 
but not necessarily integral when multiplied by ; consequently, 
we have not obtained a superior limit to the number of indepen- 
dent seminvariants (or, which is the same thing, covariants) by 
this investigation. It has been proved, however, by Gordan that 
the number of seminvariants of any quantic is finite. 

As an illustration of the preceding, we give the values of 
A 2 , Ag, A^, Ag, Ag in a reduced form — 

OgAg = ff, ag^Ag = G, ag^Ag = a®*/ - 3H^, (Art. 37) 
ag*Ag = ag^F - ‘IGH, 
ag^Ag = 45^3 - ISao^^rZ + 10(?3 + 
where F = a^ag - ^aga^ag + 2090203 - fiOjOj* + Sa^ag, 

Ig = OflOg - 60^05 -I- I5O2O4 - IOO3*, 

F being a seminvariant, and Ig an invariant of the sextic TJg. 
(Exs. 4, 6, p. 104.) We have, therefore, proved that every 
seminvariant of the sextic ban be expressed in the form 

ag-rW{ag,F,G,H,I,Ig), 

where W is a rational and integral function ; and, consequently, 
every covariant when multiplied by a power of Ug may be 
expressed as follows : — 

T(l}g,F,,G,,H,,hJg). 

We conclude with the following important observation : — 
When a rational and integral function of several seminvariants 
is formed so that the result is divisible by Ug, a new seminvariant 
is obtained which is considered distinct from the others. ' 

210. Hermlte’s liaw of Reciprocity . — T heorem. 
A quantic (Og, o^, . . . o„) (x, y)", of degree n, has as many covariants 
of the order min the coefficients as a quantic {ag,ai, . . . cij){x,y)’‘, 
of degree m, has covariants of the order n in the coefficients. 

This theorem can be shown to depend on Cayley’s theorem 
(Art. 165) as to the nun^ber of distinct seminvariants of given 
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order and weight of any quantic. When for a quantic of the 
degree an integral homogeneous function of the coefficients 
is formed containing all possible terms of order jxf and weight k 
which can be made out of the coefficients a„, a^, a^, . . . a„, it, 
can be proved that there will be exactly the same number of 
terms in the corresponding expression of order n and same weight 
K, which can be formed for a quantic of degree w from the coef- 
ficients Uq, a^, O 2 , . . . a^. For this purpose Mr. Ferrers has 
employed a mechanical method of transformation term by term, 
which will be readily understood from a particular application : 
Let us suppose that an expression of order 8 and weight 22 
of a quintic contains the term (which we write 

; and let the weights of the successive factors 
be represented by points arranged horizontally as follows : — 


If now the points be counted in vertical in place of horizontal 
order, we obtain the term of order 5 and weight 22. 

It is clear that two terms thus derived from one another have 
always equal weights, since the total number of points counted 
in both cases is the same. We see therefore that to any term 
of order 8 and weight 22 derived from the coefficients of a 
quintic corresponds a term of order 6 and weight 22 similarly 
derived from the coefficients of an octavic ; this relation is 
reciprocal, so that for each term of either function there exists 
a corresponding term of the other, and if one list of terms be 
complete, the derived list must also be complete. In applying 
this transformation it must be observed that if the term to be 
transformed does not contain the coefficient with highest suffix 
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of the corresponding quantic, the order of the derived term 
will be deficient, and the factor with proper index must be 
supplied, this of course not affecting the weight. Since therefore 
.the two corresponding expressions thus derivable from one 
another contain the same number of terms, we may represent 
this result by the notation 

N (or, /f, n) = (n, k, vj). 

The same is true for si m ilar functions whose weight is one less 
in each case. We have therefore 

N (m, K,n) - N {m, k -\,n) = N (n, K,m) - N {n, k - 1, m), 

from which, by Cayley’s theorem (p. 105), it follows that the 
number of seminvariants of order m and weight k which can 
be made out of a^, a^, Oj, . . . a„ is equal to the number of order 
n and weight k which can be made out of a^, a^, aj, . . . a^,. 

Hermite’s theorem as to covariants follows immediately, 
since the corresponding seminvariants can be taken as leading 
coefficients of covariants ; and, moreover, since nm - 2K=xsn- 2k, 
the degrees of two corresponding covariants are equal. As a par- 
ticular case, also, we see that to an invariant of one quantic 
corresponds an invariant of the other. 

Examples. 

1. Show that the tenns written with literal coefficients only which occur in 
the resultant of a cubic, by the transformation above described, supply the 
literal terms of the cubic invariant of the quartic. 

2. From the seminvariant of a quintic in Ex. 4, p. 104, derive the literal 
terms of the corresponding seminvariant of a cubic ; and show that to the 
quintic-oovariant of the former corresponds the product of and of the 
cubic. 

3. — Show that quantics of the degree 2m alone have invariants of the second 
order in the coefficients. 

For the only invariants of a quadratic are of the type A,„, whose order in 
the coefficients is 2m, A being the discriminant. 

211. Reciprocal and Orthogonal I^lnear Trans- 
formation— Cont ravarlants . — ^When the coordinates of a 
point are transformed by a linear transformation, the tangential 
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coordinates of a line and the operating symbols ^ are 

both transformed by the same new linear transformation, which 
is said to be reciprocal to the first. 

Let the linear transformation be 


( 1 ) 


35 — 4" hj 4* 

y ~ 4- 62^ + 

Z — O/^X 4" 63 !^ 4" C 32 j 

whence any line Xc + fiy + vz becomes, by transformation, 
LX + MY + NZ, where 

L = OxA 4- + OsVjl 

M = 61 A 4- b^fi 4- 6 sV, 

N = CxA = C 2 /L 1 4- C 3 V j 
a <)« <) t> 


(2) 


also 


()2 "d 


<).3l Sa; <).3l ^X 7>z^ 


or, substituting for ^ their values, 


7) 

7)X 


a <) a 

^ Sa: ^ 7 )y 7 >z 


and similarly 
<) 


7 3 f 3 I 

^ c)x ^ ^ }>z 


a a 


-V 4' C 2 C“ "t ^8 
5x <>y 7>z 


whence L, M, N and the symbols ^ follow the same 

laws of transformation, and consequently A, /a, v and 

also ; in fact, from equations (2) this transformation is 

AA = iliL 4 - BiM + GiN, 

A/a = A^L 4 - B^M 4 - CgiV, 

Av = A^L + B^M + C^N, 


where A = (aihjj^s)* 


Bi = &c., &c. 

oOx 
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This linear transformation is said to be reciprocal to the 
transformation (1) whose modulus is A, its coefficients being 

i ^ 1 M j. 

ASai’ A 5c/®®' 

The variables x, y, z, and A are said to be contra- 

gr^i^lj£ to each other, for a linear transformation of x, y, z leads 

to a linear transformation of the symbols which, 

535 }>y 52 

although not the same, is connected with the first in the manner 
abeady explained. 

We next define “ orthogonal ” transformation. If, in the 
equations (1) above written, we have among the coefficients the 
relations 


a/ + = 1, = 1, Ci^ + + Cg* = 1, 

0/t^^ “t* ~ 0, CtjCj CtgCg CtgCg — 0, b^p^ “4“ ftgCg “0, 

the transformation is said to be orthogonal. These conditions 
are fulfilled, for example, by the direction-cosines which enter 
into the relations between the coordinates of a point referred to 
two different sets of rectangular axes in solid geometry. In such 
a transformation it is clear that we have the relation 

xa + 2/2 + 22 = Z* + r* + Z2, 

and that the new variables are expressed as follows in terms of 
the old ; — 

X = a^x + + a^z, Y ^bjX + b^ + b^z, Z = c^x -v + c^z. 

Also, if the modulus of transformation written as a deter- 
minant be squared, each of the elements contained in the principal 
diagonal is equal to unity, and all the other elements vanish. 

When a quantic in x, y, z is transformed, any function involving 
the coefficients of the original quantic, together with other vari- 
ables which are transformed by the reciprocal substitution above 
explained, is said to be a contravariant if it differs only by a 
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power of the modulus of transformation from the corresponding 
function of the transformed coefficients and variables. The 
condition, for example, that a line Xx + fiy + vz should touch a 
conic given by an equation in trilinear coordinates is a contra- 
variant. The theory of contravariants can be included under 
that of invariants by considering the combined system composed 
of the given quantic and Xx + fiy + vz. For instance, in Prop. III. 
of Art. 175, if we substitute xX + yfi + zv for xy' - x'y and f7 is a 
quantic in x, y, z, we derive by the method given there contra- 
variants which are called evectants . 

It may be observed tEat^lT the case of binary quantics, 
contravariants and covariants are not essentially distinct, as a 
contravariant may be changed to a covariant by substituting 
X, - y for /X, A respectively, or vice versa, in a way we have fre- 


quently used, by substituting 
in a covariant. 


ly 


and for x, y respectively 

dx 


The treatment of questions in n variables is facilitated by the conventional 
rule that when a suffix occurs twice in a product, the product is to be summed 
for all values of the suffix from 1 to n. Thus a linear transformation from 
Xi,X 2 , • . . Xfi to x/, X 2 \ . . . is expressed by where as occurs 

twice Xa = stands for Xa = + • . , + ian^'n* deter- 

minant (lafijf called the modulus of transformation M, if equals the minor 
corresponding to la/g divided by iif, the inverse substitution is expressed by Xa 
= LafiXp. The condition that the transformation should be orthogonal is 
lafilay = unless p = y, when it equals 1. Thus in an orthogonal transformation 
XaXa = la$^p\y^yf where a, y are each summed for all values from 1 to n, 
keeping y fixed and summing a, la^lay — 0, unless p = y and then it 
equals 1, XaX^ == x^xp^'. Moreover, in an orthogonal transformation, mul- 
tiply Xa = lafiX^' by lay, and summing, layXa = la$hyXfi = ^y, **. lay = Lya- 

In the general transformation, if (a represent a tangential variable, so that 
(a^a = (a^a'f ia^a ~ SO (p = gives the reciprocal sub- 
stitution. Also so is cogredient with In an orthogonal 

OXa oX^ OXa 

transformation h, f are cogredient with x^, x^, • . . Xf^. 

Again dapXaX^, taking aa/j^a^at represents a homogeneous function of the 
second degree, and its discriminant A is the determinant (Oas). If we transform 
by the general linear transformation above, Oa^XaX^ = aa^ayl^^y^l> = 

f^afilaylei- Now the product of two determinants {bafi), {Ca^) equals (bayC^) or 
{byaCyfi) or {bayCyp) according as we multiply rows by rows, or columns by columns 
or rows in {ba$) by rows in (Ca^) after altering rows to columns. Hence A' = 
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(a v«) = • ^/m) = (“ajS^ay) • (i/js). Where j8 is not summed, = (a^)(lay)(l»)> 

where a, /3 are not summed, = Aif 

Similarly a homogeneous function of the third degree in n variables is 
expressed by aa^yXaX^y, all the values of aa^y obtained by permuting apy being 
assumed equal. Similarly one of the fourth degree = OapyiXaX^XyX^, where 
all the values of obtained by permuting apyS, are assumed equal. To 

find i UJixaf we must observe that as a, p, y, 8 are to be summed for all values 
from 1 to n, the suffix a will occur in the place occupied by every suffix in 
aafiyB* Thus <)C/4/<)a?a = a^^^x^XyX^ + a^y^x^XyXs + a^yasx^yxs + a^ySaXfiXyXs 
==^afiy$X 0 XyX^. Similarly 


^^- 4.3 


dxadxfiixy 


4.3.2. Ctaj^Xs, 


<>Xabx0iXy(>Xs 


4 1 OafiySt and so on for homogeneous functions of n 


variables of higher degrees. 


Miscellaneous Examples. 


1. Every quantio of an odd degree has a quadratic co variant of the second 
order in the coefficients. 

For every quantio of an even degree has an invariant of the second order 
in the coefficients (Art. 177), which may be written in the form 17j[>(U) or 
(1, and this invariant of the quantic whose degree is 2 m will be a 

seminvariant of one whose degree is 2m + 1 s n. The co variant therefore 
which has this seminvariant as leader will be a quadratic, since nm — 2k = 2, 
K being = n — 1 and w = 2. 

2. Every quantic of an odd degree 2m -|- 1 = w has a linear covariant of 
the degree n in the coefficients when n is greater than 3. 

For, if 1 (x, y)\ be the quadratic covariant of the preceding example, we 
have 

J’”{U) = L„x+L,y, 

a linear covariant, the order of Lq and Li being n. It is here assumed that 
If0 and Li are not identically zero, as they are for the cubic. 

3. Every quantic of an odd degree has an invariant of the fourth order in 
the coefficients of the form + 2Baf^ + C, 

The discriminant I (x, y)* is the required invariant. 

4. Every quantic of odd degree n has a seminvariant of the third order in 
the coefficients which is the leader of a covariant of the degree. 

For, difierentiating with regard to an the discriminant obtained in the 
preceding example, we have, for the resulting seminvariant, cj = 3, /c = n, and 
consequently p = n® — 2ic = n, which is therefore the degree of the covariant 

of which ^ is the leader, 
oan 

The series of seminvariants obtained in this way for the odd quantics is 
important, the order in the coefficients being low. 
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6. Qualities of the degree 4w have invariants of the third order in the 
coefficients. 

For cubics have invariants of the type A^, of the order 4m in the coefficients, 
A being the discriminant. This and the next four examples are immediate 
deductions from Hermite’s Law of Reciprocity (Art. 210). 

6. Quantios of the degree m have as many invariants of the fourth order as 
there are solutions in positive integers of the equation 2p + 3g = m. A 
quintic, for example, has one, a sextic two, a septimic one, an octavic two ; 
and so on. 

For quartics have invariants of the type which is of the order 

2p + 3g = m in the coefficients. 

7. Every quantic of the degree 2p + 7 lias a covariant of the second order 
in the coefficients. In particular, when g = 1, every quantic of odd degree 
has a quadratic co variant of the second order in the coefficients (cf. Ex. 1). 

For quadratics have covariants of the type which is of the order 

2p + g in the coefficients. 

8. Every binary quantic of an odd degree greater than 3 has a linear co- 
variant of the fifth order in the coefficients. 

For a quintic has an invariant of the fourth order, the discriminant of 

also covariants of the fifth and seventh orders, vi?5. (Ex, 2) and = 
LdIx t ^rom these we form the covariants of order 4p + 1, and 

of order 4p — 1 ; but every odd number is of the form 4p ± 1. 
— Hermitb. 

9. Every quantic of the degree 4p -f 2 has a quadratic covariant of the 
third order in the coefficients. 

For a cubic has a quadratic covariant of the type of the order 4p -f 2 

in the coefficients. 

10. When the quintic (a^, a^y a^, a^, a^, a^) {x, yY has a triple factor, prove 
that the covariant is a perfect square, and the covariant a perfect cube, 
the linear factor being the triple factor of the quintic in both cases. 

11. When the quintic has two double factors, the remaining factor is a 
single factor of 

12. If Vx = a2> • • • %) prove that the resultant of TJ^ and 

the covariant is the discriminant of JJ cubed ; that is, R ( Ox) = 2A* ( 17*) ; 
and prove also R ( 17*, Hx) = ^A* ( 17*). 

Express Hx and (7* in terms of the semicovariants 17i, . . . 17^_i, U^y U, 

13. Express the combinant of two cubics in terms of the other invariants, 

p. 162. Ana. P* = le/jg - 4/3, = + 24/„, 

where Iny . . . &c., are the invariants of the three Hessians of Art. 192. 

14. When the quintic has a triple root, the following symmetric functions 
of the roots vanish : — 

2 (oi — a,)* V (a*, a., Oj), 2 (oj — a,)* V (a*. a«. Oj). 
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15. Two quadratics, U, F, in y may be expressed in one of the forms 

(i) + Bv*, A'u^ + B'vg. (ii) uv, uw. (iii) V s hV, 

where u^v^w are linear functions of a;, y. 

Putting U = + 2hixy + a^y* ^ A (x — ay)* + B (a; — j3y)*, 

F s 60a:* + 2hyxy + 6ay* = (a; - ay)* + B' (a; - jSy)*. 

ao = -4-j--S 

-ai = ^a+Bi5. - 61 = .I'a + B'jJ ( 1 ) 

a* = Aa^ + = A'a^ + B'pK 

If a, j8 are roots of pa^ + qxy + ry* = 0, pa^ — qa^ + ra^ = 0, pb 2 = qbi + 
rb^ = 0, and a, p are roots of 

a;* —xy y® 

K = Oi a© = 

62 bi 6 q 

If the roots of == 0 are different, we get A,B^A\B' from the first two equa- 
tions of each set (1) and establish the result (i). Putting j8 = a + c in the values 
of Af B, A\ B' and finding the limit when € = 0 of the forms assumed for U, F, 
we get (ii). When X = 0, Oq = U ^ kV, We see 

that jK” s J ( F, 17), and its factors are u, v, 

16. If the coefficients of three quadratics 

a^x^ + 2a^xy + b^x^ + 2b^xy + b^y^, c^x^ + 2Cia;y + 
be connected by the relation 

(Zq (Zj (Z 2 

6© 6j 62 = 0, 

c© Ca 

prove that they may be in general reduced by linear transformations to the forms 
A^X^+B^Y\ A^X^JtB^Y^, A^X^ B^Y\ 

The determinant here written is the condition that the three quadratics 
should determine a system of points or lines in involution. 

17. If Uf V are two homogeneous functions of the second degree in n 
variable with real coefficients, and if F is positive for all real values of variables, 
prove that the discriminant of C7 — AF has all its roots real. 

Using the convention that when a suffix occurs twice in a term, such term 
is to be summed for all values of the suffix from 1 to n, we write U = aa^x^x^, 
V s bafiXaXp, If A s ~ Xbafi) = 0, we can find values of Xi, x^\ , , . x^\ 
so that aafiXp = Xba^Xfi\ for if all the first minors of A = 0, two of x^\ x^\ • • • 
may be taken arbitrarily, because any values which satisfy n — 2 of the equations 
— XbafiXfi satisfy the remaining two. This may be seen by taking w — 1 
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of them, multiplying by the n — I minors of the second order formed by the 
coefficients of any n — 2 variables and adding. The result s 0, as the coefficient 
of any variable is either a minor of the first order or a determinant with two 
columns identical. Thus unless every minor of the second order vanishes there 
are at least two linear identical equations connecting n- — 2 of the equations 
of which the coefficients of ti — 2 variables form a minor not = 0, with the 
other two. Similarly if all the minors of the third order vanish, three of the 
variables may be taken arbitrarily, as there are at least three linear equations 
connecting n — 3 of the equations of which the coefficients of n — 3 variables 
form a minor of the third order not = 0, with the other three. And so on 
generally. Hence we can always get values of x^^ . . . x^ which do not all 
vanish to satisfy a^^xp = if A is a root of — A6a^) == 0. 

If /A + iv is a root of (a^is ~ Xb^^) = 0, and the corresponding values of 
(a + which do not all vanish are substituted in a^^x^' = (^ -|- iv) bg^^, 
we get 

®a/3 + ♦*') ^a/5 Ufi + 

and therefore, as b^^ are real 

Hence multiply the first by Yja s-nd the second by and subtracting and summing, 
we have 

+ bafiUh} = 

But ba^Tfarjb by hypothesis each positive and do not vanish unless 

all the f’s and all the t^’s = 0, and this latter is not the case as we saw, .*. v = 0, 
and all the roots of A are real. 

18. If Uy V are two homogeneous functions of the second degree in n 
variables with real coefficients, and F is positive for all real values of the variables, 
prove that U and V may be expressed as sums of squares of the same n real 
linear functions, with real coefficients. 

Transform U = a^^XgX^ and V ~ bg^XgX^ by the linear substitution = 
getting 

u = aafiXgyX'yX^Xs' = + 2ag0XfiiXapXi'Xp' + ap^pfX/Xq^x/y 

(p, g, r, « = 2 to n). 

V == bg^XgyXy X^^X^ = ^ 4“ Xp -f- bpg^p^q^f X^ * 

Now Aj being any root of — Xb^^) = 0, by the last example Aj is real 
and we can find real values of x^y x^i^ ^si, . . . a;,ii to satisfy 
Assume as well arbitrary real values for all the other coefficients in the substitu- 
tion, but so that the modulus does not vanish. 

Multiply aafiXfii=Xxba0X0i by Xai and summing, and by Xap and summing, we 
get Xa^ai^pi = K^a^aiXfii, dg^x^^Xap = X^ba^^iXfip, Therefore the coefficients 
of Xi^ and x^Xp' in U equal Aj times the- corresponding coefficients in F. Also 
noting that ba^x^ai^'fii Is positive and does not vanish, and denoting it by we 
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get, if we put Xi = U = V', V — Zi*+ F', where 

Ki 

U% V' are functions of and V' is still positive for all values of the 

variables, since U' U for any values of x^'x^' . . . if x^' is found from 
Xi = 0. We now proceed similarly with U', V\ having reduced the variables 
to n — 1, and so step by step we establish the desired result. 

If finally Xa == and (la^) — M, we have the discriminant A of U — XV 
= iP(A~A,)(A~ A,) . . . (A- An), 
so that Ai, Ag, . . . An are the roots of A == 0. 

We may further note that if A has two roots =Ai, the discriminant A' of 
the final form C/ — AF, having terms only in the diagonal, is such that for 
A = Ai all minors of first order vanish. Hence as A is obtained from A' by 
multiplying by a determinant A = M\ and so any first minor of A is the product 
of two arrays formed by n — 1 rows of A and w. — 1 rows of A', and so is a linear 
function of first minors of A% and so vanishes for A = A^. Similarly if A ~ A^ 
is a triple root of A = 0, when A — Aj, all the minors of the second order of A=0, 
and so on generally. 

19. Express in general three cubics U, F, W, by means of three cubes. 

Putting U ^ A (x -- ay)^ B {x — jSy)* -f- C (a: •— yy)* = Au^ -f Bv^ + Cu^, 
we have clq — A B C*, — cl-^ — Ao. -J” B^ -f- Oy, Og “ Aa,^ -j~ -5/5* -f- C^y*, 
— ©3 = H- Cy®, and so if a, jS, y are roots of PqX^ + PxX^ -f p^xy^ + 

Po«8 ~ Pi^z + Pi^i ~ Pi^o = Similarly putting F s ,4 V -f B'v^ + 
C and W s. A"u^ + B"v^ 4- C"w^, we get po^o “ Pi^z + Pz^i “ Ps^o = 
Po^s Pi^2 + Pz^i Pz%* Hence a, p, y are roots, and u, v, w factors of 

K = ic® — 3 ^y ary® — y® 

03 Ug Uj Uq 

63 63 61 60 

C3 Cg Cj Cq 

Finding then A, B, C, A', B\ C', A'% B'\ C" from the first three of each of 
the three sets of four equations, we obtain the desired result when a, j9, y are 
all different, or K of form uvw. 

Putting p=za-\-€, y — getting A, B, C, and finding the limit 
when c = 0, we get that if ^ is of the form u^v, U, F, W are each of the form 
Au^ Buh) 4- Cv®. Further, finding the limit when 17 = 0, we get that when 
is of the form w®, is a factor of 17, F, W, 

If X 5 0, there is a linear relation between Up F, W, 

A similar method may be applied to express in general n quantics of the 

order in terms of n powers. 

20. Prove that the three roots of a cubic may be expressed as 
Xx9 B {Xx)f BB (a?j) = B^ (a^i), 

0 (*) “ ^ (*) "• *• 


where 
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This follows from Art, 60, Vol. I., or from the fact (cf. Art, 206) that 
any cubic may be linearly transformed into itself, but it may be proved in a more 
elementary and satisfactory way by finding /, m, I', from the equations 

I'py — ZjS -h m'y — m = 0, 

I'ya — Zy -f- m'a — - m = 0, 

Z'ajS — Za + m'p — w — 0. 

Assuming a, j8, y unequal we easily find that we may take I' = ac — 6*, 
I ^ ad — be, m' I = V ■— JA, m = bd, and we note that (Im'—Vm) 
= — JA = (m/ -f- Z)2. 

This example is a particular case of a general theorem of Abel’s, viz. ; If 
the m roots of an equation of the rrd’b (iegree are a, B (a), 6^ (a), . . . B^^ (a), 
where B (x) is a rational function such that when the operation B is repeated 
m times (a?) = x, then the solution requires only the determination of a primi- 
tive root of — 1 = 0 and the extraction of the ^oot of a known quantity 
(see under Abelian Equations). 

21. Given a binary cubic U and its Hessian the cubic being satisfied by 
the ratios x : y and x* :y' ; prove that 


1 

va 






xy' — 


is an absolute constant, A being the discriminant of U. 

This expression is absolutely unchanged by linear transformation, since 

A'=if«A, 

and 


X 

Y 

1 

X y 

X' 

Y' 

M 

X y 




7^ ^ 

J)r 




Reducing XJ to the sum of two cubes by a linear transformation whose 
modulus = 1, the constant may be easily shown to be This is another 

form of the homographic relation of Art. 60. 

22. Prove that a rational homographic relation in terms of the coefficients 
connects any two rational functions of the same root of a cubic equation ; but 
that the relation is not rational when the roots are different. 

23. Transform the quartic 


(a, 6, c, d, c) {x, 1)* 


into one whose invariant I shall vanish. 

Assuming y = a;* -f- 2r}X -f- {, 

and making the invariant I of the transformed equation vanishi we have 

— — ( 1 ) 

where ^ is a known quadratic fqootion of t;, not involving 
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Expanding (1), we have 

7^. _ + g „ 0, 

.which determines and consequently rj, by means of a quadratic equation ; 
and I may have any value. 

By a similar transformation J can be made to vanish. 

24. Prove that the most general rational transformation of a quartic / {x) 
may be reduced to the transformation 

P 0 

y j zL-. 

When P = Ef (p) f* (g), and Q Rf (g) f' (p), show that the second term 
of the transformed quartic is absent. 

26. Prove that the transformation 


y ^ + 2px + y 
+ 2piX + Yi 


may be accomplished by the three successive transformations — (1) a homo- 
graphic transformation ; (2) a transformation of the roots into their squares ; 
(3) a homographic transformation. 


26. If p be any integer, prove that 


- x^P) x^v) 
(a?! - x^) (x^ - x^) 




where Pq A symmetric functions of iCj, arg, x^, x^ ; prove also that 


(4> (a?i) - ^ {X 2 )) (xj^) - ^ (a?4)) ^ Pq + (x^x^ + 

(0 (a^i) - ^ (ajj)) (^(a:a) - ^ {x^)) 2^' -f Sj^ix^x^ + ar8a?4)^ 


where Po» symmetric functions of x^, x^y x^, x^, (See Art. 198.) 


27. If 4> (x, y) and ^ {x, y) be two covariants of the binary form 

U = (Uo, aj, Uj, . . . %) (Xy y)^ 


of the degrees p and g, respectively ; and if 



be expanded in the form 

(Fo, Fi, F„ . . . Fp)(Z, r)P; 

prove that Vq, Fi, Fj, . . . Vp are covariants of f7. (Hbrmitb.) 
Expanding, the coefficient of Yi is 

(-IV (M 'b M b\i, 

\ . 2 . Z . . . j\ly lx bx by)"^' 

The modulus of this transformation of ^ is ^ (a;, y). 
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28. When in the preceding example n = 4, and ^ {x, y) and t/t («, y) are 
replaced by V, find the values of Fq, Fj, F 3 , F 4 . 

Ana. (U, 0, lU^ - SH^^) (Z, Y)K 

29. Prove for two cubics U and F 

Al -^*1 *^81 

0 * = 16 /ii f 

As -^88 A8 

where /n, /ja, &c., are the invariants of the three Hessians, and Q has the same 
signification as in Art. 192. 

30. Eliminate x' from the equations 

z = (a^x' + tti) a; + 4* Sa^x' + 2aa) y, (Uq, a^, ag, a,) (x', 1)» == 0, 

Ana. 2 * 4- 311^^ y 2 + y = 0. 

31. Transform the quadric (a, b, c,/, h) (x, y, zf to X, F, Z, where 

X == aiX + Piy + yi*» Y = Oa^; -j- j^aJ/ + ya2> ^ = (hX + 4* 

l^H ^18 ^18 -2C 

riai Ilaa Has Y 
II 31 ^32 Usa ^ 

X Y Z 0 

where 

^ Aaj.ay4‘ 4 ^yiy^4- Z(^^y^4- ^/y<)4- ^(y^uy+ ®<yy)4“ 

and A, B, Cf F, 0, E are the coefficients of the tangential form of 

(a, 6 , c, /, g, h) (x, y, z)*. 

32. Prove that the quartic (a, 6 , c, d, e) (x, yY may be transformed into 
by the substitution 

^ = Za; 4 - wy, >7 = a; — 8 y, 
where a, j3, y, 8 are the roots, and 

12Z =*- aE(a - 8 ) (jS ~ 8 ), 12m = aSa (P - 8 ) (y - 8 ), 
in which the summation is with respect to a, j3, y, and it is a function of 
a, P, y, 8 . 

33. When Ug. la a quartic, and its Hessian, prove that the factors of 
U^Hy — UyHx are a; ■— y and the three quadratic factors of (Art. 183) when 
xy replaces «*, and x + y replaces 2x. 

34. Prove that all quartic covariants of whose roots are rational functions 
of the roots of Ux are included in the formula 

-f i V - 2Jp 4 - tV - (V (Mb. RtrssBLL.) 
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How is this example connected with the preceding ? 

35. Prove that ^ ^ ^ -j- ^ ^ is a factor of l^U ^ 

where (x — a) (x — jS) — y) (x — 8). 

36. If C7jj and f/'f be two quartics which have the same absolute invariant, 
prove that 

may be resolved into four factors of the form 

Axi + J5a; + Of + D. (Mr. Russell.) 

37. If the leading coefficient of a covariant involves the coefficients of several 

quantics in the orders S 2 , . . . df and weights . Kf., the degree of 

the covariant is 

ni«i + 712^2 + . . . + njdf — 2 (ifj + #fa -1- . . . 4- Kf). (Art. 166.) 

38. If for every difference Oj, — og, in the formation of a seminvariant ^ of 
an equation U — 0, we substitute 

U (qD — Qq) 

(X - ap) {X - a^Y 

prove that the result is the product of the covariant whose leader is </> by 0'''“**, 
where d is the order and k the weight of </>. 

39. When O is a quintic, what are the invariants of the quartic emanant 

Ans, The quadric and cubic co variants and J/. 

40. Give the relation connecting the covariants Hx, Ox, Ix* of any 

quantic U. Ans. - Ox^ = 4Hx^ - U^ExI^ + U^Jx- 

41. Show how to transform a quantic of an odd order so that all the new 
coefficients shall be invariants. 

Ans. Take two linear 00 variants for the new X and Y. 

42. Find the relation which connects the coefficients of two quartics (if any) 
when their roots are connected by the relation 

la a' aa' 

1 p p' pp' 

I Y y' YY' 

1 8 8 ' 88 ' 

Ans. 

(Cf. Exa. 13, 14, p. 119, VoL 1.) 
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43. Transform a cubic V into its cubic covariant Og by linear transformation. 
Making the transformation given by the equation 

^ ^ ^ ^ 0, the result te AG*'. 

ox oy 

44. Transform a qoartic V into itself by linear transformation. 

If U = Alx* + y*) + 2B3?f, 

the quadratic factors of the covariant G* are ** + y*, ** — y* ; now, making 

^(j> 

the transformation determined by the equation — h y'— = 0, where ^ is 

ox oy 

any one of these three factors, V is transformed into V', 

45. Prove that the quadratic factors u, v, w of G* expressed in terms of the 
roots are unchanged when for x, a, j8, y, S their reciprocals are substituted and 
fractions removed by the multiplier (—1) x*a]8y8. 

It appears, therefore, that %u, a^v, %w may separately be regarded as co> 
variants, if the rational domain, which before included only the coefScients, be 
regarded as extended by the adjunction to it of the roots o, JS, y, 8. (See Art. 
168.) 

46. If three quadratics be mutually harmonic, prove that they may be re- 
duced to the forms 

AP+GP, A1*-CY\ BXY. 

47. Form for a quintic a seminvariant whose order is 4 and weight 8. 

The terms contained in the complete gradient * t are as follows : — 

Operating with D, and making DGj j = 0, we find seminvariants of the type 

IS mP, 

where I has the usual meaning, and 

8 — — ZagaJafi^ — + 4o0Oja3* + + 2ai*0j* — Sajai*®] 

-f" 3flj* Oj (Oj*®! 3<i()fli02 20)^), 

* The term “ gradient ” is used to signify the sum, with arbitrary multipliers, 

of all possible terdl^SI^^ assigned order and weight. 
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Section IV. — Geometrical Transformations.* 

212. Transformation of Binary to Ternary Forms. 

— We think it desirable, before closing the present chapter, to give 
a brief account of a simple transformation from a binary to a 
ternary system of variables, whereby a geometrical interpretation 
may be given to several of the results contained in the preceding 
chapters. The applications which follow will be sufi&cient to 
explain this mode of transformation ; and will enable the student 
acquainted with the principles of analytic geometry to trace 
further the analogy which exists between the two systems. 

Denoting the original variables, i.e. the variables of the 
binary system, by x, y, we propose to transform to a ternary 
system by the substitutions 

X = x*, y = 2xy, Z = 2/2, 

a form to which the general quadratic transformation may be 
brought t by a linear transformation of the ternary variables. 

For example, taking the simple case of a quadratic whose 
roots are a, /3, viz., 

x2 - (a + j8) xy + aj 8 y 2 = 0 ^ 
and transforming, we obtain 

Z-i(a + j8)Y + aiSZ = 0. (1) 

We have also the equation 

4ZZ - y2 = 0. 

This is the equation of a conic, which we uniformly call K, 
and (1) is plainly the equation of a chord of this conic joining 
the points a and j3, the point determined by the equations 

♦See Quarterly Journal of Mathematics, voL x., p. 211, 1869. 

t If aoi^ 4- 2bxy + c^, T' = a^a^ + 2bixy + Z' = a^oi^ -f 2 bg 0 ey 
+ c^, solving for xy, 2 /*, on the assumption (a^, 6*, Cg) =f= 0, as if it does 
all points lie on a line, we obtain = (AX' + A^Y' + ^2^0 /KVa) = 
with similar values for 7, Z. 
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^-^-Z.where^--, 

being referred to as the point ^ on the conic K. 

When a = /5 the quadratic becomes (x - ctyY, i.e. the square 
of a factor of the first degree ; also (1) reduces to X - aF + a*Z=0, 
which is plainly the equation of the tangent at the point a to 
the conic K ; whence the line corresponding to a quadratic with 
distinct roots is a chord of the conic K, this line becoming a 
tangent when the roots are equal. 

In further illustration of this method, we consider the binary 
sextic and quintic, so as to show how the transformation is 
presented differently according as the degree of the quantic is 
even or odd. In the former case we have 

w s (x - Oiy) {x - a^) (x - asy) (x - a^y) (x - a^) (x - a^), 
which becomes by transformation 

^12^34^66> ^12^86^46> ^12^86^45> 

or some other of the fifteen similar products of chords, where 
X-Ua^ + ttglF + aittgZ is the chord 1 , 2 ; and C 34 , C 5 ,, &c., 
have a like signification. In the second case, viz., when the 
degree of the binary quantic is odd, we must square u before 
making the transformation. Thus if u represents the product 
of the first five factors written above, becomes when trans- 
formed where <1 s X - UiF + uj^Z is the tangent to K 

at the point oj, and &c., have a like signification. As, 

however, in such transformations we may replace 4x®^* by 4AZ 
or by y® = 4AZ - K, they may be effected in a variety of ways, 
but we see that two such transformations differ by an expression 
of which is a factor. 

213. The Quadratic and Systems of Quadratics. — 

The only invariant that a quadratic has is its discriminant ; and 
this is also an invariant in the ternary system, its vanishing 
being the condition that the line corresponding to the quadratic 
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should touch the conic K. We now consider the system of two 
quadratics 

ooj* + 2bxy + cy^, o'x® + 2b'xy + c'y^, 

which we call I and m. 

When transformed they become two lines 

L = aX + bY + cZ, M ^ a'X + b'Y + c'Z. 

Now the condition that the line whose equation is AL + /xM = 0 
should touch the conic K is 

\\ac - 6*) + V (ac' + a'c - 266') + {a'c' - 6'*) = 0. (2) 

All the coefficients of this equation are invariants in both 
systems : we have already seen that this is true of the first and 
last coefficients ; and the intermediate coefficient which is the 
harmonic invariant of the binary system is an invariant in the 
ternary system also, its vanishing expressing the condition that 
the lines L, M should be conjugate with regard to the conic K. 
This equation ‘determines the tangents which can be drawn 
through the point of intersection of L and M to the conic K. 
When this point is on the conic, the tangents coincide, and 
the discriminant of the quadratic vanishes. Whence we obtain 
geometrically the following form for the resultant of two quad- 
ratics : — 

5 = 4 (oc - 6®) (a'c' - 6'®) - {ac' + a'c - 266')* ; 

for if L, M, and K have a common point, the original quadratics 
must have a common root, and the condition is in each case the 
same. 

Again, the pairs of points or lines given by the equation 
XL -I- [xM = 0 form a system in involution (cf. Art. 190), the 
double points or lines being determined by the equation (2) ; 
and in the ternary system the corresponding pencil of lines 
passing through a fixed point determines on a conic a system 
of points in involution, the double points being the points of 
contact of tangents drawn to the conic from the fixed point. 
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If we consider next the three quadratics 

+ 2hjxy + O 3 Z* + 

it is seen that the determinant is an invariant in both 

systems, its vanishing being the condition in the binary system 
that the quadratics should determine an involution (Ex. 16, 
p. 208), and in the ternary system that the three corresponding 
lines should meet in a point. 

As a final illustration, we consider a system of three quadratics 
connected in pairs by the harmonic relations 

“H (352^1 “ “ 0, <fec. 

Transforming the quadratics, we obtain three lines L, M, N> 
which form a self-conjugate triangle with regard to the conic K. 
The theorem relating to three mutually harmonic quadratics, 
viz., that their squares are connected by an identical linear 
relation (see Ex. 6, p. 136), is suggested by a well-known property 
of conics ; for K may be expressed in terms of L, M, N in the 
form 

K = L^ + M^ + m; 

whence, restoring the original variables x, y, K vanishes identi- 
cally, and L, M, N become the original quadratics, each divided 
by a factor which may be seen to be the square root of its 
discriminant (see (1), Ex. 6, p. 136 ; also Ex. 18, p. 209). 

214. Tbe Quartic and its Covariants treated 
geometrically. — It will appear from the investigations in 
the succeeding Articles that in applying the transformation 
now under consideration to the quartic u = (o, 6, c, d, e) (z, y)*, 
the term 6cz®y® should be replaced by 2cXZ + cF®, so that the 
quartic will be replaced by the two following conics : — 

U ^aX^ + cF® 4- eZ® 2dFZ + 2cZZ + 26AF, 

K = 4ZA - F®, 

the form of U here selected being connected with K by an 
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invariant relation. The invariants of JJ and K are invariants 
of the original binary form, for the discriminant oiU + pK is 

4 / 5 * - Ip + J, 

and hence the invariants of the ternary system are 
A' s 4, ©' = 0, 0 = - 7, A = 7 ; 

where I and J are the invariants of the quartic, the discriminant 
ot U + pK being written as usual under the form 

A + /o® + p^&' + /t)®A'. 

Let the conics U and K intersect in the points A, B', C, D, 
these points being determined by the equations 



when <f> has the four values a, /8, y, S, the roots of the binary 
quartic ; and let the points of intersection of the common chords 
BC, AD ; CA, BD ; AB, CD be E, F, G, respectively, where 
EFG is the triangle self-conjugate with regard to both conics. 
Now, denoting by (a/8) = 0 the equation of the line AB, and 
using a similar notation for the remaining chords, we have by 
the theory of conics 

U + pyK = (^y) (a8), U + p^K = (ya) (^8), U + p^K = {af) (y8), 

where pi, p^, ps are the roots of the equation 4/5* - Ip + J = 0. 

On restoring the original variables x, y in these equations, 
K vanishes identically; and we have u resolved into a pair of 
quadratic factors in three different ways, depending on the 
solution of the reducing cubic of the quartic. Whence it appears 
that the resolution of a quartic into its pairs of quadratic factors, 
and the determination of the pairs of lines which pass through 
the four intersections of two conics, are identical problems, each 
depending on the solution of the same cubic equation. 

We now proceed to show that the sides of the common self- 
conjugate triangle of U, K correspond to the quadratic factors 
of the sextic covariant in the binary system. Since the side FG 
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is the polar of E, the coordinates X', Y', Z' of E are found by 
solving the equations (j8y) = 0, (aS) = 0 ; we have, therefore, 

z; Y' z' 

j8y (a + 8) — aS 0 + y) 2 (j8y — otS) j8 + y — a + 8’ 
and, substituting for X', Y', Z' the values thus determined in 
the polar of E, viz., 

YY’ 

XZ' - X'Z = 0, 

we express this equation in the form 

(jS + y — a-8)Z - (jSy - a8) Y + (jSy (a + 8) - oS (jS + y)) Z = 0. 

On restoring the original variables x, y, this is seen to be one 
of the quadratic factors of the sextic covariant (Art. 183). It 
is therefore proved that the points where EG meets K are 
determined by the quadratic equation 

(j8 + y — a — 8) — 2 (jSy — a8) <^ + jSy (a + 8) — a8 (j8 + y) = 0 ; 

and consequently the six points on K which correspond to the 
roots of the sextic covariant are the points where this conic 
meets the sides of the common self-conjugate triangle of JJ 
and K. 

To determine the points on K which correspond to the roots 
of the Hessian, we calculate for the conics V and K the covariant 
conic F (Salmon’s Conic Sections, Art. 378) ; thus finding 
-IF ^{ac- 62) Z2 -f- {bd - c2)y2 + {ce- d®) Z^ + {be - cd)YZ 

+ {ae -2bd + c*) ZX + {ad - be) XY ; 
and on restoring the original variables, we have 
H{x,y)*^-lf-, 

also, since the conic F intersects U and K in the points of contact 
of their common tangents, we see that the points on K corre- 
sponding to the roots of the Hessian are the points so determined. 
Conversely, transforming the Hessian UnU^i — Hu* to the ternary 
variables, it becomes 

{aX + bY + cZ) {cX + dY + eZ) - {bX + cY + dZf = - J F, 
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which is the envelope of the polar X'U-i + Y'JJ^ + Z'U^ for all 
points on K. This determination of F is due to the invariant & 
of V and K vanishing. 

215. We now give some general transformations from the 
binary system to the ternary, which will be useful in comparing 
the concomitants in both systems. 

(1). Linear transformation of both systems. 

If the binary variables be linearly transformed, the new 
variables expressed in terms of the old being 
= Ax + iiy, y' = A'x + \i!y, 

the new ternary variables will be expressed in terms of the old 
as follows : — 


T = + A/iY + 

Y' = 2AA'X + (A/z' + AV)r + 2)Lt/z'Z, 

Z' = A'2Z + A'/F + ; 

and, consequently, 

4Z'^' - F* = (A/z' - AV)2 (4ZZ - r*), 
showing that the form of the fixed conic is unaltered by the above 
particular linear transformation of X, Y, Z, which conversely 
leads to the general linear transformation of the primitive binary 
variables. The modulus of this ternary transformation is 
(A/z' - A'/z)® (see Ex. 4, p. 89). 

(2). Transformation of Parti ^Differentia l C oefficients. 

If u (x, y) becomes U by the substitution of Art. 212, we 
have 


()tZ 

})X 


^ ^ W 


and therefore 


z 3 Avn/rn 


■bZlX 


lYV 


where U is used to denote the operation 


•bZlX 


a® 

ap- 



Transformation of Differential Coefficients. 223 


Hence, the degree of u being n, and therefore of TJ being 
we have 


lihi 

'bxby 

w 


= 2(n-l)^-4Zn(l7), 
-2{n-l)^ + 2Yn{V), 


and similarly 


If the transformation be such that n{U) vanishes identically, 
we have, for the transformation of the second difierential coef- 
ficients, the following simple values : — 




2 (n 


1)^ 


'bxly 


..lU 

- 2 (» 1 ) 


= 2 (» - 1 ) 


IJJ 

IZ' 


From these values we find easily 



A 

Sx 


+ y’ 1 )‘„ - (» - 1 ) (X’ 


lU 

7)X 


-t- 



showing that the second emanant (Art. 174) m the binary system is 
transformed into the first 'polar in the ternary system. 

To return to the consideration of the connexion between the 
binary and ternary variables, and to show that the fundamental 
properties of the quantics correspond in the two systems : — 
Suppose we had three equations in general connecting the 
variables 


(x, y), Y = <f >2 (x, y), Z = <f >3 (x, y), 
which we saw may be reduced to the form 

a: = X*, r = 2xy, Z = y\ 

we may by eli m ination of xy obtain an equation in X, Y, Z, and 
we have another relation between X, Y, Z from the transformed 
binary equation, the roots of which wiU plainly be represented 
geometrically by the intersection of these two curves. 

The analogy between the two systems of representation, 
being points on a hne and on a conic, will be apparent to a 
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student of analytic geometry, so we give an example where the 
analogy is apparent. We show how a double root of u leads to 
a quintuple root of the sextic covariant (Ex. 2, p. 236), for two 
of the sides of the polar triangle of V and K touch the conic at 
the vertex of the triangle, and the pole of the third side is a 
point on the tangent. 

(3) . Transformation of the J ^hian . 

The Jacobian of any binary system u, v, is transformed into 
the Jacobian of U, V, K, where U, V are the transformed values 
of u, V, the transformations being not necessarily such that 
I7(U) = 0, 17(V) = 0. For we have 

1 ax + hy bx + cy 

{n — 1) (w - 1) a'x + b'y b'x + c'y ’ 

n and n' being the degrees of u and v, respectively, and a, b, c 
being used to denote the second differential coefficients ; whence 
we have 

^ ^ ^ 

7>X iY IZ 

^ W W 
iX iY t)Z • 

^ M ^ 

iX 7)Y DZ 

the last determinant being obtained from the preceding by using 
the transformation in (2), adding the last row multiplied by 
4il (Z7) to the first, and the last row multiplied by 4/7 (F) to 
the second. 

(4) . The Hessian and other concomitants. 

For the transformation of the Hessian we have 




n® {n-l)^H {u) 


ihi <)®M 
5a5® <)y® 




W ill 
lx iZ 



if J7(C/) = 0, 
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which proves that one curve into which the Hessian may be 
transformed is the locus of the poles with regard to of tangents 
to the fixed conic. 

The line corresponding to the binary ^oncomitgg^ 
{xy'-x'yf is XZ' - \ YY' + ZX' , 

which is the polar of X', Y', Z' with regard to the fixed conic K. 
If the quadratics 

ax^ + 2bxy + cy^, a'x^ + 2b'xy + c'y^ 

become, when transformed, the lines L, M, the Jacobian 
J {L, M, K) determines the polar line of their intersection with 
regard to the fixed conic K. 

When n (TJ) = 0, FI {V) = 0, the curve corresponding to the 
covariant (1, 2)® is plainly 

W lU -bV bV 

_____ _____ ___ _ ^ _____ — 
bx bz bz bx by by’ 

which equated to zero is the condition that the polar lines of a 
point with regard to U and F should be conjugate with regard 
to the fixed conic. This covariant may be written under the 
form n {VV), as n {U) = 0 and 77 (F) = 0. 

216. When the transformation of Art. 212 is applied to a 
quantic / {x, y) of even degree 2m, it is plain that the roots of 
this quantic will be determined geometrically by the points of 
intersection of a curve of the m** degree with the fixed conic K. 
If the degree of the quantic is odd, it must, as already stated, 
be squared before the transformation is effected ; and the roots 
will then be determined geometrically by the points of contact 
of the corresponding curve with the conic. 

In transforming the quantic u (x, y) we may obtain, as we 
saw, a number of ternary forms by var 3 dng the mode of trans- 
formation ; also, if U be one of these forms, V -t- 
which the coefficients of ^^-2 are arbitrary now) would be a 
transformation of «(x, y), since this form would, on restoring 
the original variables, return to the quantic u (x, y). Moreover, 

Q 


VOIh u. 
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every transformation is included in the foregoing form, for, as 
we saw, variation in performing the transformation arises from 
the fact that we may replace a factor in « by 4 :XZ or by 
4 :XZ - K, and hence two results differ by an expression having 
£ as a factor. It is necessary to observe that amongst the many 
ternary forms there is always one such thatiJ (f7) = 0, and hence, 
as we shall prove, such that the invariants and covariants of such 
forms combined with K are invariants and covariants of the binary 
quantics also. To determine this form, take the operator il of 
the preceding Article, which, as can be easily seen, is obtained 
by substituting the differential symbols ^Dy, \Dz 
tangential form of K. Operating then with 11 on U + 
we obtain a result ^m-2 of the degree m - 2 ; and equating 
to zero its coefficients, we have sufficient equations of the first 
degree to determine all the coefficients of ! 8’D^d so there 
exists one such form. 

A better way, however, of seeing that there is one such unique 
form and obtaining its constitution is as follows : We denote 
corresponding binary and ternary variables by Xi, and Aj, 
X2, A3, where Aj = Xi^, Ag = 2a:ja;2, Ag = *2^ ; and denote 
corresponding differential symbols by d^, d^ and D^, D^, D^. A 
ternary quantic U of degree m may be expressed by 

where there are m letters a, j3, y, S, &c., and the form is to be 
summed for all values of a, y, 8, &c., from 1 to 3, the coefficient 
Aa0yi 4c. being given to be unaltered by permutation of any 
set of particular values of a, ^3, y, 8, &c. 

As a, j8, y, 8, &c., may each be equal to 1, 

D-JJ = XfXyXi &c., 

= w(m - A^Ai &c., 

(ADs-Dg^) AyAs &c. 

Therefore if 77 ( Z7) = 0, all coefficients Aa^t 4c. are equal which 
differ only by 13 replacing 22. Now as Aj = x^, Ag = 2x^X2, 
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= x^. all such coefficients which are to be equal arise from 
transformation of the same term in the binary form u, and so 
we can uniquely arrange that they are so. For instance, in 
transforming the quartic u, the term ^ 1 , 1 , 2, 2 transforms to 

+ A 2 , 2 ^ 2 ^t where A^^^^ ^ 2.2 S’re arbitrary except that 
2Ai^a + 4^2,2 = fioj i_ 2 , 2 - by the above, if 77 {U) = 0, 

•^ 1,8 = •^ 2 , 2 » -^ 1,3 = -^ 2,2 = ®i,i, 2 , 2 ' Having seen that u may 

be uniquely transformed so that 11 (U) = 0, we now can find 
the relation between the coefficients of u and U which is ex- 
tremely simple. Using a different notation for the coefficients, 
suppose u = o»i® + 807 ^ i£Ci ’®2 + transforms to 
U = A^^g^gX^* + iAg^i^gXj^Xg + &C., 
the literal part .^ 2 , 1,1 of the coefficient of Xi^XgXg 

and as J7 (Z7) s 0 , and 

di^ = 2 (n - 1) Uj, djdg = 2 (« - 1) Dg, dg^ = 2 (n - 1) Dg, 
47 DlWgDgU = 412 . 7 . 2 . 5 . 2 . 3 . 2 . 1 diHghi 

= the literal part 05 3 of the coefficient of The same 

method shows generally that the literal part of the coefficient 
of any term in TJ is equal to the literal part of the coefficient of 
the term in u from which it would arise by the transformation. 
Thus, for the sextic 

•^ 8 , 0,0 “ ®e,0> •^ 2 , 1,0 “ ®6,1> -^1,2,0 “ ■^ 2 , 0,1 ” ®4,2» 

■^ 1 , 1,1 ~ -^O.S.O = ®8,3> > 

and for the octavic 

•^ 4 , 0,0 ®8,0> ®7,1> -^apO,! = -^ 2 , 2,0 = ®6,2> 

•^2,1,1 -^1,3,0 = ®5,3> -^2,0,2 ~ -^0,4,0 “ ■^1,2,1 “ ■^4,4* 

and so on. 

We now show that if «, v, w, &c., are transformed to TJ, F, W, 
&c., so that n {TJ) s 0, 77 (F) s 0, 77 (W) s 0, &c., all con- 
comitants of u, V, w, &c., transform to concomitants of the 

q2 ’ 



228 


Transformations. 


system U, V, W, &c., combined with K = 4 :ZX - Y^. We denote 
corresponding sets of variables by a^, xj, and X^, X^, ^3, and 
corresponding differential symbols by df, dj and Dj, Dl,Dl. We 
also denote u (a^, a:^) by m«, V {Xf, Xj, Z|) by 17 «, and the in- 
variant differential operators 


d^, dj 

dl dl 


by (a, i 3 ) and 


( 1 ) {a,p,y)U^Vf,Wy 


8 (»1 — 1){ W '2 ~ 1)(^8 ~ 1) 



D^ 2 , 

Dt 

m, 

m, 

Dl 


Dl, 

m 

didi, 

d^d%, 

dldl 

dfdf, 

d{di 

didl 

dldl, 

dld\, 

dldl 


(“, ^)(“. y)(A Y)^aVpWy. 


8 K - 1) (Wj - 1) K - 1) 

where %, n^, are the degrees of u, v, w, respectively. 

( 2 ) UoV^Ky 


4 (ni-l)(n 2 -l) 


djd“ 

dldl 

dldl 

dfdf, 


dldl 

4 x 2 x 2 , 

- 4 x 2 x 2 , 

4 x^x 2 


(wi - 1)(»8 - 1) 


where = aJjfdJ + x2d|. 

( 3 ) Sunilarly, we can easily see that 


(®» A y)^ ~ ^ ^® f )^^ oAyo ^ a * 


As the operators on the right-hand side of the equations (1), (2), 
( 3 ) are invariant operators, it follows that the product of any 
number of symbols of the form (a, y) transforms into the 
product of invariant operators in the binary system, and so all 
concomitants of the ternary system are concomitants of the 
binary. 
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To see conversely that all concomitants of the binary system 
are also concomitants of the ternary, we show that after the sets 
of variables are all made the same, the product of any number of 
operators of the form (aj3) is equal to the product of operators 
of the form (ajSy) where y is associated with Ky, multiplied by 
a numerical factor. 

By (2) (a, e){Y, 8, ^)U,VyV^VJC,Ki 

“ (Wi - 1) (na - - 1) (w^ - 

The operators on the right may be taken in any order as th^ 
is no differentiation with regard to the variables with afi&x e^r 
Taking then A^, as there is no subsequent differentiation with 
regard to the variables with affix & or 5, and as finally all sets 
of variables are to be made the same, in A^j ^ may be made 
equal to 8 and therefore A^^ may be replaced by »2 - 1* Similarly 
treating A^^, A,., we get that after the sets of variables are 

finally made the sami^ 

C«rA (y. 0 UaUyVpVsK,K(={a^) (y8) UaUyVpVi. 

In the above we have assumed that a is not equal to y, nor 
]S to 8, and to obtain our desired result we never take e = If, 
then, we take a = y, 

{a^e){a8C)U,V^V,K,Ki 

“ (ni-3) K-l) K-i)K-i) 

“ (ni-3) K-l) (»2-l)* ‘ 

As before, A^, A,^ may be each replaced by «2 - 1> and in 
A,a, Af, after it is expanded c and C may be replaced by a and 
so the product A„ A^, may be replaced by - 2) (nj - 3). 
So, after the operations are completed, and all sets of variables 
made the same, the right-hand side in the above 
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It is now clearly seen that the final result of any number of 
operators of the form (a^) gives the same result to a numerical 
factor as the product of the corresponding operators of form 
(ajSe), where e is associated with K, and no two values of e are 
equal. Hence all concomitants of the binary system are also 
concomitants of the ternary. 

217. Combined System of a Quartie and Quadratic. 

— Transforming this binary system, we have a ternary system 
composed of two conics and a line ; and for simplicity we shall 
suppose the conics referred to their common self-conjugate 
triangle. Denoting, respectively, ternary forms of the quartic 
and quadratic by U and L, and remembering that we trans- 
form so that 77 (Z7) s 0 , or so that the result of putting 
differential symbols in the tangential equation of K and 
operating on TJ vanishes identically, or so that the coefficient 
of p in the discriminant of U + pK vanishes identically, we 
have 

U = aX^ + bY^ + cZ^, a + 6 + c = 0 , 

K == + Z^, 6 c + ca + o 6 = 1^, 

L = o,X + jSIf yZy ohc — Z 3 . 

To obtain the linear covariants of this system, since <?j^, y are 
the coordinates of the pole of L with regard to K, the polar of 
this point with regard to 17 is aaX + h^Y + cyZ = M, the first 
covariant ; and treating M in the same way, oa, 6j8, cy being the 
coordinates of its pole with regard to K, the polar of this point 
with regard to Z7 is a^aX + b^pY + c\Z = N, which is a second 
covariant (see p. 223). We cannot derive any more independent 
linear covariants in this way, for the next one so derived is 

a^aX -h 63j8r -h c>yZ ^a{bc- h) aX + 6 (ca - I^) jSF 

+c {ab - /j) yZ, 

which can therefore be expressed in terms of L and M in the 
form I^L - ZjM. But three more linear covariants L', M', N' 
may be obtained by taking the poles of L, M, N with regard 
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to K, and joining them two and two. This system may be 
expressed by the Jacobians 

J(M,N,K), J(N,L,K), J{L,M,K). 

We have therefore obtained six linear covariants, viz., L, M, N, 
and If', M', N' ; to which all others may be reduced, for example, 

Tn = a^aX + b”^Y + cyZ 

= a--* {be - /j) aX + 6»-2 (ca - 1 ^) + c»-* {ab - 1 ^) yZ 

— ^a^n-a ~ ^8ln-2 j 

also 

b^c^aX + c^a^pY + a%\Z = + I^M + IJX, 

since 

be ^ ca = 6® + /g, a6 = c® + 

Similarly, b”e”aX + e^a^^Y + a^b’*yZ may be reduced to the 
form AL + BM + CN ; and other reductions which present 
themselves impose no difficulty. 

These six linear covariants when transformed give six quad- 
ratic covariants in the binary system. 

There are six invariants, but only three are special invari- 
ants of this system. To obtain them, let the condition that 
AI + fiM + vN should touch K be 

IqA* + + 2Dgfjiv + 2I)^X + 2DiXfi = 0 ; 

whence we obtain five invariants, Dq, D^, D^, D^, D^, where 
Dn = 0%* + 6"jS2 + c"y2, three of which only are independent, 
for 

D„ = a**”® (6c - 1 2) a® + 6“~2 (ca - I2) ^ + c””* {ab - I2) y* 

~ ^a^n-a ~~ ^aBn—a > 
whence 

2)3 = la^o “ ^a^v 2)4 = laBi — I2P2 > 
and thus we obtain no more than the five invariants I2, B^, 

Bi, B2, the two last being special invariants. B^ vanishes when 
I and M are conjugate with regard to K, and 2)j when I and N 
are conjugate with regard to K. 



232 Transformations. 

The remaining special invariant, which is skew, may be 
obtained as the elinainant of L, M, N, or as J {L, M, N), viz., 

a ^ y 

da cy = ■Ki28" 

a^a 6®j8 

The square of the last invariant can be expressed in terms of 

Di, 

a jS y ® Do Di Dg 

D*i23 — aa cy = 

a®a c®y Dg Dg D4 

also Dg = -fgDo ~ l^Px D4 = /gDj — ZgDg. 

^128 plainly vanishes when D passes through one of the 
vertices of the common self-conjugate triangle of U and K. 

We proceed now to express the resultant of the quadratic 
and quartic in terms of Dq, D^, Dg. This is the same problem 
as to find the condition that L should pass through one of the 
four points U, K, and is most easily solved by finding the condition 
that only one conic of the system V + pK can be drawn to 
touch L. Now if L touch V + pK, 

p* (a® + jS® + y®) — p (oa^ + 6j3* + cy®) + 6ca® + + o6y* = 0 ; 

or Dgp® - Djp + Dg + ZgDo = 0, 

and if the discriminant of this quadratic be R, we have 
R^Dx^- 4D0D2 - 47 gDo®. 

The geometrical meaning of the relation Dj = 0 is that the 
line L is cut harmonically by the conics U and K. 

To determine the quartic covariants of the binary system 
from the quadric covariants of the ternary system, we have in 
the ternary system three quadric covariants, viz., the Jacobians 

J{L,V,K), J{M,XJ,K), J{N,U,K); 
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there are also the three conics 

J{L,F,K), J{M,F,K), J{N,F,K), 

where is the harmonic conic F with sign 

changed. 

These three conics are easily reduced, for 
J {L, F,K) = J {M, U, K), J {M, F,K)^J (N, V, K), 

J {N, F, K) = 1^ (M, U, K) - {L, U, K ) ; 

whence there are only three special quadric covariants, and 
consequently only three special quartic covariants of the binary 
system. 

Before concluding this Article, we give some of the forms 
which would have been obtained if we had employed the ordinary 
equations of the conics U and K, viz., 

U = aX^ + cY® + eZ® + 2dYZ + 2cZX + 2bXY, 

K = 4ZX - Y\ 

The condition that L ^ az + + yz should touch V + pK, 

or its tangential equation, is now 

X- p0 + p^S' == 0 , 

where 27 = (ce - d^) a* + (ae — c^) + (ac — 6*) y® 

+ 2 (6c - ad) jSy + 2 (6d - c^) ya + 2 {cd - be) aj8, 
^ = ea® + 4cj8® + ay® — 46j8y + 2cya — 4(iaj3, 

27' = 4(ya-i3®). 

Also, Ri 23 is the Jacobian of 27, 0, 27' considered as conics ; 
and 

Is— 472> J = 4/3, Dq = 27 , Di = 0, D 2 = 27 — I^X , 
where I and J are as usual the invariants of the quartic. 

218. Principal Concomitants of the Sextic. — The 

binary sextic u being the next even form of quantic, we proceed 
to indicate briefly how its invariants and the two principal 
covariants may be derived from the ternary system of a cubic 
and conic combined. The two covariants alluded to are the 
quartic I^, whose leader is OnUi — 4aia3 + Sa^* = I, and the 
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quadratic Lm, = {u ) ; for, by treating these as a combined 

system, in the manner of Art. 217 , we may obtain all the forms 
of the binary sextic as far as the fourth degree. 

Transforming the sextic u s (oj, o^, a^, a^, O4, a^, {x, y)*, 

we have the ternary cubic JJ, such that n {V) s 0, 

U s OoZ® + a3y® + OjZ® + 6 a^XYZ 

+ Zia^X^Y + a^X^Z + a^Y^X + a^Y^Z + a^Z'^X^ aff.^Y}. 
Now, forming the discriminant of 



or of (I 7 „, C^33. 1/31, 1^12) y', Z'f - XK\ 

we have 4 A® - I (U) X + J {U), 

where I (U) = UiJJas - + ZU^^, 



u^^ 


Uxz 

JiU) = 

f^21 

U,, 

U,, 

' 

Un 

Us2 

U,s 

Expanding 7 (f7) in the form (a^, O22, 

^23> 


we find 


® 31 > 


*12) 


Y,Z)\ 


3 a 2 ^j 2^23 — UjCtj ” Zd^x^ 4 " 20^3^4, 

6^22 Of-^d^ ~ 4 " 3^3®, 2^34 — ^dyd^ 4 " 7 c^ 2^4 “ 4 (X 3 ®, 

<*33 = - 403O6 + 3 a 4 ®, 2aj2 = Oo <*6 - 3 «i ®4 + 20203 ; 


also 

d^ + Ojy 4 - d^z, d^x 4- d^ 4- O32, 02® 4 - 03^ 4 - O42 

J {U) = djX + d^ + O32, d^ + d^ + d^z, d^x + + OjZ 

02® 4 - O33/ 4- O42, d^x + d^y + 05Z, 04® 4 - Ojy 4- OjZ 

Operating with FI on I {U), we get 

f^2 “ OqO^ "■ fiUjOg 4 “ I5O2O4 “ IOO3®, 
viz,, the quadratic invariant of the sextic ; and therefore 
77(7(1^) + i7a^) s 0. 
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Also UJ (?7) = Lji becomes on transformation. 

Again, if we form the discriminant of 

I {U) + \hK - XK, 

we have 4A* - J 4 A + /g, 

where Z 4 and Zg, the invariants of Z*, are invariants of the fourth 
and sixth orders of the sextic, the general form of all such 
invariants being 

IZg + mZg®, IZgZg + mZg® + nZg. 

The invariants which Salmon {Higher Algebra, p. 262) selects 
as fundamental are the invariants - S and T of the cubic curve 
U {Higher Plane Curves, Arts. 220 , 221 ; 3rd ed.). 

The condition that the cubic and conic should touch is 
expressed by the vanishing of an invariant Z^q, and this invariant 
is the discriminant of the sextic. 

The condition that three connectors of the six points of 
intersection of U and K should meet in a point is expressed 
by the vanishing of an invariant Zjg ; this is the skew invariant 
of the sextic, and may be obtained as the invariant ZJjjg of 
Art. 217 for the combined system 

I{U) + ^hK, K, nJ{U). 

The covariant Ij, may also be obtained from the curve 
U 1 U 3 - U^, which transforms into Zf* ; for, reducing by the 
relation 

\n{UJJ^ - U^) = 17nl738 - + ZTJ\^ = Z {U). 

The covariant Lj. may also be obtained by substituting 
Dg, - 2Z>y, for X, Y, Zia I {V), and operating on Z7. 

219. Geometrical Representation of the Jacobian. 

— In this Article we propose to find a curve which intersects the 
fixed conic K in points which represent the roots of the Jacobian 
of two quantics and the degree. 
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Besolving ^ into partial fractions, and then differentiating, 
9 

we have 

J(6, = — I — 

Now, passing to the ternary variables, J »//) transformed 
becomes 

where Tf = X - a^Y + a/Z, and (f> (a,) = 0. 

The curve J plainly passes through all the intersections of 
the tangents to K at the points ^ = 0. Moreover, interchanging 
<f> and tfi, this curve passes through all the intersections of the 
tangents to K at the points if/ = 0, J only changing its sign by 
this interchange. This curve, therefore, passing through the 
n (« - 1) vertices of the two circumscribing polygons, intersects 
the conic ^ in.2 (n - 1) points determined by J (^, i/t) = 0. 

It is important to notice that the equation of the curve J 
does not alter when ^ is substituted for proving that 
there are an infinite number of polygons circumscribing K and 
inscribed in J, the points of contact of their sides being deter- 
mined by the equation + ^ = 0, where A may have any value 
also the curve J of the n - 1** degree is completely fixed by 

the 2(n-l) Jacobian points and the -A — — ' vertices of one 

circumscribing polygon, since it is determined by ^ 

arbitrary points. 

Examples. 

1. If a quartic u have a double factor, prove geometrically that this factor is 
a double factor of and show that two of the quadratic factors of have 
real roots when the roots of u are all real or all imaginary, also that only one 
factor has real roots when two roots of u are real and two imaginary. 

2. If a quartic have a square factor, prove geometrically that this factor is 
a quintuple factor of the covariant 0 ^ ; and construct the point on the conic K 
which corresponds to the remaining root of the equation 0^ » 0. 
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3. Prove that the quadratic factors of the sextic covariant of the quartio 
^ (x) expressed in terms of the roots may be written in the form 


Let 

we have then 


1',= Z- 0,7+ 


+ lu* \ + ® (*>y Euler’s theorem) ; 

(“i) ^ («») 4 > {< h ) 4 > (“ 4 ) 

(Ex. 4, p. 173, Vol. I.) 

but the sides of the self-conjugate triangle corresponding to the points oj, o,, o^, 
04 on K are the diagonals of the quadrilateral formed by the tangents Tt,T„ 
T4, and the equation of one of the sides is therefore 


Tt 


+ -^ 
^ f (a,) 


0 . 


or 


T T 


Returning now to the binary system of variables, we have the required form. 

4. Resolve the quartic as in Art. 186 by fmding the tangents to the conic K 
where U meets it, U and K having been expressed as sums of squares. 

5. Determine the condition that \u 4- should have two square factors, 
where u and v are binary quartics. 

Transforming to ternary variables, we have in this case 
XU^ PlV+ vK^ (aX + PY + yZf ; 

consequently, every term in the tangential form oiXU + iiV + vK must vanish, 
giving six equations to eliminate A*, /i*, v*, fiv, vA, Xfi ; hence the required con- 
dition is determined. 

6. If u, V, and w be three binary quartics, prove that four quartics can be 
found such that 

Xu + fjLV+ yw s (cur* + 2j3xt/ + yy)*. 

Passing to the ternary variables, we have to prove that four lines can be found 
such that 

A?7 + + vlT + p-S: s (oZ + + yZ)*. 

These lines are the common tangents to two known conics (see Salmon’s 
Conics, Ex. 3, Art. 373). 

7. Apply the geometrical transformation of Art. 212 to prove that the 
Tschimhausen transformation, z = (cur* + 2px + y)l(ax^ + 2py + y'), trans- 
forms a quadric into one having the same absolute invariant as a quartio whose 
roots are /c, pi, p^, p^, or in fact to prove the theorem of Art. 198. 

Make the numerator and denominator in the expression for z homogeneous 
iax, y; replace z by -~A, and transform : the Tschimhausen transformation 
becomes 

L + XL' =^0, 

where L =. oZ + /5F + yZ, L' = a'Z + p'Y + y'Z. 
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If Xf Yt Z he eliminated from the equations L + XL' =0, = 0, = 0, 

we shall have the transformed quartic in A, which, considered geometrically, 
determines the lines drawn from the point of intersection P oi L and L' to the 
points of intersection -4, 5, D oi U and K, Again, if k be so determined 
that the conic U -f- kK pass through the point P, the anharmonic ratio of the 
lines PAf PB, PC, PD is equal to the anharmonic ratio of the lines TD, DA, DB, 
DC, where TD is the tangent to U + kK at P ; that is, of the lines 

t+Kt', t+p^t', t+p^t', t-^p^t', 

where t and t' are the tangents to U and K at D. As the anharmonic ratio is 
the same, the absolute invariant is the same for both quartics, viz. the given 
quartic and the quartic whose roots are k, pi, p^, p®. 

8. Transform a quartic into one having three roots in common with its 
reducing cubic. 

This transformation is suggested by the last example and may be effected 
by putting L = t, L' i', where t, t' are the tangents to XJ and K at the point 
of intersection D corresponding to 8. As i + p^t', t + pj,', t -f p^t' are the 
lines joining the point corresponding to 8 to the points corresponding to a, j5, y 
respectively, transforming to the binary system, we take 

i(*f. 

24 (r-hyT~ 

1 X 268 “i" “1“ 2ii?y (6^ -f* 2c8 "f* d) -f- y* (rS* *4“ 268 -j- 

2- (X - 8y)» 

which is satisfied by putting ijrj — pi or p, or p^ and xjy == a or j3 or y, re- 
spectively. Dividing both numerator and denominator by a; — 8y, we take 
•ifj= x— 8y and 

^ (fl8* *4- 268 c) X — “I” 26a -4- c) a -f” 2 (6a* -f- 2ca -I- d)^y 

= — (8 — a) (8 — ^) . a; -f- > 1 ^ aZa (8 — P)-(S — y) . y, 

where the summation is with respect to a, p, y. 

This transforms to Icrj — l(rf + rj^), where 

1/jfc = ~ (S - a)* (8 - P)* (8 - y)». (See Ex. 32, page 213.) 

9. Let three points a, 6, c be taken on the conic K given by the equations 

px = <f>\ py = 2 ^, pz = 1 , 

the values of ^ at these points being a, p, y, the roots of a cubic U ; prove the 
following constructions for determining the points on the conic corresponding to 
the roots of the cubic covariant 0^ and the Hessian : — 

1^. Let tangents be drawn to the conic K at the points a, 6, c, forming a 
triangle ABC; the lines Aa, Bb, Cc meet the conic at points a', b', c', correspond- 
ing to the roots of 

2®. If tangents are drawn to X at a\ b', c', forming a triangle A'B'C', 
the four triangles abc, a'b'c', ABC, A'B'C' are homologous, and their axis of 
homology meets the conic K at the points corresponding to the roots of 
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3®. From the foregoing constructiond^ prove that and 0^ have the same 
Hessian and that the roots of are imaginary when the roots of are real. 
— Dublin Emm, Papers, Bishop Law's Prize, 1879. 

Let the tangents at the points a, p, y on the fixed conic K be Tat T^, Ty ; 
we have then 

whence, eliminating the equation of K is 

(iS - y) + (y - a) V?; + (a - |S) y/¥y = 0. 

Now the equations of the lines Aa, Bb, Cc are 

(y — a)* — (a — j8)* Ty = 0, &o., &c., 

and the points where Aa meets the conic K are given by the equation 
(y^ pf=(a- pf(<l>^y)K 

Solving <^ = a and (J3 -f y — 2a) ^ = 2jSy — ya — ap, 

the second value of 0 being the root of Ox corresponding harmonically to a. 

Again, the polar of the point of intersection of Aa, Bb, Cc is the axis of 
homology in 2®, and its equation is 

(P - y? + (y - a)* I’p + (a ^ jS)* Ty = 0, 
which line meets K at the points determined by the equation 

(P - y)M^ - 0.? + (y-af(ft>^ pY + (a ~ Pf(ii> - yf = 0, 
and this is the equation of the Hessian of U. 

10. Resolve the skew invariant of the quadratic and cubic into three 
factors, in terms of the roots, and give its geometrical interpretation. 

The skew invariant is expressed in the form 

VD^iUxQxY (Art. 191.) 

Now combining the factors of XJx and Ox which correspond harmonically, CxCx 
can be expressed as the product of three quadratics I, m, n, where 

1 = (j5 + y — 2a) a:* — 2 (j3y — a*) xy a {2Py — ya — ap) y*, 
with similar values for m and n. 

Now we can prove Vd^ (Imn) = kVj)l, Vjym . Vj)n, where ^ is a numerical 
multiplier. 

This is more easily seen by employing the ternary system of variables ; 
in that case, if 

Vx^^-(fi+ v)xy + /Livy*, 

6F2), considered as an operator on LMN transforms to 
pvDx + (p + v) Dy Dz ^ Y, 
because, as we shall Bee, JlLMN = 0, and hence 

V* (LMN) - 6YL . Ylf . YN, 

L being I transformed, &o. 
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Now, 


r(2/) = 


a* 2a 1 

IXV 11+ V 1 » 

py P + Y 1 


which vanishes when a determines a focus of the involution of the points fi, v 
and P, Y* again when and I determine four harmonic points on a line ; 
or again when one of the lines Aa^ Bby Ccy in question 9, and the line correspond- 
ing to are conjugate with regard to the fixed conic K ; the skew invariant 
also vanishing in these cases. 


That n (LMN) = 0 


is now easily seen by transforming as in question 9 to the variables 
X'=(P^ Y)^Ta = (i3 - y)» - aF + a>Z), &c., 

then L transforms to (Y' — Z') j (P — y), and 11 to 


{p - y)* (y »)* (a PIP (j) Y'lz' ^ Y') ’ 

whence 11 (LMN) s 0. 

11. Two triads of points are taken on the conic K determined by the roots of 
two cubics U and V ; if triangles are formed by the tangents to if at these points, 
prove that the conic circumscribing these two triangles touches the conic K 
when the combinant Q of the two cubics vanishes, and that their combinant P 
vanishes when the circumscribing conic meets the conic K in four equianharmonic 
points. 


12. Determine the condition that any two quadratic factors, viz., 
(* — ay) (x — Py), (x —yy){x- Sy) 


of a quartio u should form with a given quadratic Ax' + 2/ixy + vy* a system in 
involution. 

Transforming, the three corresponding lines must meet in a point, which 
point is one of the vertices of the common self -con jugate triangle of the conics 
U and K, The tangential equation of these points is / (27, 4>) = 0, which 

is therefore the required condition, the tangential form of pU + K being 
p*27+p^+ 27' (Art. 217). 

This condition may also be put under the form 




V 



+ V 


j)** j ■ 


0 , 


as we proceed to show. 


T 



2p 


y 

ixiy 


+ y 


y 


If 
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and Ox s Imn when resolved into its quadratic factors, we have 
Y^Ox - 6Yl . Ym . Yn, 
for transforming to the ternary variables, 

® ^ ” 5z) 

when applied to a function ^ (X, Y, Z) such that II<^ = 0. Now I, m, n become 
three lines, L, iV', which form a self-conjugate triangle with reference to X, 
and nLMN s 0 in the case of any three lines which are mutually conjugate ; 
whence 

Y^LMN reduces to 6YL . YM . YN, 

and YL = 0 is the condition that the lines AX + /tiF + vZ and L should be 
conjugate with respect to X, or that AX -f /xF -f- vZ should pass through the 
pole of X, or the condition that two quadratic factors of u should form with 
a system in involution. 

13. Prove that the quartics 

V = (ai** + 2^ixy + Vij/*) (o,»* + — (a,** + 2^tXy + yjj/*)*, (1) 

u = (oiO^ + + Oj^) (y,x» + 2ys*y + y^v*) — Oi** + 2/3, + /S,y*)* (2) 

have the same invariants. 

Transforming (2) to the ternary system, we have the conic 
(a^X 4- 02^ + (yi^ + ya^ + ““ 4-^2^+ + k(^X^ F*), 

where 3/f = has been found so that nZ7 s 0, and k is the same for 

U and F. 

For shortness, we write 

L = aiX 4“ cia^ + ®a^» M = /S^X + ^ 2 ^ + ^ — yi*^ 4* ya^ 4- ya^* (3) 

Forming the discriminant of 

(7 4- A {4ZX - F2) = LX - (/c + A) (4ZX - F*), 

No,i — 2MPi 4~ 4” 4 (A 4“ ^ ~ ' 

Xoa - 2MPi 4- - 2 (A 4- ic) F = 0 - (4) 

Xa8 — 4” Xy8 4" 4 (A 4* X = 0 - 

and eliminating X, Y, Z ; or eliminating the six quantities X, F, Z, L, M, N 
by means of the three additional equations (3), and putting A 4- = A', the 

resultant is obtained in the form 

0,1 Pi Yi ^ 0 4- 4A' 

oa A ya 0 -2A' 0, 

Os Pz ys 4-4A' 0 0 

= A(A0- 

0 0—1 aj Oa Oj 

0 4-i 0 Pi ft ft. 

-1 0 0 yj Va y* 

R* 


VOL. II. 
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If we had operated similarly on the quartio (1), we should have obtained the 
same resultant A (X% the form the determinant takes in this case being obtained 
by dividing the first three rows of A (A') by — 4A', multiplying the first three 
columns by •~4A', moving the last three columns to the front, and then the 
last three rows to the top. Whence it follows that the invariants are the same 
in both cases. 

To expand A (A') we replace Z, N by their values in equations (4), and 
then eliminate Z, 7, Z, thus obtaining 

/a A. /i.+ 2 A' 

■^12 ^22 ^22 9 where 2 / = apyg + o.gyp — 

As ” 1 “ 2 A' I2Z Izz 

This determinant becomes, when expanded, 

Ai ^12 Ao 

4A'* 4 (/22 /i 3 )A'* {Ai-^aa (Aa -^22 Aa ^22 ^22 

Aa -^28 *^88 

Note when A + is substituted for A', this equation has no second term, 
and every coefficient must be the same for both quartics, as may be verified 
directly. (See Zeuthen’s solution. Proceedings of the London Mathematical 
Society, vol. x., p. 196.) 

14. Determine the condition that three quadratics in terms of their invariants 
should by linear transformation be simultaneously reducible to the forms 

<)V SV 

c)a:"’ 'dx'by 'df' 

A ns, -fii-fsa — ^^12^22 "i" ^22 H“ ^^22^21 ~ 

2Ipq = opy, + ajyp - 

16. Prove that the condition in Ex. 14 is the same for the following two sets 
of quadratics ; — 

ttix® 4- 2j3ia:y + y^y^, a^oi^ + + y^y^, 

and 

OiJe* + 2 a^xy + 03^®, + 2 fi^xy -f y^^ + ^yzxy + y^f. 

The condition in Ex. 14 can be put under the form 

(-^82 — Aa)* H" Ai-^aa ^12 “t" ^ {^ 12^22 ^ 12 ^ 22 )* 

which is at once expressible by the coefficients of A (A') in Ex. 13. 

The geometrical interpretation of this condition is that a triangle can be 
inscribed in the harmonic conic of U and K and circumscribed to K, 

For, replacing L, M, N in Ex. 13 by C/j, Dj, Dj, as supposed in Ex. 14, 
where 

U = (a, c, c, d, c, b) (Z, 7, Z)*, 

VJJz - s (/,,, 7,3, 73 ,, 7„) (Z, 7, Z)* 
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beoomes the harmonic conic F oi U and K (Art. 214) ; also if the discriminant 
of AZ + F OT A (A) be written in the usual form 

AA* -f" ^A* *4" ^lA *4“ A|9 

the condition in Ex. 14 may be written thus — 

0* - 4Aei = 0, 

which is the well-known invariant condition that a triangle can be inscribed in 
one conic and circumscribed to another. (See Salmon’s Conic Sections, Art. 376. ) 

16. If U and V be the ternary forms of two biquadratics u and v, and F 
their harmonic conic, prove that n (jP) = 0 is the condition that u and v should 
be two first emanants of a binary quintic. 
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CHAPTEE XX. 

THEORY OF SU BSTITUTIO NS AND GROUPS. 

Section I. — Substitutions in General. 

220. Definitions — IVotation. — If % symbols x■^^, x^, x^, . . . 
x„ be given, and if each symbol be replaced by some one or other 
from the same set, so that the result is a new arrangement of 
the same n symbols, the operation of passing from the first to 
the second arrangement is called a substitution. The symbols 
a^i, * 2 , . . . Xn are to be regarded as entirely independent quan- 
tities, and are referred to as the variables, or the elements affected 
by the substitution. 

If the operation be denoted by S, a substitution S can be 
represented as follows : — 

/®1 3^2 X 3 . . . 

S^{ 

\pCai 3/^ CCy • • • 

where the two horizontal lines contain the same set of n letters, 
and the operation consists in replacing any letter in the upper line 
by that which stands under it in the lower line. The operation 
may be supposed to be applied to a function (/> (x^, Xg, . . . x„) 
of the variables, in which case the resulting function S<f> will be 
obtained by replacing x^ by Xa wherever it occurs in <f>, Xj by Xp, 
and so on. In the case of any letter which is not displaced by 
the substitution under consideration, the two symbols in the 
same vertical line will be identical. Since the suffixes of x admit 
of only 1.2.3, . . . n s N permutations, this is the total 
possible number of distinct substitutions. In this number is 
included that arrangement in which the order of the suffixes is 
the same in both horizontal lines, viz., that in which no letter 
is displaced by the operation. Such a substitution, which 




Circular Substitutions. 


245 


afiects no element, is called the identical svbstitvtion, or the 
svbstiMion unity, and may be denoted hy S = 1. 

It will usually be found convenient in practice to denote 
the symbols operated on by single letters a, h, c, . . . , or by the 
numbers 1, 2, 3, . . . simply, the symbol x being omitted. 

221. Circular Substitutions. — The notation above ex- 
plained admits of simplification. Consider, for example, the 
substitution 

( abcdef\ 

], 

hcdefaj 

in which each symbol is replaced by that which follows it in the 
first line, the last letter / being replaced by the first. Such is 
called a circular substitution, and is denoted simply by the letters 
of the first line enclosed in a bracket, thus — 

S s (abcdef). 

It is clear that S can be written in several different ways, 
and that any of the letters involved may stand first, provided 
the cyclical order be preserved : thus 

S = (bcdefa) = (cdefab) = (defabc) m {efabcd) = (/aftcde). 
Now it is easy to see that every substitution can be resolved 
into one or more ci rcular s ubstitutions. For, in effecting any sub- 
stitution S, if a letter a in the upper line be found replaced by b, 
and b in its turn by c, and so on, in continuing this process, we 
come necessarily to a letter {h, say) which is found replaced by 
a. The result of the operation so far is the circular substitution 
{abc ... A). If the letters be not all exhausted by this process, 
we select a letter from those which remain, and form in a similar 
manner a new circular substitution ; and so on, as long as any 
new symbols remain. 

If we denote by C^, Oj, . . . Cj the different substitutions 
obtained in this way, we may write 

S = CiG^Ca . . . C„ 

and S may be said to be resolved into its circular factors. These 
factors are called the cycles of S. Cycles which contain two 
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letters only are called transpositions. As an example, we take 
the substitution 


1 2 3 4 6 6 7 8 

8 6 1 2 7 6 4 3 

Starting with the symbol 1 in the upper line we obtain 
immediately the cycle (183), and proceeding in a similar manner 
with 2 we obtain the cycle (26674) ; hence 

S = (183) (26574). 

It is clear that the order in which the operations are conducted is 
indifferent, since no cycle affects any of the elements contained 
in any other, and therefore the order in which the factors of S 
are written is indifferent. 

If all the elements are involved in the first operation alone, 
the substitution is itself circular, e.g., 

/I 2 3 4 5 6 7\ 

;S s I I = (1374526). 

.\3 6 7 5 2 1 4/ 

If the position of any element is unaltered by a substitution, 
this element may be enclosed in brackets by itself when the 
substitution is expressed as a product of cycles, or it may be 
omitted altogether, e.g., 

• /I 2 3 4 5 6\ 

U(134)(26)(5)^(134)(26). 

\3 6 4 1 5 2/ 




Here (6) being the identical substitution s 1 may be replaced 
by unity. Although an element constituting a cycle by itself 
can be replaced by unity, it is often necessary to retain it in 
order to show that this element was amongst those which were 
subject to the operation. 

A circidar substitution S can be repeated any number of 
times on the same elements, and the successive operations 
denoted by 5®, /S®, &c. We have, for example, 

/abed e f\ /a b c d e f\ /abode 


/ 
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Proceeding, we find /S® = 1. If, in general, p is the lowest 
integer sucli that S'* = 1, the substitution S is said to be of the 
order /o ; it is clear, therefore, that the order of a circular sub- 
stitution is equal to the number of elements it displaces. 

For two elements a, j8 we have (ajS) = (jSa), and (aj3)® = 1. 

For three elements a, j3, y we have {a^yY = (ayjS) (ajSy)* = 1. 

222. Products and Powers of Substitutions. — If two 

or more substitutions Si, Sg, . . . Sj be operated in succession on 
a given set of elements, the result is a new arrangement which 
might have been arrived at by one single substitution S. This 
substitution may be called the product of the former set, and we 
may write S = SjSj, . . . S^, the component factors being applied 
in the order Sj, Sj, . . . , viz,, from left to right. When a 
substitution is resolved into its component cycles, as in the 
preceding Article, we saw that the order of the factors is in- 
different, no element being common to any two of the cycles. 
But, in general, in a product of substitutions where the same 
element may occur in two or more of the factors Si, S 2 , ... 
is most important to observe that the commutative law of alge- 
braic multiplication does not hold good, and that the order of 
the factors must be preserved. With three elements, for example, 
the student will easily verify that the product (12) (13) is a 
difierent substitution from the product (13) (12). While the 
commutative law of algebra fails, the associative law holds good, 
viz., S 1 S 2 . Ss== Si. S 2 S 2 ; for if Si changes any element a into 
6, and /Sj changes b into c, which again is changed into d by 
means of S^, the substitution of d for a is the final result whether 
this be supposed effected by first changing a into c (by means 
of iSj/Sj), and then c into d, or first changing a into b, and then 
6 into d (by means of S^S^). 

The result of operating the same substitution S any number 
of times, p, in succession may be represented by S^ ; and we have 
clearly the equation S^S^ = S**"''* = 5*5**. The i werse o i a given 
substitution S is one which reverses the order of procedure in S, 
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and is denoted by the symbol S~^. Thus, if 

_ /Oi 02 ®3 • • _ /^i 

\bl ^2 ^3 • • bfiJ \®1 ^3 • • ^n' 

we have clearly SS~^ = S~^S = 1. 

Since the total number of possible substitutions is limited, 
some repetition of S must reproduce the original arrangement 
of the elements. If p is the lowest integer such that /S'* = 1, 
S is said to be of the order p, and the series of substitutions is 
limited as follows : — 

1, S, 8^ . . . So-K 

The extension of this mode of expression to negative ex- 
ponents may be obtained by writing S~^ in the form 
where p is the order of 8, and consequently jS*** = 1. We have, 
then, 8p8~p = 8^8^“'^ = 8’“‘ = 1, and the substitutions 8r and 
8~P cancel one another. 

Any circular substitution can be represented as a product of 
transpositions, for it is clear that the operation (abcdef) can be 
conducted by 'first interchanging a and b, then interchanging 
a and c, then a and d, and so on. We may write, therefore, 
{abcdef) = {ab) (ac) {ad) {ae) {of), 

from which it appears that any cycle can be resolved into a 
product of transpositions, in number one less than the number 
of elements contained in the cycle. The order of the factors 
in any such product is important, these factors not being corn- 
mutable amongst one another. It follows immediately that 
every substitution can be expressed as a product of transpositions, 
for each of its cycles can be so expressed. 

If a substitution 8 affecting n elements contains k cycles, it 
can be easily inferred that 8 can be expressed as a product of 
n - k transpositions. It should be observed, however, that the 
same substitution can be expressed in a great variety of ways 
as a product of transpositions. It will appear in the sequel 
that, however variously expressed, the number of transpositions 
in any given substitution preserves the same parity ; that is to 
say, if once even, it is always even ; if once odd, always odd. 
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1. Resolve into its cycles 

^ ®7 ®8 ®10 ®11 ®12 ®18 ®14 

^ \®11 ®7 ^5 ®12 ®8 ®4 ®8 ^8 ®10 ®8 ^14 ®18 ®15 / 

^ 715 . 8 ^ (tti 03 a7 03 flj) (a^ ai2 fltg) (%8 ^m) (®i6^* 

The appearance of the factor (ctu) = 1 in the result shows that this element 
was amongst those subject to the operation. 


2. Express as a product of transpositions 

/I 23456789 0\ 

^ = 8 6 9 2 4 0 5 1 7/- 

Ans, 8 = (13) (16) (14) (19) (28) (25) (70). 

3. If a circular substitution C be multiplied by a transposition T, one of 
whose elements is contained in C and the other not, the resulting substitution 
CT is circular. 

Taking aj as the common element, we may write 


C = . . . a^), T = {a^Uj). 

The effect of C is to replace the arrangement a^, Oj, . . . a^, aj by Ogf • • • 
«!» and of T to interchange Ui and Uj in the latter. We have then 



di-i di 
di dj 



. . o,-ay). 


4. If a circular substitution G be multiplied by a. transposition T, both of 
whose elements are contained in 0, the resulting substitution CT is the product 
of two cycles having no common element. 

We may take 


C = (uj d^ • • • d^b^b^ • • • bj)f T = (ttj 6j). 
Proceeding as in the previous example, we readily find 


CT s (ai aa . . . a,) (b^ . . . 6j). 

5. If a substitution 8 be multiplied by a transposition T, whose elements are 
contained one in each of two different cycles, (7, C\ of <8, the product CC'T is 
one unbroken cycle of all the elements in G and C\ 

This follows at once from the last example by multiplying both sides of the 
resulting equation into T, since T* = 1. 


6. If any substitutioh 8 is the product of r transpositions, and if it be 
multiplied by a transposition T, the product 8T will consist either of r + 1 
or r — 1 transpositions. 
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If 8 affects n elements, and contains k cycles, we have, as stated above, r = 
n — ik. If ST introduces two new elements, we have one additional transposition, 
hence r -f 1 in all. There are three cases remaining ; according as (1) T intro- 
duces one new element only, or (2) two elements already contained in the same 
cycle of 8, or (3) two already contained in different cycles of 8. These cases are 
discussed in the three preceding examples ; and it is readily inferred that the 
number of transpositions in 8T is always r 4* 1» except when both elements of 
T occur in the same cycle of 8, in which case n is unaltered, and k becomes 
k + I ; r therefore becomes 

n — (A;+l) = n--fc-~l = r— 1. 

It appears from this example, that however 8 be expressed as a product of 
transpositions, the effect of multiplication by a single additional transposition is 
to change its parity, viz., from odd to even, or even to odd. 

7. The order of a substitution 8 is equal to the least common multiple of the 
orders of its cycles. 

Let )Sf == OjCaCg • • • C'j, 

and be any common multiple of the orders oi Cj, C Since 

8f^ = . . . Cf, and =02^= . . Cf = 1, 

we have 8f^ = I ; and if p be the least value of fi, Sf* == \ ; whence p is the 
order of 8, 

Hence we infer that if the cycles 0,. C„ G„ . . . are of the same order, this 
order is also the order of 8. Such substitutions are called regular y the same 
number of letters occurring in each cycle. 

8. If a circular substitution 8 contains p letters, and if /x is prime to p, then 
8^*" is itself circular. 

9. If a circular substitution 8 contains pq letters, then is a regular sub- 
stitution consisting of p cycles of q letters each. If, for example, 

8 = (123466), 8^ = (136) (246), 8^ = (14) (26) (36). * 

10. Every regular substitution is a power of a circular substitution. 

Take 8 as in example 7, with the factors 

Cj = (a^b^Ci ... l^), Oj = (U262C2 . • • I 2 ) • • • Oj s {ujbjCj . . Ij), 

t.e., such that the same number of letters are involved in each cycle. If now we 
write down the circular substitution 

C S ((^26^2^3 • • ^jbyh^2 • • bj • • • • • • ^j)f 

whose first j letters are the initial letters of the^* cycles, the next set the second 
letters of the successive cycles, and so on, it is easily verified that the power 
of 0 breaks up into the product of the^* successive cycles Ci, Cg, . . . Cj ; hence 

8= a. 

11. Express the regular substitution 

^ s (1 3 6 12) (2 7 6 11) (4 8 10 9) 
as a power of a circular substitution. 

Ans. s (1 2 4 3 7 8 6 6 10 12 11 9)». 
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12 . Eyery transposition of the elements x,, x^, x,, . . . x^ can be expressed 
by transpositions from the following series of » — 1 , viz. : — 

(*iXj), (*x*n)‘ 

For it can be easily verified that, if x„ xg are any two elements, 

(Xa.Xp) = (XjXj (XiXp) (XjXj. 

13. Every substitution which can be resolved into an even number of trans- 
positions can be expressed by circular substitutions of the third order. 

The given substitution is expressible by products either of the type (ap) 
{oy)or(oj 8 )(y 8 ) ; we have (a/S) (oy) = (ojSy), and (o/S) (yS) = (a)Sy) (oSy), since 

(afiy) (oSy) = (afiy) (yaS) 

= (aP) (ay) (yo) (yS) 

= (aP) (ay)* (yS), and (ay)* = 1 . 

14. Show that any circular substitution of three of the elements X], x,, . . . 
x„ can be expressed by means of the n — 2 circular substitutions 

(XjXjXj), (X 1 XSX 4 ) (XiX^n.i), (x^x^Xn). 

Retaining for brevity the suffixes only, we proceed to express (apy) in terms of 

(A/i“). {V)3)> (Vy)- 

(ojSy) = (aP) (ay) 

— (aP) (oA) (oA) (ay), since (oA)* = 1 , 

= (a^A) (oAy) 

= (^a-P) (\ya). 

Now making use of this equation to bring a new element ja in a similar 
manner into each of the cycles on the right-hand side, we have' 

(aPv) = (fiAa) (tiPX) {(iXy) (ftoA) 

= (A^a)* (^nP) (^tiy)* (V“)> required expression. 

The following mode of expression can also be easily verified : — 

(aPy) s (Xfia) (X/xy) {X^P) (X^a) (A/iy). 


223. S imilar Substitutio ns. — Two substitutions which 
contain the same number ot cy3es, and the same number of 
elements in corresponding cycles, are said to be similar. 

Two substitutions S, T are said to be commtitcUive when 
ST = TS. 

The operation represented by the substitution T~^ST is 
called the transformation of S by T, and the resulting substitu- 
tion the conjugate of 8 with respect to T. 

Any substitution is similar to its conjugate toith respect to any 
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other substitution. To prove this, let S be transformed by the 
substitution 



and let {abc ... i) be one of the cycles of S. The effect of the 
operation T~^ is to replace a' by a, which by the operation of S 
is replaced by b, which again by the operation T is replaced by 
b'. The substitution T~^ST therefore replaces a' by b', b' by c', 
... f' by o' ; and to the cycle {abc ... 1) in S corresponds the 
cycle {a'b'c’ . . . V) in its conjugate. 

The transformation of by T is completed by replacing in 
each cycle of S every letter by that which stands under it in the 
substitution T. The resulting substitution is therefore similar to 
S. Reciprocally, it is clear that, if two substitutions and S^, 
are similar, a substitution T can be found which transforms one 
into the other. 

The products ST and TS, which are in general different, are 
always similar, since ST = T~^ (TS) T. 

The conjugate of the product ST with respect to a third 
substitution U is equal to the product of the conjugates of its 
factors, for we have {ST) U = V-^SUV’^TU. 

If two substitutions S, T are commutative, their conjugates 
with respect to TJ are commutative, for if ST = TS, we have 

U-^SUU-^TU = U-^TUU-^SU. 

Section II. — Multiple-valued Functions and Groups. 

224. Definition of Group. Symmetric Group. — 

According to the number of values a function of x^, x^, . . . x„ 
assumes under the operation of the N possible substitutions, 
it is said to be one-valued, two-valued, . . . p-valued. A 
symmetric function of these elements, being unaltered by any 
transposition (Art. 27), and therefore by any product of trans- 
positions, is a one-valued function. If a function be not 
symmetric, it has two or more values which may be derived 
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from the one supposed given by the process of substitution. 
Consider, for example, the two rational functions of three 
elements — 

01 = + X2%3 + x^%, v'A = («1 - X3) (Xi - X3)(a!2 - X3). 

Each of these is two-valued. Of the six possible substitu- 
tions, viz., 

1 , ( 123 ), ( 132 ), ( 12 ), ( 13 ), ( 23 ), 

the first three leave 0 ^ unaltered, while by each of the last three 
it is changed into its second value Xj^Xj -t- + x-^x^ = 0 ^. 

In the same way also is unaltered by the first three, and is 
changed by the last three into its second value - \/A- As an 
example in the case of four elements, consider the function 

<f)l = XjXi + X3X4. 

There are, in addition to <f>i, two other values, viz., 

<^2 = X1X3 + X2X4 and <^3 = X1X4 + X2X3 ; 
the function is therefore three-valued. 

It can be easily verified that if>i is unaltered by the following 
eight substitutions : — 

1 , ( 12 ), ( 34 ), ( 12 ) ( 34 ), ( 13 ) ( 24 ), ( 14 ) ( 23 ), ( 1324 ), ( 1423 ), 

and that any of the remaining sixteen will change <f>i into one or 
other of the two remaining values. The substitutions which 
leave a function unchanged constitute a group. It is clear that 
any combination by multiplication of two or more members of 
the group will itself be a substitution contained in the group. 
We give therefore the formal definition of a group as follows : — 
A system of distinct substitutions is said to form a group when 
all powers and products of these substitutions form part of the same 
system. 

The number of substitutions contained in a group is called 
the order of the group. 

The number of elements operated on is the degree of the group. 
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The group which leaves a function ^ {x^, x^, . . . a;„) unaltered 
is called the group belonging to or, briefly, the group of <l>. 

The total number of N substitutions, of course, constitutes 
a group. This is called the summptri r. ^mup since all its members 
leave any symmetric function unaltered. 

One group may contain all the substitutions of another in 
addition to others peculiar to itself. In such a case the included 
group is called a sub-g roup of the former. 

The symmetric group contains every other group as a sub- 
group. Any substitution whatever, with all its distinct powers, 
constitute a group contained as a sub-group in the symmetric 
group. Next in importance to the symmetric is the alternate 
group, which we will now define. 

226. Al ternate Gro up. — ^Let us consider in the case of 
n elements the rational function 

U {Xf — Xf) = (ajj — asj) (xi — * 3 ) (xj — x^) .... (x^ — x„) 

. (X2 — X3) (X2 — X4) .... (X2 — x„) 

{X3 - X4) . . . . (Xg - X„) 


(®n-l ~ ®n)> 

consisting of the product of all the differences of the elements. 
The square of 77 is the well-known symmetric function, the 
discriminant A ; and therefore 77 has two values equal numeri- 
cally with opposite signs, viz. and - -y/A- Such two-valued 
functions are called aUernMing functions. It is clear that any 
transposition alters the si^ of 11, forlionsider the transposition 
(x„ Xp), and rearrange 77, without altering its value, so that 
X*, X(j occupy the same position as x^, Xj, the sign in front being 
not necessarily positive. In the new form for 77 the transposition 
(x«, x^) alters the sign of the first factor in the upper row, and 
interchanges the remaining factors of the upper row with the 
factors of the second row. It does not affect any of the 
factors in the remaining rows ; hence the sign of the product is 
altered. This follows also obviously by expressing 77 as a deter- 
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minant whose first row is x^~^, and whose 

other rows are similairly"f6rmed in order from * 

Any second transposition restores the original signT~Hence the 
effect of the product of two, or any even number of, transposi- 
tions is to leave V A unaltered, and the effect of the product of 
any odd number is to change VA into its second value - VA, 
or - VA into its second value V A. 

A substitution can be expressed in many different ways as 
a product of transpositions, but, however variously expressed, 
the number of such factors must be always even or always odd ; 
for it is clear that the same substitution cannot at the same time 
change the sign of VA and leave it unchanged. Since the 
product of two even substitutions is itself an even substitution, 
it follows that unity, along with all substitutions which are made 
up of an even number of transpositions, constitutes a group, and 
that V A and - V A are both functions belonging to this group. 
It is called the alternate group : we proceed to investigate its 
order. Let the alternate group of n elements consist of the 
following substitutions : — 

S^^l, S„ S„ ... . Sr, ( 1 ) 

and let the remaining substitutions of the symmetric group, all 
consisting of an odd number of transpositions, and therefore 
distinct from the former, be 

Sf, Sf, Sf, .... S,'. (2) 

We select now any transposition T, and form by multiplica- 
tion the two following series : — 

S,T, S^T, S,T, .... SfT, (3) 

S^'T, SfT, SfT, .... Sr'T. (4) 

Every substitution in (3) is composed of an odd number of 
transpositions, and is therefore contained in (2), and every sub- 
stitution in (4) of ah even number, and is therefore contained 
in (1). It follows that r -^t, and also r ^ ; hence r = « ; and 
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since r + f we have finally for the order of the alternate 
group 

r=^W. 

226. Coi^iugate values of ]flultlple>valuecl Functions 
and Copi u$$ate Groups. Theorem.— TAe order of any group 
is an exadb divisor of N, the quotient being the number of distinct 
values of the corresponding m ultiple-valued function, . ^ 

In establishing this important theorem it is convenient first 
to find a function <f>i which is unaltered by all the substitutions 
s 1 , Sz, /Sg, . . . Sr of the group Gi, whose order is r and 
degree n. To find such a function, we take a function 
Xi “ where a, h, c, ... I are all different 

integers, and therefore xi assumes N different values for all 
the substitutions of the symmetric group. Taking xz = ^2Xv 
Xs=‘SzXv so on, we shall prove that = Xi + X2+ • • • + Xr 
is unaltered by the substitutions of G^. Equally well we might 
take <f>i equabto the sum of any powers of xi» X2> • • • Xr> which 
would be a particular case of taking a different set of integers 
for a, h, c, . . . 1 . Taking, then, = Xi + X2 + • • • Xr = 
{Si + S2+ ... Sr) Xv if multiply by any substitution jSo 
of Gi, we get SJ>i = + S^Sa + . . . xv Now, if 

Sfi, Sy are substitutions of Gi, SpSa is by hypothesis a substitution 
of Gi, and moreover S^aXi is not equal to SySaXv for if it were, 
multiplying by Sa~^, SpXi = ^yXi> therefore as xi i^ss N 
values, Sp = Sy. The effect, then, of multiplying xi> X2> • • • Xr 
by Sa is to reproduce them all in some order, and accordingly 
(f>i is unaltered by any substitution of Gi. Any substitution T 
which does not belong to Gi, alters (f>i. For if T(f>i s <f>^, we must 
have Tx, = Xfi> ••• ^J^Xi ^ N^xi, ••• SaT s S^ as xi lias N 
distinct values, .*. T s Sa~^Sp, .*. T belongs to the group Gi. 

To proceed now with the proof of the general theorem, let 
JS2 fie a substitution not contained in Gi and which therefore 
alters <f>i to a different value <f>2. 

Multiplying the members of Gi by iTg, we have the following 
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series of substitutions all belonging, of course, to the symmetric 
group : — 

^ 3 ^ 2 > * • • 

The members of this series have the following properties : — 
(1) they are all distinct from one another, for if /S, 
multiplying by we get 8^ = 8^; (2) they all change 

to (f>i, for 8a leaves unaltered and 2^ changes it to <f>2 ; and 
( 3 ) there are no other substitutions in the symmetric group 
possessing this property, for if T is any substitution changing 
<f>i to <f>2, TZ2~^ leaves unaltered and therefore belongs to G-^ ; 
hence TZ2~^ = /S«, and T = 8a22. 

We now form another row by means of a substitution 2 2 not 
contained in 6ri or the series Such a substitution will alter 

<f>i to a new value ^3, for if it leaves <f>i unaltered it belongs to 
Gi, and if it alters to ^2 if* will be in the second row. Proceed- 
ing in this way by selecting at each new stage a value for 2 not 
contained in the rows previously obtained, we exhaust the N 
substitutions of the symmetric group, arranging them in a table 
of p rows, associated with which are values of <j>, viz. ^2> • • • 
which are all difEerent, and moreover contain all the values of <f>, 
as the table indicates the effect of any substitution on <f>i. We 
thus obtain the following table, in which 2 ^ is written for 
symmetry instead of 1 : — 



8 a2r, 

8 ai:v . 

. . 8,2„ 


-S2A, 

822a, . 

. . 8,22, 

s^I:a, 


8322, . 


8^2,, 

82^99 

8a2„ . 

. . SfyUp, 


This arrangement of the substitutions of the symmetric group 
by means of the substitutions of Gi might be established without 
any reference to by noting that if, say, 22 is not contained in 
the previous rows, then is not equal to 8^ or 8^22. For if 
Sa^a = 8p, 22 = SoT^Sp, and is in the first row ; and if 

Sa22 = 8^22, 2 a = 8a~^Sp22, and therefore is in the second row. 
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Similarly when we take a new substitution of the symmetric 
group not contained in the first three rows, we obtain a new row 
none of whose members are in the first three rows ; for if =■ 
Sp or SfiSi or then or or 

and therefore Zt is in the first or second or third row. Proceeding 
in this we exhaust all the N substitutions of the symmetric group, 
arranging them in the above table which consists of p lines of r 
each, and hence it follows that rp = N, and the theorem is proved. 

On account of the similarity of the different values 

4*\i ^2> • • • ‘ ‘ 

of the p-valued function <f>, it is evident, a priori, that each of 
these functions will have a group similar to the group of <f>i. It 
can be readily shown that the group of any function is obtained 
by transforming (Art. 223 ) all the substitutions of G by the 
substitution which alters <f>t to ^h- I>i I^ct, any substitution 
leaves unaltered, for changes it to (f>i, which 
is unaltered by /S«, and consequently changed by Z^ to The 
group of (f>)c is therefore 

Z;^S,Z„ Z];^SzZ„ Z^^S^Z,, . . . Z^^SrZ,, 
where each substitution of Gi is transformed by 27 *.. This result 
may be represented briefly by the notation 

G„ = Z;^G,Z^. 


G^, Gz, 6*3, .. . G^ are called con nate groups, and the 
corresponding functions <f>i, <f>2, ^3, . . . conjugate functions. 

It is clear (Art. 223 ) that any two conjugate groups consist of 
similar substitutions. 


What is proved above as to the relation between the orders 
of 6*1 and the symmetric group is true, more generally, of the 
relation between the orders of 6** and any wider group 6**' in 
which 6*1 is contained as a sub-group ; that is to say, the order r 
of 6*1 is an exact divisor of the order r' of G^ which contains G^ 
as a sub-group, the quotient m being the number of distinct values 
of a nmUiple-vcdued function unaltered by the substitutions of G^, 
which are obtained by the substitutions of Gf. 
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The proof, which is similar to that given above, consists in 
arranging the r' substitutions of in m rows, of which the first is 
made up of the substitutions of the second of these substitu- 
tions multiplied by -S'., a substitution of 0^ not contained in G-^, 
the third by a substitution of G^ not contained in the first 
two rows, and so on until all the substitutions of G-j^ are exhausted. 
The table shows the effect of every substitution of G^ on ^i, 
either leaving it imalteredor altering it to or ^2 or . . . or <f>m, 
so that in fact + ^2 + • • • + ^ function unaltered by 

the substitutions of G^'. We thus obtain, in addition to 
rp = r'p' = N, that r' = mr and p = mp'. 

EXAUrLBS. 

1 . Construct, for four elements, the conjugate groups corresponding to the 
different values of the function = x^Xg + XgX^. 

It is easily seen that there are only three distinct values of this function. 

viz., 

+ XgXg, <l>g S XjXg -f XgXg, ^8 = 

and each has therefore a group of order 8. 

The group of consists of the following eight substitutions : — 

= (12). (34). (12) (34), (13) (24), (14) (23), (1324), (1423)]. 

If we take any substitution, e.g. (23), which changes <f>i to and any other, 
say (24), which changes 4>i to ^3, and form the table of the foregoing Article, 
we obtain all the twenty-four substitutions of the symmetric group as follows : — 


1 

(12) 

(34) 

(12) (34) 

(13) (24) 

(14) (23) 

(1324) 

(1423) 

(23) 

(132) 

(234) 

(1342) 

(1243) 

(14) 

(124) 

(143) 

(24) 

(142) 

(243) 

(1432) 

(13) 

(1234) 

(134) 

(123) 


The first row is the group Oi ; the other rows not constituting groups, but 
being such that the members of the second (and no others) all convert 
<l>g, and the members of the third (and no others) all convert 
group Og corresponding to <f>g is obtained by transforming the substitutions of 
0^ by (23), and this is done by simply interchanging 2 and 3 in the substitutions 
of Qi> In this way we find easily the groups of and ^3, as follows : — 

Og^lh (13), (24), (13) (24), (12) (34), (14) (23), (1234), (1432)]. 

Og^lh (14), (23), (14) (23), (13) (24), (12) (34), (1342), (1243)], 

s2 
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It will be observed that none of the oiroular substitutions of the 3rd order 
are present in any of these groups, and the three groups have certain substitu> 
tions common. In fact, the substitution unity must be common to all conjugate 
groups; and here have the three substitutions (12) (34), (13) (24), 

(14) (23) common, in addition to unity, these four substitutions forming a 
common sub-group of the three conjugate groups. 

2. Verify that the substitutions of 0^ in the preceding example form a 
closed group ; that is to say, any multiplication of two of its members always 
reproduces some member of the group. 

Representing the substitutions of in the order of the preceding example 
by the symbols 1, R, O, A F, O, we have the following multiplication 
table, which the students will easily verify ; — 



1 

A 

B 

C 

D 

E 

F 

Q 

■B 

1 

A 

B 

G 

D 

E 


0 

(12) s A 

A 

1 

C 

B 

G 

F 

E 

D 

Ill 

1 

B 

C 

B 

B 

F 

0 


E 

(12)(34) = C 

C 

B 

A 

1 

E 

D 

Q 

F 

(13)(24) = Z) 

D 

F 

G 

E 

1 

c 

A 

B 

(14) (23) = E 

E 

0 

F 

D 

B 

B 

B 

A 

(1324) = F 

F 

D 

E 

a 

B 

B 

C 

1 

(1423) = Q 

Q 

E 

D 

F 

A 

B 

1 

C 


In effecting the multiplication, the factor from the first column is to be 
placed at the left-hand side of each symbol of the upper row in turn. 

It will be observed that contains the sub-groups 

[1, A, B, Cl [1, (7, A El [1, A A Ql 
all of order 4, and several also of order 2, e.g. [1, Al [1, Cl 

3* Ck)nstruct the alternate group Q' for four elements. The substitutions, 
which consist of an even number of transpositions, can easily be selected from 
the twenty-forir given in Ex. 1. They are, in fact, the four substitutions 
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1, (12) (34), (13) (24), (14) (23), along with the eight circular sabstitutions of the 
third order. These we arrange in three rows, as follows : — 



[ ^ 

(12) (34) 

(13) (24) 

(14) (23), 

O' = ^ 

1 (132) 

(234) 

(124) 

(143), 


i (142) 

(243) 

(134) 

(123). 


To this group belongs the function If each substitution be multiplied 

by any transposition, say (23), which changes to — \/^, the remaining 
twelve substitutions of the S3rmmetrio group are obtained. If each member of 
O' be transformed by (23), we obtain the group of — It is easily verified 

that this coincides with O' the group of VA* example, (12) (34) becomes 
(13) (24) by this transformation; (14) (23) is unaltered; (123) and (132) are 
interchanged ; and so on. The two conjugate groups therefore coincide in this 
case, and — both belonging to the same group. The same is true for 
any number of elements (Art. 226). 

The arrangement in three rows of the substitutions of O' illustrates what is 
proved at the conclusion of the foregoing Article. The four substitutions in the 
first row form a sub-group of O ' ; the four in the second row are obtained from 
these by multiplication (on the right-hand side) by (132), and the last four by 
multiplication by ( 142) ; the order 4 of the sub-group being a divisor of the order 
of O', To this group, which we will call H, viz., 

Hs[l, (12) (34), (13) (24), (14) (23)], 
belongs the function 

A (XyX^ + x^x^) -f B (xyx^ -f- x^x^) -f C (x^x^ + x^^), 
in which A, B, C are any arbitrary constants. 

This function has six distinct values for the substitutions of the symmetric 
group, viz., 

A<I>1 + -f- -^4*2 "h ^4^1 “h ^4^2* 

A4>\ + B<f>^ -f A<j>2 4" -j- (7^5, A<j>^ -f B^2. 4- 

These have all the same group Hy the six conjugate groups coinciding in 
this case ; in fact, any transformation of the symmetric group operated upon the 
substitutions of H will reproduce the same four in some order. Such a group is 
called an invariant sub-group of the symmetric group. The alternate group is 
also an in^riant Mb-gWU|pi 

4. Prove that the group derived from the n — 1 transpositions (12), (13), 

. . . (In), is identical with the symmetric group. 

Every substitution, being expressible by transpositions, can be represented 
as a product of members of this series (Ex. 12, Art. 222). 

6. Prove, for any number of elements, that there is only one group of order 
\Ny viz., the alternate group. 

Let the group of order \N be 

8^ 5 1 , . . . 8^2ir 


( 1 ) 



262 


Theory of Substitutions and Groups. 

Multiplying this, first at the left side and afterwards at the right, by any 
substitution T of the symmetric group not already contained in it, we have the 
two series 

T, TS,, . . . (2) 

T, 8^T, 8^T, . . . 8^ifT. (3) 

Each of these must consist of the iN substitutions not contained in (1) ; 
hence the two series are identical, and whatever % may be, we have for some 
value of j the relation 

T8^ = 8jT, or .9^ == T-^SjT ; 

and since also 8^ = 8a'~^8y8ai it follows that for any substitution T whatsoever 
8^ = T^^8jTf and hence the group (1) contains all substitutions similar to any 
one conta^ed in it. Hence (1) cannot comprise any single transposition, for 
if it did it would contain all such, and be consequently identical with 
the symmetric group (Ex. 4). 

It can now be shown that (1) contains as a substitution the product of 
any pair of transpositions. For this purpose, suppose T in the series (2) to be 
any transposition. The effect of multiplying both (1) and (2) by any second 
transposition 17 is to interchange the two series (1) and (2). It is proved there- 
fore that UT must be one of the substitutions of (1), as = 1 is one of them. 

From this it appears that every two- valued function belongs to the alternate 
group, since this is the only group whose order satisfies the equation 2r = N, 

6. The alternate group includes all circular substitutions of odd order, and 
none of even order. 

7. Prove that a group which contains all the circular substitutions of the 
third order is either the alternate or the symmetric group. 

Use Ex. 13, Art. 222. 

8. Prove that a group which contains all the circular substitutions of the 
fifth order contains also all of the third order. For 

{acdeb) (acbed) s (a6c). 

9. The order of a group is a multiple of the order of any one of the substitu- 
tions of the group. 

10. If n is a prime number, every group of order n is composed of n powers 
of a circular substitution of order n. 

11. If two groups have common substitutions, these themselves form a 
group, and their number is a common divisor of the orders of both groups. 

12. If the members of a group are all transformed by the same substitution, 
the conjugates thus derived themselves form a group. 

Use the relations given at the end of Art. 223. 
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227. Formation of Functional of a i[;lven Group. 
The Galois Functi on . — 'We take up again the problem of 
finding rational integral functions of n variables, Xi, x^, . . . x„, 
which remain unaltered by the substitutions of a group 0^, which 
we dealt with at the beginning of Art. 226. We select for 
the following different type of function having N distinct values 
for all the substitutions of the symmetric group : — 

~ CtjXj ^ “f" “f* . . . “f" CL^X^f 

in which aj, aj, . . . a„ are n distinct arbitrary constants. This 
function is called the Galois Function. As in Art. 226, obtaining 
^ 2 , ^ 3 , . . . tfif by the substitutions of Gi, any sjmtimetric function 
of ^ 1 , ^ 2 > • • • will Ij® unaltered by the substitutions of Gi. 
In particular, <t>i = (y + ^i) (y + ^ 2 ) • • • (y + ^r) will be un- 
altered by the substitutions of Gi and altered to a different value 
by any substitution not contained in Gi. The function <f>i is not 
therefore unaltered by the substitutions of any wider group 
containing Gj^ as a sub-group. Expanding in powers of y, 
although some of the coefficients of the powers of y may be 
unaltered by the substitutions of a wider group, all are not un- 
altered, and so one of them will provide a function unaltered by 
the substitutions of Gi and altered by those of any wider group. 
Noting the forms of expression of the sum of the powers of the 
roots of an equation in terms of the coefficients, we see that 
instead of the coefficients of the powers of y in we may take 
sums of powers of ^ 1 , ifj^, . . . up to the r**, and deduce that 
one at least of such r sums of powers will provide a function 
unaltered by the substitutions of Gi and altered by any other 
substitution of the symmetric group. We add a few simple 
examples to illustrate modes of finding functions of a given group. 

Examples. 

1. Form a function of three variables which shall be unchanged by all the 
substitutions of the alternate group, viz., 

[1. (123), (132)]. 



264 


Theory of SvbstitiUions and Groups. 

Operating with these substitutions on the Galois function, we have 
= Cti®! 4" tta*! "t“ <* 8 X 3 , 
s a^Xi 4 “ "h 

^3 3 ^1^8 4 * ®8^i 4 ” U3X3. 

2^1 and are both symmetric in Xs, Xg. But by means either of 
^10808 obtain the unsymmetric functions 

Xj^Xg 4- a?2**8 + *8*^1 X,*X8 + 4“ 

both of which must belong to the given group. If these functions be called 
and <I>a;' , it is, in fact, easily verified that 

2701* = i7ai«2:xi« + 60 x 0303 X 1 X 3 X 3 + 3 
where 4- 4- — 01*03 4- 03*01 + 03 * 03 . 

The result is more readily obtained by using the method of Art. 230 and taking 

^1 = Xi*X3. 

2. Investigate functions of four variables which shall belong to the group 

^ = [1 (12) (34) (13) (24) (14) (23)]. 

Writing down the values of the four Galois functions as follows : — 

^1 s oiXi 4 03 X 3 4 03 X 3 4 0 |X|, 

^2 ~ 4 * Oa^i 4 " 03X4 4 04X3, 

• ^8 = O 1 X 3 4 O 3 X 4 4 O 3 X 1 4 O 4 X 3 , 

04 = ®X ^4 4 ~ 03 X 3 4 O 3 X 3 4 04 ^ 1 » 

we find that i70i is symmetric in Xi, .Xj, X 3 , X 4 , but that 270i* is not so. From 
the latter we readily obtain the function 4 ^0* 4 G03 of Ex. 3, Art. 226, 
01 , 03 , 03 representing the same functions of Xi, Xg, X 3 , X 4 , as in £x. 1 of the 
Article referred to. We have, in fact, 

j?0i* 3 27ai*27xi* 4 4 (aiOg 4 a3a4) 0i 4 4 (0103 4 02 ^ 4 ) 02+4 (aia 4 4- 0,. 

The unsymmetric functions occurring here, viz. 0 i, 03 , 03 , belong respec- 
tively to the wider groups Oi, Gg, Gj of order eight. The sum of these with 
arbitrary coefficients belongs to the given group H, and is a six- valued function. 

3. Investigate functions of four variables for the group 

Gi = [l, (12), (34), (12) (34), (13) (24), (14) (23), (1324), (1423)]. 
Taking, along with the four values of 0 in the preceding example, the 
additional four 

03 S OiXj 4 OgXj 4 03X3 4 04X4, 

04 S OiXi 4 + ®8^4 + ®4^8> 

07 S 01X3 4 ®8^4 + ®8^2 + U4^1> 

08 ^ ®1®4 + ®t^8 + ®8*1 + <^4^V 

we easily verify the following relation : — 

£tlt^*m2Zai*Sx^^+S{a^a^+ a^a^){x^x^+x^^)+2{a^+ a^) ( 034 <* 4 ) (^ 4 +^*?$) ; 
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whence the functions + x^x^, and (x^ + ^t) + ^4) »r© obtained, both 

belonging to the given group, since there is no wider group except the symmetric 
in which is contained as a sub-group. 

It is clear that this method may be used to discover, by means of the 
sjmimetric functions of higher orders, an infinite variety of functions corre- 
sponding to a given group. 

228. Theorem. — Every integral symmetric function, of the 
distinct values of any integral muUvple-valved function of n dements 
is a symmetric function of the elements themsdves. 

Although this proposition appears sufl&ciently evident from 
the similarity of structure of the conjugate values (f> 2 , <f> 3 > • • • 

of a p-valued function (Art. 226), we may give a formal proof 
as follows. Let F <f> 2 , . . . <^p) be any rational integral 
symmetric function of the p-values. Any substitution whatever 
S (affecting the elements) applied to these p-values either leaves 
any function unchanged or replaces it by one of the others. 
No two of the resulting values can be equal, for if S<f>i were equal 
to S<l)f, it would follow, by applying the substitution 5“^, that 
<f>i = <f>j, which is contrary to hypothesis. Consequently the 
same p values of <{> are reproduced by S in some order or other. 
The symmetric function F therefore remains unchanged by any 
substitution, and is consequently a symmetric function of the 
elements themselves. 

From this is derived immediately the following corollary : — 

Cor. — The p distinct values of any integral multiple-valued 
function are roots of an equation whose coefficients are integral 
symmetric functions of the elements themselves. 

For an example of this we refer to Ex. 4, Art. 39, Vol. I. 
What is here proved with regard to rational integral fimctions 
can be readily extended to all rational functions, whether integral 
or not ; for any fraction may be converted by the method of 
Art. 194 into an equivalent form whose denominator is S 3 naametric 
in the elements. 

229. Theorem. — Two functions belonging to the same group 
can be rationally expressed each in terms of the other. 
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This important proposition, to which we now apply the 
principles of the method of substitution, has been discussed 
before (Art. 194) from a somewhat different point of view. Let 
<f>i and be two functions belonging to the same group 

s [1, Si, Si, .. . 5,], 

of order r and degree n, each of these functions having p distinct 
values, where rp = N. Any substitution not contained in Gi 
will convert <f>\ i^^to another of its values, say <f>^, and at the same 
time tpi into By operating all possible substitutions, p pairs 
of values <f>v > ^a> 02 5 • • • 0p> 0p ^^e obtained. Now, in the 
first place, the rational function 

- 01 + 02W + • • • + 0fc0fc^ + . . . + 0 pVp^ ( 1) 

is clearly a symmetric function of the elements, for it appears, 
by the same reasoning as that of the preceding Article, that any 
substitution whatever affecting the elements will reproduce in 
some order the terms of this sum, viz. which is therefore 

a symmetric function of the elements. If, now, we take j = 
and assign to i all the values 0, 1, 2, .... p - 1 in succession, 
we obtain the following p equations linear in 0^, 02, . . . 0p : — 

01+ 02+ ... + 0p=To ' 

0101+ 0202+ • . • + 0p0p==^’l 

01*01+ 02*02+ . . . + 0p®0p = ^2 ■> (2) 

0l'’'Vl+02'’"V2+ • • • +0 p'’‘Vp=^p-i^ 
where Tq, T^, T^, . . . are all symmetric in x^, x^, . . . a5„. For 
the solution of these equations, we refer to Ex. 1, p. 38, and 
Ex. 3, p. 106, from which it will be readily inferred that 0^ can 
be expressed as a rational function of 0^ in the following form : — 

V(01> 02> • • • 0p) 01 = -^00/ * + -^101*’ *+... + 
where y has the same meaning as in Art. 203, and A^, A ^, . . . A^_i 
are all symmetric in x^, x^, . . . a;„. 

It follows, conversely, that tw rational fimctiona such that 
each can be expressed ratiorudly in terms of the other bdong to the 
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same group ; for since each remains unchanged by all the sub- 
stitutions which constitute the group of the other, it follows 
immediately that the two groups must coincide. 

230. Extension of Theorem ifvith Corollaries. — Even 
when the groups of and tpi are not identical, but one of them 
is included as a sub-group in the other, it is still true that the 
function which belongs to the wider group (and which has con- 
sequently the smaller number of distinct values) is expressible 
rationally in terms of the function of the narrower group. 

Let (f>i belong to the group Gi of the preceding Article, and 
let t/ii belong to the wider group 

Gi [1, $2, ... S„ Sf+i, . . . S/]. 

We have (Art. 226) the relations 

rp = r'p' = N ; r' = Jcr ; p kp' ; 

there are, as before, p distinct values of <f > ; but the values of ift, 
viz., t(ii, >p 2 > ^ 3 ) • • • become equal in sets of k, so that only 
p' distinct values remain. It is still true, however, that the 
expression (1) of the preceding Article is a symmetric function 
of Xj, Xj, . . . x„ ; for any substitution applied to it will reproduce 
in some order the distinct terms of the series. The equations 
. (2) therefore can be solved as before, and an expression obtained 
for iff I in terms of <f>i. In the final expression for ipi in terms of 
<l>i, <f>i may be replaced by <f >2 or <f >3 or etc. or where these are 
the values of ^ all associated with ^i,'in such expressions as (1), 
and so derived from (fi by substitutions which do not alter ift^. 
If it be attempted, however, to express in a similar form in 
terms of the solution fails, on account of the equality of two 
or more of the values of ift ; for it is implied in the solution of 
these equations that no two values of (f> are equal (see Ex. 1, 
p. 38)..-' What we can get by the equations is an expression for 
+ etc. + <f>jc in terms of tp^, which would also follow 
immediately from Art. 229, as they both belong to the group of 
1 *pi. The theorem as extended was enunciated by Lagrange ; it 
may be stated as follows : — 
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E<agrange’s Theorem. — If two rational functions of any 
set of variables are such that one remains unchanged by all the 
substitutions of the group to which the other belongs, the first is 
expressible by means of the second in the form of an integral 
polynomial whose coeffiments are rational symmetric functions of 
the variables. 

From this proposition may be deduced important consequences 
which are contained in the following corollaries : — 

CoK. 1. — A function can always be found in terms of which any 
number of given functions can be rationally expressed. 

The groups of the given functions have always one sub- 
group common to all, for the identical substitution 5=1 
at least is common. Accordingly, the functions can all be 
expressed in terms of any one of the functions peculiar to the 
jjommou gub-grbup. If f>, \ft, x, • • • are the given functions, 
ft) = a<l) + Ptft + YX + • • • > where a, j3, y, . . . are arbitrar}’^ 
constants, is one such function for the common sub-group ; for 
any substitution which leaves it unaltered must leave <f>, tp, x, • • • 
unaltered, and so must be common to the groups of <f>i, tpi, Xv • • • 

Cob. 2. — Any rational function whatever can be rationally 
expressed in terms of a function having N distinct values ; in 
particular in terms of the Galois function. 

For the group of an A-valued function, reducing to the 
identical substitution, is included as a sub-group in every other. 

Cob. 3. — The variables themselves can be expressed rationally in 
terms of the Galois function. 

The group to which x^, for example, belongs contains 
1.2.3...(n- 1) substitutions, including, of course, the sub- 
group unity. The n values of this function are the n variables 
aq, X 2 , . . . x„, and each can be expressed rationally in terms of 
the Galois function. 

The proposition contained in this corollary was stated 
originally by Abel without proof. Galois has given a proof of 
the proposition founded on elementary principles, which we 
think it desirable to add, since it shows how the calculation may 
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be conducted and the required rational expression for any one 
of the variables obtained. 

Let /(jc) = 0 be the equation whose roots are x^, . x„, 

all supposed unequal ; and let i/ti be a known value of a rational 
function ip of the roots which has N distinct values. 

If all the roots except be permuted in every possible way, 
we obtain 1 . 2 . 3 . . . (n - 1) = /x. distinct values of tp given by 
the equation 

F (tp) = (^ - ^i) {ip - tpi) ... (tp - *pX=r.O. 

The coefficients of this equation when expanded are 
symmetric functions of Xj, X 3 , . . . x„, and can therefore be 
expressed in the terms of the coefficients of 

X - Xi 

and will involve x^ in a rational form along with the coefficients 
of f {x). If the expanded equation be represented by F {>p, Xi) = 0, 
we have F {tp^, x-^ s 0, since it is satisfied hjip = ip^; we have 
also/(a:i) s 0, from which it follows that the equations /(x) = 0 
and F {ipi, x) = 0 have a common root. It is easily seen that 
this is the only root common. If therefore we seek the common 
measure of f (x) and F {ipi, x), as all the remainders vanish 
for X = Xi, in particular the remainder of the first degree in x 
gives for x^ a rational expression in terms of tpi and the coefficients 
of / (x), in which expression ipi may be replaced by tp^ or ip^ or 
etc. or fp^ without altering its value. 

Ex. For a cubic equation 

/ (x) = «« + PiX* + P%x + Ps = 0, 

if lit be taken equal to the Galois function aiXi + + a^x^ it is readily proved 

that F (4f 19 X|) involves X] in the second power, and the problem is reduced to 
finding the greatest common measure of a quadratic and cubic. The question 
is simplified by taking the special Galois function Xj -f ; we 

find in this case that the coefficient of X|* vanishes, and x^ is obtained immedi* 
ately in terms of ^ follows : — 

^ 1 * - Pi4>x + Pi* - 3p, 

Wx • 
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Cor. 4. — AU the values of the Galois function can he expressed 
rationally in terms of any one among them. 

For all belong to the same group unity. 

231. T wo-valued Func tions. Theorem. — Every two- 
valud, integral function of n variables is of the form S^y/ A, 

where and are integral symmetric functions, and A the 
discriminant. 

A two-valued function must belong to a group of order \N. 
The only group of this order is the alternate group (Ex. 6, Art. 
226), to which the function VA belongs. The theorem there- 
fore follows as an immediate consequence of the fundamental 
theorem of Art. 229. On account of its importance, however, 
we give the following independent proof : — 

Let the two values of the function be denoted by <f>i and <f>2, 
and let Gi and G^ be the corresponding groups, each of order ^iV. 
In the first place, these two groups must be identical ; for if any 
substitution S. of Gi were to change ^2 to its second value <f>i, 
then S~^ would change <f>i into 5 but this is impossible, since 
S~^ as well as S belongs to the group G^. Every substitution, 
therefore, of G^ must belong to G 2 , and'vice versa. 

To show now that these groups coincide with the alternate 
group, consider the fimction - <f>2 = Any substitution' 
which belongs to the common group leaves this unaltered ; any 
other will change to <f >2 and <f >2 to «f>i, and will therefore change 
the sign of ^ ; some transposition, {x^xp) for example, will have 
this efiect, for no group can include all transpositions without 
coinciding with the symmetric group. It is easily inferred 
that - <f >2 is divisible by x^ - Xp, and hence by the product 
of all the difierences, since is symmetric. 

The quotient of ^ by \/A is symmetric. To prove this, let 
(V A)”* be the highest power of VA which occurs in i/>. The 
quotient of ^ by (V A)"* is symmetric, since, if not, it would be 
an alternating function, and would again contain VA as a factor, 
which is contrary to hypothesis. "It follows immediately that 
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m is an odd number, and that the quotient of 0 by VA is 
symmetric. Writing therefore 0i - 02 = AV A, and 0i + 02 = B, 
where A and B are both symmetric, we at once derive 

01 = /Si + /S2 'v/A, 02 = 'Si “ S^s/ A, 

where 5i and are both symmetric functions of the variables 
Xi, X 2 , . . . x„. It is, of course, also evident that the groups Gi 
and (?2 coincide with the group of V A, viz. the alternate group. 

232. Theorem. — The alternating functions are the only 
unsymmetric functions of n variables of which a power can he 
symmetric. 

The theorems contained in this and the next following 
Articles are of great importance in connexion with the problem 
of the general solution of algebraical equations. It will be 
sufficient to prove the theorem for prime powers ; fo^ji-there’ 
exists a function F (®i, x^, . . . x„) such that f^’^vTs^symmetric, 
p being prime, then there is also a function <f> ^ such that 
<f)r is symmetric. Let therefore 

0** = /S, a symmetric function. 


Since the group of 0, which is unsymmetric, cannot contain 
all the transpositions, let = (x,x^) be a transposition which. 
converj»^ into 0^ ; we have 

0/ = 0^=-S, 


and therefore 0^ = ^u0, where m is a p** root of unity. Hence 

tf0 = 0^ = ty0, 


and, operating again with ct, 

<T*0 = COO0 = aj*0 ; 

but o® = 1 ; hence ai® = 1, and consequently p = 2. 

Since therefore 0® is S 3 numetric, <f> is an alternating function, 
and the proposition is proved. 
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233. Theorem. — For any number, n, of independent elements 
there is no mtiUiple-mlued function of which a power is two-valued 
when n > 4 ; and when w = 3, or w = 4, there is any such power, 
it is a third power. 

Confining our attention as before to prime numbers, and 
supposing that ^ is a multiple-valued function whose p** power 
is two- valued, we have (Art. 231) 

+ S^V^. ( 1 ) 

The group of <f> cannot contain all the circular substitutions 
of the third order, for if it did this group would coincide with the 
alternate group, and <f> would be two-valued (Ex. 7, Art. 226). 
Let <j = {xjc^) be such a substitution not contained in the 
group of <l>, and suppose a<j> = From the equation (1), 
since Si -f S^V A is unaltered by a, we have 

hence <f>^ = oxf>, where co is a root of unity. Operating again 
twice in succession with a, we obtain readily 

a<f> = oxf), 

^ a^<f> = axnf) = 

a^<f> = ; 

whence, since a* = 1, we have co® = 1, and therefore p = 3. 

Again, when the number of elements is greater than 4, there 
are circular substitutions of the fifth order, and these cannot be 
all contained in the group of <f> (Ex. 8, Art. 226). Let -rbe one of 
those not contained in this group, and T<f> = <l>i- We have, as 
before, from the equation (1), by applying this substitution 
(which does not affect the right-hand side), 

^ = Si -H -SjVa. 

Hence, proceeding as before, we have r<f> = oj<f>‘, and operating 
again on this and the succeeding equations with r, we readily 
find T®^ = co*^ ; whence co® =» 1, since t® =• 1, and it is proved 
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that = 6. Now, this result being inconsistent with the value 
of p previously obtained, viz. 3, we infer that when the number 
of elements is greater than 4, it is impossible to find any multiple- 
valued function <^, a prime power of which will be two-valued. 

That there are actually, when n is not greater than 4, multiple- 
valued functions, a third power of which is two-valued, will 
appear from the following applications to the cases where » = 3 
and n = 4 : — 


1. To find a multiple- valued function of three elements whose third power 
is two-valued. We examine whether the problem admits of solution by means 
of the simplest linear function, viz. 

= oa?! -f -h ; 

that is, whether the constants a, y can be determined so as to make ^ fulfil the 
required conditions. 

Taking a = {XiX2X^), and identif3dng a<f> with axf>t where a>* = 1, we have 
0^2 + + ya?! = CO (aa?! -f ^x^ -f ya:8) ; 

whence 


y = coa, p == coy, a == coj5, 

and immediately 

0 = a (a^i -h co^arg -f- wx^)- 

Taking a — 1, we infer that a function of the type x^ -f- satisfies the 

conditions of the problem. This function is six-valued, and its cube two-valued 
(compare Art. 59, vol. i.). 

• The student will easily prove, in a similar manner, that any function of the 

type ^ ^ 

4 - CO**,”*, ‘ 

where m is any integer, will equally well supply a solution of the problem. 

2. To investigate a similar function when n ^ 4 t. In this case it is clear 
that no linear function of the type ax^ -|- jSa^j -f- y^a + 83:4 can, without making 
8 = 0, fulfil the condition of being multiplied by a factor when operated on by 
the substitution <7 s {x^x^x^). We take therefore the function next in simplicity, 
viz. one of the type 

^ = 0X1X2 -f- PX2X2 4- yx^Xi + x^ (a'a?! -h jS'a:* + y'a:,). 

The function obtained from this by the operation of <y is 

(^j = oXgaJa + Px^Xj^ -f y^ia^a + (a'xg + P% + 

Identifying with c*)’^, and replacing j8, y, p\ y' by their values in terms 
of a, a', we have 

^ = o {X 1 X 2 + cu*a;a«3 4- tax^Xi) + a' (x^x^ + oi^x^x^ 4- 
VOL. II. T 
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Operating again with a different substitution of the third order, say t s (^ia: 8 a; 4 ), 
and denoting by we have 

® (^**4 + -|- (jjx^x^) + a' {x^Xi + co^x^Xi + cox^Xi), 

Identifying, as before, wit£^^, where $ is some cube root of unity, we 
find at once d = a}\ and a' = ai*a, the remaining relations being all consistent 
with these. We have therefore, taking a = 1, 

^ + x^^ + {^ 1^9 + ^*^ 2 ^ 4 ) + (^ 1^4 + ^ 2 ^ 2 )* 

This is a function of the required kind, having itself six values, but only two 
values when cubed (compare Art. 66, vol. i., and Ex. 3, Art. 226). 

Section III. — The Galois Re solyent. 

234. Galois Resolveat— Group of an Kquatlon. — 

Let 

F (x) = a:" + + . . . + j)„ = 0 (1) 

be an equation whose roots, supposed all unequal, are 
Xi, Xj) • • : JCfi. and whose coefficients are regarded as known 
rational quantities. If there are irrational quantities in the 
coefficients, they are associated with or adjoined to rational 
quantities, and all quantities obtained from the combination by 
addition, subtraction, multiplication or division are regarded in 
the following discussion as rational and called rational. They 
may also be described as being in the domain of the irrational 
quantities contained in the coefficients (see Art. 236). The Galois 
function 

if>i = aiXi + a^Xj + . . . + a„x„ 

has N distinct values tfiv • • • 'hw* corresponding to the N 
substitutions of the symmetric group (Art. 227). The equation 
of the JV“ degree whose roots are these N values, viz., 

W {Z) s (2 - ^,) (2 - ^3) ... (2 - ^,) - 0, (2) 

is called the Galois resolvent. When this equation is expanded, 
the roots Xj, x,, . . . x„ will enter it in a symmetric form ; hence, 
the coefficients of 2 in the expanded equation can all be expressed 
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rationally in terms of pj, . . . In general, this equation is 
irreducible ; that is to say, it cannot be broken up into factors 
of inferior degree with rational coefficients. We proceed to 
examine under what circumstances it may become reducible. 
For this purpose, suppose (z) to be an irreducible factor of 
the r** degree, with rational coefficients, contained in W (z), and 
let ^ 

''WAz)^{z-^i{z-^,) . . .{z-,Pr), ( 3 ) 


where • • • *l>r are derived from tj>i by means of the substitu- 

tions Sg, Sg, . . . Sf. The following propositions can be established 
in reference to these substitutions : — 

(1). Every function <f> of the roots which is unchanged by the 
substitutions 1, /Sj, /S3, . . . can he expressed raiiorudly in terms 
of Pi, P2, • • • Pn- 

By Art. 230, Cor. 2, may be expressed as a rational function 
of 01 and the coefficients, say/(0i). Now, under the operation 
of the substitutions S^, S3, <f> remains unchanged, but 0i 

becomes in succession 02, 03, . . . ; hence 


/(«-/(«-/(«-•■ ■- '{/(*)+/(«+■ • •+/(W); 


but the latter expression being symmetric in the roots of tf'i = 0 
can be rationally expressed by the coefficients of this equation, 
which are themselves rational. 

(2). Every function which is rationally expressible unll be 
unchanged by the substitutions 1 , S^, S 3 , .. . Sf. 

Let 0 be a function of the roots which has a rational ex- 
pression, say R ; and let / (0i) be the function of 0i by which 
0 can be also expressed (Art. 230). We have, then,/(0i) = R ; 
whence the equation / («) - if? =« 0 has a root 0i in common 
with the equation Wi («) = 0 ; but the latter equation is irre- 
ducible, and therefore all its roots must be common to the two 
equations (otherwise by finding the common measure of {z) 
and f (2) - R, we would get a rational factor of (2)), and 
consequently / (0i) is unaltered when 0i is replaced by 

2'T 
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•Pi, fpi, • . . that is to say, <p is unaltered by the substitutions 
which change ipi into tp^, fps, . . . •pr, in succession. 

(3). The substitutions 1, S^, S^, . . . S^form a group. 

The effect of the operation of any one of these substitutions, 
say on Wi (z), is to leave the function unchanged, since its 
coefficients are rational, and therefore by (2) unaltered by ; 
the new values, therefore, of \pi, tp^, . . . •pr derived by this sub- 
stitution must be identical with the first values, the order only 
differing ; the effect of a second of the given substitutions, say 
S^, is to reproduce in some order the same values of \p. It follows 
that = Sy*Pi, and S,,Sp = Sy as ipi is an valued 

function ; and the proposition is therefore proved. 

The group developed above is called the group of the equation. 
This group is unique, for if were another irreducible 

ratioruil factor of W (2), the group associated with it would leave 
IPi (2) imaltered, as W-y (2) is rationally expressible, and so each 
of its substitutions would be contained in the group of Wy (2) ; 
similarly, each substitution of the group of Wy (2) would be con- 
tained in the group of W 2 (2), and hence the groups must be 
the same, and therefore also the degrees of Wy (2) and (2) are 
equal. Furthermore, W (2) divided by Wy (2) is rational, and if 
irreducible its degree must be r, the same as Wy (2). If its degree 
is greater than r, it must be reducible, and must have an irre- 
ducible factor of degree r. Proceeding in this way, we see that 
W (2) is composed of irreducible factors of degree r, which all 
have the same group associated with them. By associating 
with rational quantities other irrational ones in addition to 
those possibly involved in the coefficients, we may possibly 
break up Wy{z) into factors of the same degree regarded as 
rational, and their common group must be a sub-group of the 
original group of the equation, since they would not alter Wy(z). 
The reasoning will apply also if any iV- valued function of the 
roots is taken instead of the Galois function. In fact if Wy, 0y 
are rational irreducible factors of the equations for two JV-valued 
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functions the coefficients of are rational, is 

unaltered by the group of and similarly is unaltered 
by the group of Wi, and therefore the groups coincide, and 
the degrees of the factors are equal. Furthermore, if T is a 
substitution not included in the group of the coefficients of 
the equation whose roots are TS^thi, TSatf/i, . . . TSfip are 
rational as they are unaltered by the substitutions of the group ; 
for if Sa changes tft^ to ifty it may be written Sp~^Sy and so alters 
TSptffi to TSyifti, and hence S„ effects the same change in the 
arrangement of T^i, . . . TS,»}t^ in any function of 

1, as it effects in the arrangement of 

^2» • • • •hr ill the same function of tpi, ^2» • • • The N values 
of ifj can thus be arranged in Njr sets, such that any symmetric 
function of the values in any set is unaltered by the substitutions 
of a group of substitutions of order r. Whether resolvable or not, 
the N factors of the Galois resolvent can thus be arranged in 
Njr factors of degree r having each the same group of order r. 
This arrangement of the N values ifti, ^2> • • • •I'n ^'^7 ^‘Valued 
function of x^, x^, . . . x„ corresponds to an arrangement of the 
N substitutions of the symmetric groups into Njr sets in a manner 
similar to that in Art. 226 , but instead of multiplying the members 
= 1 , /Sj, . . . of the group of order r by Z, we multiply 
Z by Si, S2, . . . Sf. Associated with Si, S2, • • • <S, is a set 
• • • ^r*hi of T values of t/r such that any symmetric 
function of them is unaltered by the substitutions of (tj. Asso- 
ciated with the set ZSi, ZS2 , . • . ZSf is a set of r different values 
of ifi, viz. ZSiihi, ZSz^hi, • • • ^Sfipi, such that any symmetric 
function of them is also unaltered by the substitutions of Gi. 
It is to be most carefully observed in this and other discussions 
that in this book the order of a product of substitutions is left 
to right, and not right to left, which in many ways would be more 
preferable. The group of an equation may be any sub-group of 
the symmetric, according to the special character of the given 
equation. The number of such sub-groups, however, among 
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which the group of the equation is to be sought, is limited by the 
following proposition : — 

I ^ ) The group of an ir reducibl e equation is transitj^. 

A group is said to be transitive when it 7ontams one or more 
substitutions whose effect is to replace any element whatever 
by another arbitrarily chosen. A transitive group, therefore, 
has in it substitutions which affect all the elements. Now let 
the group G of the equation be, if possible, not transitive, and 
let it affect only the elements . . . x^{m < n). The sub- 

stitutions of G, altering only among themselves the positions of 
these m roots, will leave their symmetric functions unaltered. 
These S 3 niimetric functions, therefore, are rationally expressible, 
and the function F (x) will admit a rational divisor, 

(x - Xi) (x - Xa) . . . (x - x„), 
and will become reducible contrary to hypothesis. 


Examples. 

1. To form the sextic equation whose roots are the six values of the Galois 
function 

and to express its coefficients in terms of the coefficients of the cubics (a, b, c, d) 
(z, !)• and (a'b'c'd') (z, 1)*, whose roots arexj, z^, z^, and oj, oj, respectively. 
The roots z^, a:,, z^ of (a, b, c, d) (jr, !)• = 0 may be expressed in the form 
azi b — p q, az^ -f- ^ ^ 

where 

pg = - £r, p* -f g* = - a 2p* = - G ± VO^ + 4H^ = - G ± aVA, 

2g* = — G T a\/A. 

Expressing cq, a, similarly, we obtain 

3p = a (arj + w^z^ + coar,), 3g = a (arj + aix, + w^z^), 3p' = a' (a^ + w*a 2 + oio,), 

3g' = a' (oq 4- wof 4* 

Hence 

9pg' *= aa' (0i 4- + caV*)> 9p'g = oa' 4* w Vt 4 - 

where 

4^1 ~ “t* <*1*1 4” <*8*8 ~ (132) 01, 

02 = "i" <*8^8 H" <*i*l ^ (123) 0J,. 
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Hence 

3 (pg' + j)'^ 4 - 66 ') = aa'0i, 3 (a>*pg' + cop'g + 66 ') = 

3 {wpq^ + a)*p'g + 66 ') = 

Putting 

”* 366' = 32 = 3 (pg' + p'g), . z* = p*g'® + p'*g* 4- 3pgp'g' (pg' 4- 

= i ± oa'V^) 4- 3HH'2. 

Hence satisfies z® — ZHH'z — J ((? 6 ?' ± oa'V AA') = 0 , and the process used 
shows that it is also satisfied by ^g. Hence if aa'y ~ 366' = 3 z, 

o’«'* (y - <l>i) (y - <!>») (y - M s 27 {*» - shh'z - i (OO' ± aa'VKK’)}. 

If therefore AA' is a perfect square, the equation in z is rational and the Galois 
resolvent has a rational factor, whose group is the alternate group, viz. 1, (132), 
(123). 

The other factor is found by finding pp', gg' and obtaining as above 

3 (pp' 4" 4“ bb') = 3 (w^pp' 4- 4" ^h') = oa'^g', 

3 (copp' 4- a)®gg' 4- 66 ') = oa'^,', 

where tpi = (23) tpi, ^2 = (31) ^ 3 ' = ( 

aa' 0 / — 366' = 3z, we obtain as above, z* — ^HHz — ^ {GO' T aaW AA') = 0 , 
which equation is also satisfied by ^ 3 '* 

Hence, putting aa'y = 3 (z + 66 '), the other factor is 

aV» (y - <jsi') {y - (y - 0,') = 27 {*» - ZHHzf - i (QG' T oaV^}. 
The product of the two factors is rational, and gives the Galois resolvent. Now 

a*A = G* 4- 4H* = (p® — g*)® = (p — <l)\oyp — co*g)*(a>®p — cug)* 

= -a«n(xi~Xg)*/27, 

and hence if 11 (X| — Xg)® expressed in terms of the coefficients is a perfect square, 
the Galois resolvent has a rational factor. As a^, og, ag are given, the similar 
value of V A' is rational. 

As the alternate is the only transitive sub-group of the symmetric in the 
case of three elements, the above is the only class of irreducible equations of the 
third degree having a reducible Galois res^ent. 

2. To form the equation of the 24th degree, whose roots are the several 
values of the Galois function a^Xj 4- -h + agX^ ; and, secondly, to 
determine the conditions that it can be resolved into rational factors, expressed 
in terms of the coefficients of the quartics 

(a, 6 , c, d, e) (x, 1 )* and (o^, 6 ^, Cg, d^, e^) (x, 1 )*, 

whose roots are x^, Xg, Xg, Xg and a^, a*, og, a 4 respectively. 

The roots x^, Xg, Xg, X 4 may be expressed in the form 

axi 4 “ 6 = “t“ VVa + VVv + ^ = VVi + ~ VVv 

(Wg 4 - 6 = Vyi - Vj/s- Vvv a«4 + ^ - Vvi - Vvt + Vy» 
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where y/ViVViVVi = — i and y,, y, are roots of 

y» + 3^y* + (3^* - \aH) y ^ \Q^ ^ 0. (1) 

Expressing aj, 04, a,, similarly in terms of V Pi* where jSj, p^ are 

roots of a similar equation obtained by substituting dotted letter for undotted, 
and VPiVPi = ~ i^'* we obtain 

Wyi = a (a;, — -f Xj - 4v'ya = a (a:j + a;, - a:., - x^), 

Wl/i = a (arj — a:j — ajg + iP4)» 

= a' (aj — oj + a, — aj, ^VPi = («! + aj ~ a, — 04), 

4 \/ ^8 = a' (tti — a, — aj + a 4 ). 

Hence 

16\/ yi\/ = aa' (^i ^ “ ^4)> PiV Pi — (^1 + ^2 ^ ^3~'^4)» 

lb\/ y8 \/ Pi = oa' (^1 ~ ^a ■” ^8 + ^4)* ~ (^1 + ^a "i" ^3 4 “ ^4)? 

where 

"f" Ua ^2 ®S ^8 ^4^4* 4*2 “ (^> (^» 4>19 <^8 ~ (1» 3) (2, 4) (fii, 

^4 = (1,4) (2, 3)^1. 

Hence 4 ( V)^i + VViVPt + Vl/aV l^a + ) = cui'4*v with similar values for. 

^a*„^ai ^4J the corresponding signs being : 4-» — » 4- : , -f , +. 

Putting aa'<l>i = 4 (bb + «)» 

z = V yW ft 4- V ft 4- V yaV ft> 

2* = Zyift 4- 22^V y2 V ftV yaV ft, 

(a* - iTi/i/Ji)* = 42’y,^8y,/J, + SVViy/yzVyWPiVPtVP^Ji-.^ ^ 

Hence, if 

iAi = yiA + y«/*» + y»/3». and xi = yi’ft* + ya*ft* + y»’/s»*. 

2 « - 20ia* - 2GG’z - + 2x, = 0, 

which by the process used is also satisfied by 4>tf 4i* 4>i* 

Now by the last example i/fj is a root of a cubic equation involving the 
irrational quantity 

n (yi - y,) = n (Vyi + Vyt) (Vyi - Vy*) = nja (*, - *.) ia <», - *,) 

= o*n (*, - *,) / 64, 

and is obtained by calculating //j, Gi for the equation ( 1 ), and Hj', 0^' for the 
similar equation with dotted letters ; and so putting = 3 {HH' 4- w) the 
equation is 

w* - i a*a'*irw - {27 JJ' ± VD^) = 0, (2) 

where 

a»n {x^ a?,)* / 64* = n (yi - y*)* = - 27 ((^j* 4- 4Hi*) 

= a* (/* - 27J*) / 16 = a*D/ 16 , 

and D is the discriminant of the original quartic. The equation therefore 
involves the irrational quantity y/D only, as V D* is rational for cq, cq, a,, 04 
are given. 
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Now Xi = + Pz^pz^ being a six-valued function of y^, y, 

is by Art. 229 equal to a rational integral function of 0x» whose degree is 6, and 
which may be reduced to one of degree 2 by means of the cubic (2) which 
^1 = 3 (UW + w?) satisfies. 

Hence, putting = 4 (66' -f 2), ^3, ^3, are roots of 

~ 2(?(?'2 -f + -R = 0, (3) 

where P, Q, P involve linearly the irrational quantity y/D. 

Eliminating ^x (2) and (3), we obtain an equation of the 12th degree 
in z involving V 2>, which therefore, if P is a perfect square, provides a rational 
factor of the Galois resolvent. 

As the other roots, ^3, ^3, of the cubic (2) for ^x ^-^e obtained by the sub- 
stitutions (132), (123) operating on ^x considered as a function of yj, y^, yj, and 
as the alterations of y^ to yg, y^ to yg, yg to y^ in the expressions for \/yi> VVz* 
y/y^ in terms of x^* are equivalent to alterations of x^ to a;j, 

aTg to 0:4, Xj to x^ respectively, the other values of ^x» ^8> 4>a associated with 

^2, 03 are obtained by operating with (234) and (324) on 0x* ^2> 4>z* i^bus 
obtaining 12 values whose group is the alternate group. Similarly, the cubic 
for 0i', 02', 08', obtained by changing the sign of V P in (2), since 0x', 02', ^z 
are derived from 0i by the alterations of y^ to y^^ y^ to yx, yx to y^ respectively, 
is associated with 12 values of 0x obtained by operating with (24), (34), (23) 
on 0x, 02, 03, 04. If VP is adjoined to the rational domain of the coefficients the 
group of the quartic becomes the alternate group. If, further, a root of the 
equation for 0 is adjoined, the group becomes 1, (1, 2) (3, 4), (1, 3) (2, 4), 
(1, 4) (2, 3) ; and we note that as the values of 0 can be expressed rationally 
in terms of any one value 0x (Art. 230, Cor. 2), the other rational factors of 
the Galois Resolvent are the five obtained by substituting 02, 0g, 0x', 02', ^z 
for 0x in (3) ; and further we verify that the group of each of these factors is 
1, (1,2) (3, 4), (1,3) (2, 4), (I, 4) (2, 3) as this group is unaltered when trans- 
formed by any substitution. 

3. To determine under what conditions the Galois resolvent breaks up into 
factors in the case of the quintic. 

To find these conditions we may use any 120- valued function instead of the 
Galois function 0 = ax^x + 0 %^% + 03X3 -f a4a;4 + particular may 

use the form of 0 obtained by replacing a,, by a'', a being an imaginary fifth root 
of unity. 

The function 0 has 120 values ; and when a*" is put in place of oy, with the 
condition a* = 1, the Galois resolvent takes the form 

(05- 0^5) (^5 _ ^^5) ... (05 ^ 0,^5) 0 ; 

for, if 0|i is a root, so also are aijtf, a‘0,., a^02., a^0,.. 

We now put 0* = and from the values of B select the following four : — 

^1 = j(axi + + a*a:3 + a^x^ + a^j)*, 

Bg = (a*a7x -f a*x^ -f curj -f aij)®, 

^3 == (a*a:x 4" + a*a?3 + a^x^ + 

^4 = (a*aJx + a**! + a**, 4- 0*4 + 



282 


Theory of Substitutions and Groups. 

of which the la«t three are obtained by substituting in succession a®, a®, for a 
in and reducing by the equation a® = 1. It should be noticed that, since 6 is a 
prime number, if in the series a, a®, a®, a® we replace o by aP^ the same roots 
are reproduced in a different order. 

From ^ 1 , ^ 3 , ^ 3 , ^4 the 24 values of B can be obtained, in six sets of four, by 
the six permutations of x^y x^ ; for x^y having all the multipliers possible 
viz. o, a*, a®, a®, need not be permuted. Every symmetric function of B^y B^f B^y B^ 
has six values obtained by the same permutations. The resolvent is therefore the 
product of six quartics of the t 3 rpe 

B*^ 4- 4>B^ -f pd* + + T = 0. ^ 

6 \ ; 

A.gain, since is the sum of all the values can assume, it is un- 

vixaiiged Tiy any substitution, the order only being affected ; it is therefore 
expressible by the coefficients of the quintic ; whence, making = 1, we find by 
Art. 229 that r is a rational function of The same is true for all the coefficients ; 

6 

therefore if one is known, all are known. Now, let /i = 0, then 27^/ is known, 

1 

and we can therefore form a sextio for determining ^ ; and by adjoining one root 
of this sextio the equation for if/ (and therefore all equations for 120-valued 
functions) has a rational factor of degree 20 whose group is either that formed by 
combining the group common to Biy B^y B^y B^y viz. 1, Ay A^y ^®, A*^ where 
A = (54321), with the group 1, By J5*, ^®, where B = (1342), and By 5®, J?* 
transform Bi to Bi to B^y and Bi to B^ respectively, or its transformation by one 
of the substitutions giving the five permutations of Xj, ajj, 

Thus the solution of the quintic depends on the solution of a sextic, as 
Lagrange has pointed out. The analogous method was successful in solving 
the cubic, by reducing it to a quadratic in ^®. In the case of the septimic, a- 
similar treatment of the Galois resolvent would reduce it to 120 sextics in 0’. 


Section IV. — The Algebraic Solution of Equations. 

235. Application of the Theory of Substitutions to 
the Algebraic Solution of Equations. — The problem of 
the solution of an algebraic equation may be stated as follows : — 
From the given values of the single-valued functions, pi, py, , 
viz. the coefficients of the equation, to find the value of an 
JV-valued function, viz. a root of the Galois resolvent ; for we 
have seen (Art. 230, Cor. 3) that each of the roots x^, Xy, . . . 
can be expressed rationally in terms of any Galois function. 
Although the actual determination of the roots in terms of the 
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given coefficients is not facilitated by this mode of procedure, 
yet the statement of the problem in this form is important in 
reference to the question of the possibility of the solution of 
algebraic equations generally. 

The known solutions of the cubic and biquadratic may from 
this point of view be presented briefly as follows : — 

( 1 ) . In the case of the cubic equation 

x® + piX® + paX + Pa = 0, 

we have to find from the given single- valued functions pg, pa 
a six-valued function of the form a^Xx + OgXa + 03 X 3 by the 
extraction of roots. In the first place, all two-valued functions 
can be expressed rationally (Art. 229) in terms of the two-valued 
function 

VAa = ± (Xi - Xa) (Xi - X3) (Xa - X3), 

and therefore in terms of p^, pa, pa, along with the square root 
of a known function of the coefficients (Art. 42, Vol. I.) 
Now we have found (Art. 233, Ex. 2) a six-valued function 
Xi -I- coXa + oj^Xa = tf/i, whose cube is two-valued, if/x itself there- 
fore can be expressed by means of a cube root of a function of 
the coefficients in addition to the square root previously intro- 
duced (cf. Art. 59, Vol. I.). A six-valued fimction having been 
thus obtained, the solution of the equation is theoretically 
complete. 

(2) . In the case of the biquadratic equation 

X* + piX® paX® + paX + P4 = 0, 

we have to find a 24-valued function of the form 
a^Xi + OgXa + 03X3 -I- 04X4 

from the single-valued functions p^, pa, pa, P 4 by the extraction 
of roots. 

As in the preceding case, any two-valued function can be 
expressed rationally in terms of pi, pa, pa, P 4 , along with the 
two-valued function \/A 4 , and hence in terms of these coefficients 
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along with the square root of a known function of the coefficients 
(Ex. 15, p. 126, Vol. I.). Now, referring to Art. 233, Ex. 2, we 
ffiad the six-valued function 

^ S + *3X4 + O) (XjXg + X2X4) + (X1X4 + XjXg), 

whose third power is two- valued ; <f> will be expressible therefore 
by the aid of a cube root of a known function of the coefficients. 
We have now to find a means of passing from this six- valued 
function to a 24-valued function. The group of <f> is (Ex. 3, 
Art. 226), 

H s [1, (12) (34), (13) (24), (14) (23)], (p = 6, r ^ 4), 
and a second function belonging to the same group is 

d* = (Xj 4- Xg - Xg - X 4)2 (X4X3 + 

This function is rationally expressible in terms of (f > ; and the 
value of 6 therefore is obtained in terms of the coefficients by 
the aid of an additional square root. The group of 6 is 

[1, (12) (34)], (p = 12, r = 2), 

to which the following function also belongs : — 

V ^ K + ag (Xg - X 4)}2 ; 

is expressible in terms of 6 ; and finally tfj, which is a 24- valued 
fimction, is obtained by the aid of another square root. 

The process illustrated in these two cases may be described 
as the successive reduction of the group of an equation by the 
adjunction of definite radicals to the rational domain of the 
coefficients. The symmetric group is in each case first reduced 
to the alternate by the addition to the known coefficients of the 
square root of the discriminant. The further reduction depends 
on the included sub-groups of the alternate, till finally the group 
unity to which the Galois function belongs is reached. If the 
solution of the quintic were attempted by this method, we could 
proceed no further with the reduction than the first step, since, 
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as has been seen (Art. 233), there exists in this case no multiple- 
valued function of the roots of which a power is two-valued. It 
cannot, however, be inferred immediately from this that the 
algebraic solution of the quintic is impossible. Before making 
this inference it will be necessary to examine closely the algebraic 
character of the formula which is the possible expression of a 
root of an algebraic equation ; and hence to show the propriety 
of the application of the theory of substitutions to the problem. 

For this purpose we proceed in the first place to explain the 
distinction between quantities which are to be regarded as 
rational and those which are to be regarded as irrational ; or, in 
Kronecker’s language, to define the rational domain. 

236. Definition of Rational Domain.— All quantities 
obtained from certain parameters W, Bp, k'" . .. combined with 
integers, by the operations of addition, subtraction, multiplication 
and division (including, therefore, raising to integral powers), 
constitute the rational domain {R', R", R'" . . .) of R’, R”, R'" .... 

The extraction of roots will, in general, lead to quantities 
outside the domain. We may, however, limit ourselves to the 
extraction of roots of prime order, since an (mn.)** root can 
be replaced by an root of an root, and all numbers can 
be resolved into prime factors. 

If the student refers to the expressions given for the roots 
of the quadratic, cubic, and biquadratic equations in terms of 
their coefficients, it will be found, when the roots are substi- 
tuted in place of the coefficients, these expressions become 
rational functions of the roots involving the cube roots of unity, 
the rational domain consisting of the roots of the equations and 
the cube roots of imity. 

It will appear subsequently if any algebraic formula which 
is an expression for a root of an equation of a higher degree 
exists, it must become a rational function of the roots (when 
they replace the coefficients) involving several primitive roots 
of unity ; and finally, the theory of substitutions proves that 
functions of the roots do not exist satisfying such conditions, 
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and that the algebraic solution of the higher equations is 
impossible. 

237. Form of the Roots of Rquatlons algebraically 
solvable. — If / (») = 0 be an equation, the coefficients of 
which are included in the rational domain {R', R'\ R"\ . . .), we 
say that this equation is solvable algebraically when it is possible 
to satisfy the equation by substituting for x an expression 
formed of elements within the domain {R, R", . . .) by means 
of the following operations of algebra, viz. addition, subtraction, 
multiplication, division (including therefore raising to integer 
powers), and the extraction of integer roots, the number of such 
operations being finite. 

The value of x thus determined is designated as an algebraic 
function of the domain {R, R'\ R", . . .). 

The building up of this algebraic function may always be 
completed in the following manner : — 

1°. Form a rational function of the elements of the domain, 
viz. 

F. {R, R', R" . . .). 

2°. Let be definitely one of the quantities satisfying the 
equation 

Vl^^FJR,R\R" . . .), 

where p^ is a prime number. We also suppose that F^ is not 
an exact p*^ power, for if it was, F„ woffid be included in the 
primitive domain. 

3°. Adjoining to the primitive domain, form a rational 
function F^,^ (F„, R, R”, R” . . .) in this extended domain, and 
let F^.j be definitely one of the p^ ^ quantities satisfying the 
equation 

• • •). 

where p,.x is a prime number. We also suppose that is 
not an exact p,.^ power, for if so, Fi-.i would be included in 
the domain (F„ R, R\ . . .). 



Form of Roots of Solvable Equations. 287 

4 ®. Adjoining to the last domain, form a new rational 
function in this new domain Fy.i{Vv.i, R\ R ”, . . .)» and so on. 

We can therefore represent the formation of the algebraic 
function Xi where/ (®i) = 0, by the following chain of equations : — 

Vl‘’^Fy{R,R", . . .), 

. . .), 

V^/.;^-F,.^{V^.^,Vy,R',R'\ . . .), (A) 

Ff‘ = fx(F2. F3, . . . V,,R\R”, . . .) 

*1 = Fo (Fx. V„. .. F„ R\ R", . . .), 

where the functions F are rational and the numbers f prime. 

Before proceeding further, it is necessary to express the 
functions JP in an integral form, if they are not so expressed 
already ; and to fix our ideas we shall take v = 3 , the method 
being the same in every case. Supposing F^ not an integral 
function of and F3, we can always put 

r. (F3. F3) 

^ «A(F 3 .F 3 r 

<f> and tfj being rational and integral functions. 

From the chain of equations we have in this case 

r;-FAR), r^^ = FAV„R), R^{R’,R",...). 

Also, if w be a primitive root of the equation x*"* - 1 = 0, 
tf,(V„ F3) ^ (a>F3, F3) ^|> F3) . . . 0 F3) = ’Px(F^‘, F3). 

-Again, the product of these factors, omitting the first, is in 
the rational domain of F2, F3, as when expanded it does not 
contain co. Now, eliminating F^* by means of the equation 

F^; = F3 (F3, R), ’Fx (F,*, F3) becomes (F3, R). 

Treating W2 in a similar manner, it is converted into a function 
of the form R), the multiplier being in the rational 

domain of F3 ; now eliminating F^*, becomes IF4 (R). 

Finally, multiplying the munerator <f> by these factors, which 
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were applied to ip, &c., &c., the value of is unaltered and 
the denominator is a function oi R ^ {R', R”, R'" . . .). Thus 
Fi is expressed as a rational function of Vz, V^, in an integral 
form. 

And therefore, in general, we are enabled to write any rational 
function of the F’s, viz. F^-i, as follows : — 


F, 


a+l 


F„ i?) = Jo + + JzVl...+ J. F^' 


L-l 


where the functions J are integral functions of Va+i, Va+z, . . . F„ 
and fractional only in i?', R”, . . . 

It will be necessary now to prove a fundamental theorem of 
Abel’s of which use will subsequently be made. 


238. Theorem. — If the equations 

f^xP-'^ +f^-^ + ...+/, = 0 , ( 1 ) 

xP- F = 0, (2) 

where p is a prime number, are simultaneously satisfied, either 
fi,fz,fz, • • - /p <dl vanish, or else one of the roots of the equation (2) 
can be expressed rationally in terms offi,fz , . . ./, and F. 

For, suppose the coefficients of equation (1) not to vanish, 
then the equations (1) and (2) have a greatest common divisor 

^ + . . . + gTp = 0, (3) 

the coefficients of which are rational functions of F,fi,fz, . . 

Now if Xi be any one of the roots common to the equations (1) 
and (2), the other roots will be of the form 

co'xi, oj^Xi . . . where oP’ - 1 = 0 ; 

whence 

. . . = uTxf. ( 4 ) 

Again, since p is a prime number, we can find two numbers m 
and n, of which one is negative, such that mp + np = 1. Also 

g'l = 

and therefore by (2) 

o/^’xz = gy ”>’ ; 
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therefore a>”*’a5i, which is a root of equation (2), is expressed 
rationally in terms of F, f^, f^,... 


239. We proceed now to make a further reduction in the 
form of 

Fa-i ^Jo + + J2VI + . . . + r’“'\ 

so that Ji may be equal to irnity. 

Let Jk be one of the coefficients J^, . . . which does not 

vanish, and putting 

j.v: = 

there are integer numbers m and n, of which one is negative, such 
that 


whence 


niK + npa = 1 ; 
jmymK ^ jmyO-npa) ^ y^rn . 

K OL K o, a ^ 


therefore, we have 

Hence F« and 1F« can be expressed the one in terms of the other 
and the elements F«+i, Va+s, • . . V,, so that the rational domains 


(F., F 


a+l> 


F., R', R ”, . . .) and (W., V. 


a+l> 


Vy, R', R" . . .) 


are equivalent. 

Again, there is no power of TFa lower than which is rational 
in this domain. For, if 

»F*-=^(F.+x. F,+2, . . . F.), 

where q < pa, 

J»F:» = 0(F,^x, F.^, F.); 

but Kq is not divisible by p„, for p« being a prime number should 
divide /c or y; but both are less than p., and hence putting 
Kq = mp« + r there is a power r of F« less than p„ which is 
rationally expressible, but this is impossible, p^ being the lowest 
power of Fa which is a rational function of Fa+i, Fa+a, . . . F». 
Moreover, by raising PF* to the power p* we have 

Wla = JPaF: = V (Fo+i, Fo+a. . . . F,. R" . . .) ; 
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whence we learn that W„ like F., is given by a binomial equation 
of the degree p,, and we can replace the one by the other in the 
chain of equations connecting the F,. 

It follows that we can introduce IF, in place of F, where it 
occurs in the functions • • • Fl’ 

Therefore, in 


Fa-x = Jo + JiVa + JiVl + . . . + J,.-lF^"^ 

when we replace t/jF* by its value IF^, this 

function is of the form IF* , where mh = lp„ + K, and L^' 
is a rational function of Fo+i, F,+ 2 , . . . F», which can be rendered 
integral by Art. 237. 

It should be noticed that when h is given the values 
1, 2, 3, 4, ... p, - 1 in the equation mh = Zp, + h', h' has for its 
values 1, 2, 3, ... p, - 1 in some order, since all its values are 
distinct and less than p, ; also since w/c + np, = 1, k is the only 
value of h for which the remainder A' = 1. 

We see then that 


Fa-i ==Jo+W. + L^Wl + . . . + 

where the L’a have been rendered integral and Li= 1, and we 
return to the old notation by putting F, for IF,, and = 1. 
We have then, finally, the important result 


^«-i (F„ F,+i . . . F., fi) = Jo + n + J2VI + . . . + -iF!«-^ ; 


whence expanding the function 


Fo{V^,V„ . . . V.,R',R". . .) 


X. 


a root of the equation oif{x) = 0, in powers of Fj (the F with 
lowest s uffix ), and making the foregoing reductions, we have 

x^^Go+Vi + G^Vl + . . . + F?‘-\ 


240. We proceed now to apply this theory to the solution of 
equations which are solvable algebraically. 

For this purpose, forming the different powers of x^, and 
taking care to reduce the exponents of Fi, Fg . . . so as to be 
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respectively less thanp^, by means of the chain of eq\iation3 

which define Fi, F2 . . . we shall arrive at the result 

/(X.) -H. + H,7. + ff.Vl + . . . + F!‘- - 0 

by hypothesis, where H-y, Hj . . . are integer functions of the 
F’s. 

By Abel’s theorem Hy, . . . Hp^_y must all vanish ; for if 
not, the equations 

H, + HyVy + ... + = 0, = F y{V F3...F., R' , R",...), 

would be simultaneously satisfied, and Fy would be an exact 
power in the domain (Fj, F3, . . . F„), which is contrary to 
hypothesis. 

In a similar manner, expanding H, in powers of Fg, viz. 

Hy = K, + KyV^ + K^Vl . . . + Kp^.y F?*-S 

the coefficients Kq, Ky, . . . should all vanish for exactly ana- 
logous reasons. But if F2 be absent, expand in powers of 
F3, &c., &c. 

If in any case the coefficients of these successive fimctions 
do not vanish when arranged in powers of F,-, their indices having 
been reduced as much as possible, it is a proof that we have 
neglected to secure that each function F in the chain of equations 
is not an exact power, or that the number of the elements F has 
not been reduced to a minimum. 

We have an example of this deficient reduction in the case 
of the cubic equation which we insert now, as an illustration. 

Let / {x) = a:® + 3Pa: - 2Q, 

xy = \'q + VQ^ + P® + - VQ^ + P». Vol. I., p. 46. 


The chain of equations is as follows : — 
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identically, which is a proof that the functions V have not been 
reduced to a minimuTn number ; and we proceed to show that 
Fi is a part of the rational domain (Fj, V^, P, Q). 

From the chain of equations J a), 

(FiFa)* = g* - F® = - ; whence FjFj = - P. 

Hcncc r P PVt (0-n)F|, 
uence, K, - - p, 

and so is a part of the domain (F 2 , Fg, P, Q). 

The chain of equations (a) is therefore reduced to 


F*-g* + P«, T1 = g+F3, ®l=Fg-:^=F2 + 


iQ - VsWl 


The other two roots are obtained by putting coFg and co^Fg 
for Fg, the last element of the chain (a), and therefore are 

^ ..T7 , ^ ~ ^3..2T/2 


Xn *= to F® + 


-VF|, 


Xn — < 0 ^ Fo "I" 


^0>Vl 


Besuming the general investigation, we have 

x^ = Go+V^ + G^Vl + GlVl (1) ^ 

fix,) = Fo + H,V, + H,Vl + H,Vl. . .^0, 

the coefficients H all vanishing. 

Now, substituting in (1) for V,, wiV,, cojFi, . . . V,, 

but leaving Fg, Fg, . . . Vy fixed, we obtain the values of 
Xg, Xg, . . . x,^, where - 1 - 0, from the system of equations 

Xk+, = (3*0 + ‘*' 1 * • • • (« =• 0, 1, 2, . . . Pi - 1) ; 

and finally, from this system of equations we have 

> (2) 

whence we conclude that the irrational function of the coefficients 
Fg is a rational function of the roots when the primitive root of 
unity <Og is adjoined to the rational domain. 
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In a similar way by keeping fixed in (1) any set of values of 
Fa, Fs, . . . Fv, and for Fj substituting cuiFi, ayf'V, . . . oji^“^Fi, 
we get all the values of Fi expressed as linear functions of the 
roots rational in the domain formed by the roots and the primitive 
root cDi. It is not necessarily to be supposed that (1) gives a 
different root for every combination of values of V„ Fa, . . . F.. 
The roots may occur in cycles, the same cycle of n roots being 
obtained for every value of one or more of Fi, Fa, . . . F^. In 
the cubic we have Fi, Fa with pi = 3 , Pa = 2, and the same three 
roots occur for ± Fa- In the quartic we have Fj, Fa, F3, F4 
with Pi ■= 2 , Pa = 2 , pa = 3 , p4 = 2 , and the same cycle of four 
roots occur for every value of F3 or F4. 

There are piPa . . . p„ values of Fj, as thus calculated, but 
they may all occur in cycles, all the values being reproduced for 
all values of some one or more of Fa, F3, . . . F„. 

We thus derive that every one of the values of Fi is expres- 
sible as a linear function of the roots. These values of Fi form 
all the functions obtained from one value by permuting the 
roots in every way, for the product 17 {x - Fi) of all the values 
of X - Fi got by giving Fi every possible value, is equal to 
n - F^‘), since if Fi is a value of Fj so is also coiVi, <0 
♦ . . and n - F^‘) is rational since it is for 

similar reasons independent of the values of Fa, F3, . . . F,. 

Now to see that Fa would be similarly expressible as a homo- 
geneous function of degree pi rational in the domain formed by 
the roots and the primitive roots 0)4, oja, such that - 1, 
a>f * = 1 ; in 

FJ‘ = Zo+Fa + £aT^^.. + ^,.-^F^^ 


keep any set of values of . Vy fixed, and substitute 

Fa, cuaFa, co|Fa, . . . a>f*“^Fa, and in each case the corresponding 
values, say, y^, ya • • • Vp^ of already obtained, we get 

Fa “ -^2 We thus see that all the paPs . . . p, values 

of Fj are expressible as stated, and as we showed for Fi we may 
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also show for F2 that all the values may be derived from one 
value by permuting the roots in every possible way. We now 
see as the equations (a) are all of type 


F^ = Jo+ 7.^.1 + AFi 


'2 a+l 


+ Kr" 


3 .+ 1 


that we may successively express F3, F4, . . . F„ as homogeneous 
functions of degrees PiPa* PiPtPz> of the roots, rational in 
the domain formed by the roots and the primitive roots 
<oi, 0)2 .. . o),, and that the values of any one Fa are derived by 
permuting the roots in every possible way. 

Summing up the results arrived at, we have the following : — 

Theorem. — If an equation f (x) = 0, the coefficients of which 
are rational functions of the quantities R\ R”, . . . can be satisfied 
by an explicit algebraic function 


x = F(F„ V 2 , 


F„ R, R 


•), 


the quantities F are rational and integral functions of the roots, 
and of the primitive roots of unity ; they are, moreover, determined 
by a chain of equations of the form 

F^ = Jf’a(F._i, F._2 ...F., R, R" ...), 


wherein the indices p are all prime numbers, and the functions F 
all rational. 

This theorem makes it possible to apply the theory of substi- 
tutions to the proof of the proposition that general equations of 
degree higher than the fourth are not algebraically solvable. 
The proof is as follows : — 

It has been shown that the first irrational function F» is the 
pffi root of a function rational in the domain {R, R” . . .), and 
as F„ is a rational function of the roots such that F? is symme- 
trical, it is, by Art. 232, the square root of the discriminant A, 

or of the form /SVA, where /S is a S3mimetric function of the 
roots. Consequently, = 2. 

If we adjoin /SV A to the rational domain, we include all the 
one-valued and two-valued functions of the roots. Proceeding 
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another step, there must be a rational function of the roots F»_i, 
which is 2py_i valued, and of which thep^.i** power is two- valued, 
but no such function exists when n > 4 (Art. 233). (bnse- 
quently the process, which should have led to the roots, cannot 
be continued. 

We conclude, therefore, that the general equation of degree 
higher than the fourth cannot he solved algebraically. 

In the foregoing investigation we have followed closely the 
systematic treatment of this question given by Netto in his 
Substituiionentheorie. The principles on which the investigation 
rests are due to Abel, who was the first to estabUsh in a rigorous 
manner the impossibility of the algebraic solution of equations 
of a degree higher than the fourth. The fundamental theorem of 
the present article was stated by him in the following form : — 
If an algebraic equation is solvable algebraically, we can always give 
to the root such a form that all the algebraic functions of which it is 
composed can he expressed rationally in terms of the roots of the 
proposed equation (Abel, (Euvres CompUtes, 1881, Vol. I., p. 76). 
The manner in which this theorem is apphed in the proof given 
above is a modification of Abel’s proof introduced by Wantzel, 
to whom the propositions, in the theory of substitutions, of Arts. 
232 and 233, appear to be due (see Serret’s Corns d’Algibre 
Supdrieure, Vol. II., p. 484). 

For further information relative to substitutions and groups 
the reader is referred to The Theory of Groups, by Professor 
W. Burnside, Cambridge, 1911, and The Theory of Equations, by 
Professor Cajori, New York, 1904. 

We think it desirable to add a section on Abelian equations, 
as the Galois resolvent or any equation whose roots are the N 
values of any rational V-valued function of the roots Xi, x^, . . . 
of an equation/ (x) = 0 can be seen in a variety of ways to be 
of such type, and hence their solution made to depend on the 
solution of equations of degrees lower than N, in addition, of 
course, to depending on the solution of/(x) = 0. 
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Section V. — Abwt.taw ]7.nTiA.TTnKa 

241. Definition of Abelian Equations. The €!alois 
Resolvent is Abelian. — ^An Abelian equation is such that its 
roots may be arranged in m sets of p each, and that the roots 

ajj, . . . X, of each set are related as follows : — 

Xj = d (Xi), Xg = ^ (Xg) = d* (Xi), X 4 = d (Xg) = 0® (Xi), . . . 

Xj, = 0 (x^_i) = 0P ^ (Xj), Xi = 0 (Xj,) = 0P (Xi), 

where 0 (x) is a rational function of x. 

For instance, the N roots of the Galois resolvent, or of any 
equation F (4) = 0 whose roots are the N values <l>i> • • • 4s 

of any i\r-valued rational function of the n roots Xj, Xg . . . x„ of 
an equation / (x) = 0, are so related. But in such a case the 
division into sets may be effected in a variety of ways. To prove 
this we note that if S is any substitution whatsoever, by Art. 229, 
S4i = 0 {4i)) where 0 is a rational and integral function of degree 
N - 1, which is the same for every pair of roots derived from 
4i and S4i by any substitution T, so that ST4i = 0 (T^i). This 
last result follows also by regarding S4i = 0 {4i) as an identity 
involving Xj, Xg . . . x„ only, obtained by substituting for the 
coefficients of /(x) their S3Tnmetrical expressions in terms of the 
roots, and hence as S4i = 0 {4i), ST4i •= F9{4i) = 0(T(^i). Now 
some power of S equals unity, say = 1, and accordingly 
arrange the roots in sets of p, each of the type 
T4i, ST4„ S^T4i . . . SP-^T4„ 

where we take T = 1 for the first set, and for each subsequent 
set take for value of T a substitution which has not been used 
up to that stage. We proceed in this way until all substitutions 
have berai used up, just as in Art. 226. Now, as ST4i = 0 (T^i), 
taking S”*T for T, we have S”^^T4i = 0 {S”'T4i), hence along with 
ST4i *= 0 iT4i) we have 

S»T4i - 0 {ST4i) - 0* (T4^), - 0 - 0®(T^i), 

and so on, ending with T4i ■= SpT4i = 0 and hence the 

equation F (^) = 0 is Abelian. 
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242. Solution of a General Abelian Equation. — ^The 
roots of an Abelian equation may be obtained by solving an 
equation of degree p whose coefficients are rational integral 
functions of a root of an equation of degree m. We shall prove 
this by taking a particular case with p = 3, m = i, and it will be 
easily seen that the theorem is true generally. 

Let qi = q (Xi, Xg, be any rational symmetric function of 
the three roots in the first set, same function of the roots 

Xi, Xg, Xg in the second set, and so on. We have 

qi = q [x^, Xi, X 3 ) = q{xi,e (Xi), 6 ^ (%)} = (f> (Xj), 

where <f> is & rational function of (xi). Also as is a symmetric 
function = ? (ajg, Xj, Xj) = q {xj, 0 (xj), 0^ (xg)} = <f> (xg). Simi- 
larly, qi = <f> (X 3 ) (®i) + (* 2 ) + (a^s)}- Similarly, 

?2 = J (Xj) + <f> (X 4 ) + (j) (Xg)}, and so with similar values for 
? 3 > ? 4 > JiS'Ve 

■Sqi = 5-1 + ?2 + ?3 + ?4 = i (»l) +<f>{Xi) + . . . +^( 0 ^ 2 )}, 

and .*. £q^ is a rational function of the coefficients of the equation 
f{x) - 0, whose roots are x^, Xg, . . . x^g. In precisely the same 
way we prove that Zq^, Zq^ are rational functions of the 
coefficients of f (x). Now expressing the coefficients of 

iy - ?i) {y - qz) iy - is) iy - y*) 

by Newton’s formulae in terms of sums of powers of q^, q^, qz, ? 4 , 
we derive that q^, q^, q^y qt are roots of an equation of the fourth 
degree whose coefficients are rational functions of the coefficients 
of/(x). 

Furthermore, if r^, rg, denote any other symmetric 

function of the roots in the four sets respectively, we see in pre- 
cisely the same way that Zr-^, Zr-^^y rational 

functions of the coefficients of/(x), and hence by Ex. 1 , p. 38, 

^ 2 » fi o-re rational integral functions of q^, q^, jg, jg respec- 
tively, which functions are the same for all four pairs. 

Hence putting = Xj + x, + Xg =■ we see by giving the 
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values x ^3 + x^i + XiX^ and XjX^^ that the latter are rational 
integral functions of Hence x^, x^, x^ are roots of a cubic 
equation x® - y^x^ + <f> (t/j) x- tft (yi) = 0, where tf> are rational 
integral functions, and we note this cubic equation is Abelian. 
The cubics for the roots in the other sets are obtained by substi- 
tuting yj, yg, y 4 for y^, and as we see by the above discussion, 
yi, yg, yg, yt are the roots of a quartic whose coefficients are 
rational functions of the coefficients of / (x). The same method 
clearly applies when p and m are equal to any other integers 
whatsoever. 

243. Solution of a Particular Abelian Equation.— 

When m = 1, so that the n roots of an Abelian equation/ (x) = 0 
consist of one set only, the equation can be solved by radicals. 

In this case all the roots may be expressed in terms of any 
one root x^, as follows : — 

Xi, 6 (xi), 6^ (Xi), . . . (Xi), with 0" (Xj) = x^. 

Take (x^) s + a'' 6 (x^) -t- a®’’ 0® (x^) + ... + ^ 0“~ ^ 

where a is a special or primitive root of x" - 1 = 0, so that the 
other roots are a®, a®, a®, . . . a"~^, and if m is less than n 

a® + a”* + a®"* + . . . = 0. 

Substituting any other root x^+i = 6p (xj) for x^, 

(xi) + a’’ {Xi) -t- a®" ^+® (Xi) + . . . 

+ 0” (xi) + . . . + (Xi)}“ 

= {a^»-p) (xi) + a^d {Xi) + a®»'0® (x^) -(-... a^n-i)r0n-i 
= (Xi). 

1 " 

.-. tft^ (Xj) = (Xg) = . . . = ^, (x„) = - 27 (x,) = .-. a rational 

n tm.1 

integral fimction m, of the coefficients of / (x) and a*". 

Taking n** roots, we derive n equations by giving r the values 
0, 1, 2, ...» - 1, all of the form 

Xi + a’' 6 (Xi) + a®^ ^® (Xi) + . . . -I- (x^) =• 

where is some one of the roots of Uf. 
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For r = 0 the left side becomes + *2 + ®3 + • • • + = - 

(coefficient of in / (x)) / (coefficient of x") = Aq. If we add 
both sides of these n equations, remembering that 

a" + a”* + a*”* + , . . '+ = 0, 

we obtain nx^ = 4o + + -f . . . + 

If we multiply the equations by a®, a~”', 
respectively and add we obtain 

nx„^i = jnd^ (Xj) = ^0 + ^ “2 

+ . . . + ^ «n-i- 

The value of the radical Uf which has to be taken with 
Ui in these equations is given by = Af {*!/ UiY, where 
Aj. is a rational function of the coefficients of/ (x) and a, for 

_ Xi + a’’ 6 (Xi) + (Xj) + . . . + (Xj) _ . 

{^UiY {xi + ad{xi) + a*0^(Xi) + . . . (Xi)}’’ 

Now we saw above that if x^+i is substituted for x^ in 

Xi + a’’ 6 (Xj) + 08 (Xi) + . . . 0”"^ (Xj) s w,.(Xi), 

the result is (x^). 

. y fa, N _ _ y fa: 1 

• • Xria:,>nl - a(»-P)^{wi(Xi)}»- ~ 

1 ” 

XA^l) ~ XA^i) ~ XA^z) — • • • ~ xA^n) — ~ -^r — 

"»=1 

a rational function of the coefficients of /(x) and a. Hence the 
general expression for a root x„,+i may be written 

«x„,^.l = ^0 + y + + . . . + 

where y = which has n values only. Hence Abelian 

equations of the above type are solvable by radicals. 

244. iiecond method of solving an Abelian liquation 
f{x) = 0 when all the roots form one group, and when 
also the degree n of /(x) = mp . — For shortness we take the 
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case when p = Z, m = i, and the general method of proof follows 
obviously. 

Arrange the 12 roots in 4 sets as follows : — 

yi = Xi + x^ + Xt = Xi + d* (ajj) + d® (cci), 
yj = *2 + 05, + iBio = 0 (a5i) + 0® (aJi) + (a5i), 

yj = 053 + 05, + ^11 = (®i) + ^ (»i) + (»i). 

y, = 05, + x, + Xi2 = d® (Xi) + 6’’ (Xi) + (Xi). 

As in Art. 242, taking 6* for d, Xj, d® (Xj), d® (x^) are roots of a 
cubic equation whose coefficients are rational functions of y^, and 
yi, y,. yat yi are roots of a quartic whose coefficients are rational 
functions of the coefficients of /(x). But in this case the quartic 
is also Abelian of the same type, for we shall prove y, = ^ (yi), 
y 3 = <^ {yt)> yi = <l> (ys). yi = iyi)> '«^liere ^ is a rational function 
of the coefficients of /(x). If r is any integer we have 

y^\ = (X, + X, + Xjo) (Xi + Xg + x,)'’ = {d (Xi) + d® (xi) + d* (Xi)} 

{x, + d®(x,) + d®(xi)}^ 

= X(®i) • 

= (*6 + ®10 + iCa) (®s + + ®i)’’ = (i^s) + ^ (»6) + 

{x5 + d*(X6) + d®(X5)}" 

= x(®6)- 

Similarly yay/ = x (» 9 )- 

In the same way y^{ = x i^z) = X (^s) “ X (^ho). 

y^z = X (*3) = X (*7) = X yiy/ = x (3^4) = x (^b) » x 

as in the latter case x^ = d (xj,), Xg = d (x,), x, = d (x,). 

Hence 

yay/ + y^z + y^z’’ + yiyt=- Hx (»i) + x(®2) + • • • x(®is)} » ^r, 

where T, is a rational function of the coefficients of f (x). 

Taking r = 0, 1, 2, 3, we have 

ya + ya + y4 + yi - 2’o. 
y^i + yaya + y 4 y 8 + yiy 4 = 2’i. 
yayi* + yaya* + y4y8* + yiy4* - ^’a. 
yayi* + yaya* + y4y8® + yiya® - K 
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and hence as m An. 226, {y^), {y^, y^ = <f> (y^), 

yi’= <f> (^4), /where ^ is a rational integral function whose coeffi- 
cients are rational functions of the coefficients oif{x). Hence 
the quartic for yi, y^, y^, ^4 is an Abelian equation of the same type 
as /(a:), and similarly the equation of degree m whose roots are 
the m sums of the roots in each set of p is AbeUan of the same 
typeas/(a:). 

Generally by this method the solution of an Abelian equation 
of this type may, if n can be broken up into factors, be made to 
depend on the solution of Abelian equations, all of the same type 
and lower degree. Thus if n = 24, the solution may be made to 
depend on the solution of an Abelian equation of degree 12 
whose coefficients depend on the solution of an Abehan quadratic. 
The solution of the Abelian equation of degree 12 may be made 
to depend on the solution of an Abelian sextic whose coefficients 
depend on the solution of an Abelian quadratic, and lastly the 
solution of the Abelian sextic on that of an Abelian cubic whose 
coefficients depend on the solution of an Abelian quadratic. 

245. Solution of a Binomial Bquation x’’ - 1 = 0 when 
p is a prime number. 

If Xy is any root other than unity of - 1 = 0, all the roots 
are included in the series 1, a^, a®, . . . a^~^, and so the roots of 
(xP - l)/(x - 1) = 0 are aj, a*, . . . (Vol. I., Art. 49). Now 
we shall prove that we can obtain an integer a such that the 
remainders when a, a®, a®, . . . 0^“^ are divided by p are 1 , 2 , ... p- 1 
in some order, the remainder however of aP~^ being unity. Hence 
the roots may be written in the form 0^*, a“*, . . . a"*’ 
and so taking 6 {x) = x“, and putting for a“, they may be 
written in the form x^, 9 {x^), 0* (x^), . . . 6p~^ (x^), with 

' (Xi) = Xi"”"' = Xi. 

Hence the equation (x** - l)/(x - 1) = 0 is Abelian of the type in 
which all the roots form one group. 

In the following proof of the above statement, all letters 
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denote integers ; p is taken to be a prime number ; all functions 
of X are rational and integral with coefficients which are integers, 
the coefficient of the highest power of x being imity ; and the 
symbol s in / (a) = ^ (a) denotes that the remainders are the 
same when / (a) and <f> (a) are divided by p, and so in particular 
/(a) s 0 denotes that / (a) is divisible exactly by p, a being of 
course an integer. Such quasi-equations are called congruencies. 

(а) If a less than p satisfies /(a) = 0, a is called a root of 
/(a) s 0. Any integer a + mp also satisfies /(a) = 0, since 
o" s (a + mp)" and .'./{a) = f {a + mp) ; but the term root of 
/(a) s 0 is restricted to the integer which is less than p. 

Now / (a) s 0 has not more roots than its degree n. For if 

is a root, /(a) = (a - ai)/i(a) + R^, and = Q, R^ = 0, 

f{x) s (a - Oi)/i(a). If /(a) has a second root Uj. we must 
have /i (a^) = 0, and .*. as before fi (a) = (a - 0^)/^ (a). Pro- 
ceeding in this way, if /(a) s 0 of degree n has n roots a^, a 

we obtain / (a) = {x - Oi) (a - Og) . . . (a - a„), and so / (a) =0 
has no other root, as no other value of a less than p can satisfy 
(a - Ui) (a - Uj) ... (a - a„) s 0. 

(б) If / (a) of degree n can be broken up into factors (a), 

fi (a) of degrees I, and n - I respectively, and if / (ai) = 0 has n 
root, as each root must satisfy (a) = 0 or /a (a) = 0, (a) = 0 

must have exactly I roots and /2 (*) = 0 must have n 1. 

(c) If 1, 2, ... p - 1 be multiplied by any number a less than 
p, the remainders when a, 2a, 3a, ... (p - 1) o are divided by p 
are all different, and so must be 1, 2, 3, ... p - 1 in some order, 
for if not la - ma = (I - m) a would be divisible by p, which is 
impossible as I and m are each less than p, and p of course is a 
prime number. Hence the product of a, 2a, 3a, ... (p - 1) a 
- the product of 1, 2, ... p — 1 is divisible by p, 

.•.l,2,3...(p- l)(ai'-i- 1) s 0, .-. a^’-i - 1 =0, 

and therefore the roots of xp~^ - 1 s 0 are 1, 2, 3, ... p - 1. 

(d) If we take any number a less than p and therefore of 
course prime to it as p is a prime number, some one of the re- 
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mainders must recur when a, a*, a®, . . . are dj^ed by -p as there 
are only p - 1 possible remainders, and so a”'*’’' = o”, /. o” (a*- 1) s 0, 
a” - 1 s 0, - a*' s 0, the first n - 1 remainders recur 

in the same order perpetually. Now by (c) —1=0, 

n = p - 1 or is less than it. If it is less it must be a divisor of 
p - 1. For if p - 1 = mn + r where r is less than n, as s 1, 
s 1, but a*"” = 1, as since a” = 1 a*"" s 1, and hence 

if a*" = I, as si, .-. 1 = 1, .*. » is not the least integer for 
which a” s 1. 

When a is such that it is a root of a:” — 1 s 0, and not a root 
of any congruency x^-1 s 0 where m is less than n, it is called 
a primitive root of x” - 1 s 0, and is such that the remainders 
when divided by p of a, o®, a®, . . . are all different and 
different from unity. The theorem then which we have to 
establish is that -1=0 has primitive roots. 

(e) Express p — 1 by its prime factors, say p - 1 = 
where q, r, s are prime numbers. As -1 is a factor of xP~'^ - 1, 
by (6) it has f roots, and if any of its roots also satisfy a^ - 1 s 0, 
where 1c is less than k by the same reasoning as in (d) must be 
a factor of f ; and also asa;*^-l=0if x*-ls0all such 
roots must satisfy - 1 s 0. As is a factor of p - 1, 
x®*"* - 1 s 0 has roots, and so there are roots of a^^-1 s 0 
and no more which are also roots of binomial congruencies of 
lower degree, and .•. there are primitive roots of 05*' - 1 s 0. 

(/) If a is a primitive root of x*" — 1 =0 and b one of x" - 1 =0, 
then ab is a primitive root of x”*” - 1 s 0, if m, w are prime to 
each other. 

Let s be the smallest integer, such that {ah)' — 1 s 0, .*. 
a'b' - 1 s 0, .-. = 1, but o”** = 1, .-. 6"« s 1, .-. ms 

must be a multiple of n, .*. s is a multiple of n. Similarly s is 
a multiple of w, .*. s is a multiple of mn. But {ab)”"* = 1, .*. 
mn is a multiple of s and .*. s = mn. 

If now a is a primitive root of x** - 1 s 0 which we proved 
must exist in (e), and b one of x’’“ - 1 s 0, it follows that ab is 
a primitive root of x***" - 1 s 0. If, further, c is a primitive 
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root of jc*" - 1 s 0, it follows that ahc is a primitive root of 
- 1 s 0 when p - 1 =• ^r”'s". Proceeding in this way, we 
prove that - 1 s 0 always has primitive roots, and so we 
establish the theorem that a number a can be found such that 
the remainders when a, a\ a*, . . . are divided by p are all 
different and that the last remainder is unity. 

An important example of the theorem at the beginning of this 
Article is when p = 17. The solution, therefore, of the binomial 
equation 05 ^’ - 1 = 0, or of the problem to inscribe a polygon of 
17 equal sides in a circle depends on an Abelian equation of 
degree 16, all of whose roots form a group, and hence as 16 = 2*, it 
depends by Art. 244 on the solution of quadratic equations only, 
and so on extraction of square roots only. Hence the geometrical 
problem may be solved by drawing lines and circles. This equa- 
tion is given in Vol. I., p. 102, and the arrangement made there 
of the roots arises by using the integer 3, which is a primitive 
root of x^* - 1 s 0 for p = 17, and grouping the roots as in 
Art. 244, taking 6 (x) s a:®. 

246. If one root of an irreducible equation is a 
rational function of one other root, the equation is 
Abelian. — ^If /(x) = 0 of degree » is an irreducible equation, and 
if one root Xj is a rational function d of another root Xj so that 
Xj 5 -= 0 (xi), all the roots are so connected, and the equation is 
Abelian. To prove this, we transform / (») = 0 by the substitu- 
tion y == 0 (x) to an equation of the same degree <f> {y) = 0. As 
^{y) = 0 has a root = Xj, it must have all its roots the same as 
those of / (x) = 0, and in fact be equivalent to / (x) = 0, for 
otherwise by finding the least common factor of /(x) and (f> (x), 
/ (x) would be reducible. Hence all the roots of <f>{y) = 0 are 
also roots of f (x) = 0, and hence every root x, of f (x) is coimected 
uniquely with some other root x^ by the equation = 6 (x.). 
Starting then with x^, we have x^ = 0 (xJ, then take 

x^ — 6 (X 2 ) “ 6^ (xj). 
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and so on until we get Xi = 6p (x^), and thus obtain a cycle of p 
roots; Now as ^ (x^), the equation x = 0p(x) is either an 
identity or has a root x^ common with /(x) - 0, and therefore 
&Bf(x) is irreducible, as above it must be equivalent to/(x) - 0. 
Thus in either case x^$’^{x) is satisfied also by ajj, x^, , a:„. If 

we start, therefore, with a root Xj,^^ not in the cycle obtained, and 
find = ^{Xp+i), Xp^g = d(Xj,+ 2 ), and so on, this new cycle must 
end with Xgp = (^p+i)> for ^p+i = 0^ i^p+i)- Were it to involve 

q roots only, and so involve the equation = 0^{Xp+^ with q 
less than p, then as before all the roots would satisfy x == 0^{x), 
and the first cycle should have ended with x„ = 0^~^ (x^), but it 
has been assumed not to do so, and therefore q = pioT it cannot 
be either greater or less than it. Proceeding in this way, we 
divide all the roots into m cycles of p each, and we must have 
n = mp, and the equation is Abelian, AH the cycles must contain 
different roots, as if two had one common the next in order in 
each cycle would also be common, and so proceeding in order 
all the roots in the two cycles would be equal, and so the root 
with which the second cycle was started would have occurred 
previously, which was assximed not to be the case. Also, of 
course, no two roots of / (a:) = 0 can be equal, as it is irreducible. 


Finis. 


X 
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MISCELLANEOUS NOTES. 

Page 4. The number of inversions of order consist of the number 
of suffixes in front of the suffix 1, the number in front of 2 and greater 
than it, the number in front of 3 and greater than it, and so on. 
Thus the number of inversions is equAl also to the number of consecu- 
tive transpositions required to bring first the suffix 1 into the leading 
position, then 2, then 3, and so on. 

Page 17. Laplace’s development of a determinant. We re- 
present a determinant by (Ua, Cy, . . .), implying that the first 
row is Ua, 6a, Oa, . . . , the second 63, C/3, . . . , and so on, so that 
Ua 6/3 Cy . . . is the diagonal term, and a, jS, y, . . . the standard order 
of suffixes, which need not be 1, 2, 3 , ... . We shall prove Laplace’s 
development of a determinant in terms of the minors formed from 
any number of rows or columns by showing that A = (a^ C3 g^) 

can be expanded in terms of the minors formed from the first three 
columns, and the method used will obviously apply generally. Take 
any combination of the 7 suffixes taken three at a time, attach any 
such triad in order to a, 6, c and the rest in order to d, e, /, g, thus 
getting, say, • d^e^f^g^. The number of inversions in this 

term is due to suffixes attached to a, 6, c being greater than suffixes 
attached to d, c,/, g, and in this case is 7. Now permute the suffixes 
2, 5, 6 attached to a, 6, c, keeping the rest fixed. The additional 
inversions so introduced into any term, say % 63 Cg . d^ g^, are 
also the inversions in 63 Cg considered as a term of (ag, 65, Cg), in 
this case 2. Attach the sign (~ 1)^ to ag 6^ Cg, and we have a term of 
(ag, 65, Cg). Doing the same to every term arising from a permutation 
of 2, 5, 6 and adding, we get (- 1)’ . (Gg, 65, Cg) di C3/4 g^. Now permute 
in every possible way the suffixes 1, 3, 4, 7, leaving (ag, 65, Cg) un- 
altered, and in a similar way the terms of A so arising will give us 
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(- K Ce) (di, 63, /4, g^). Every combination of the 7 suffixes 

taken three at a time will give rise to a similar product of two minors, 
and the sign to be attached to the product is (— !)’»» where m is the 
number of inversions owing to the suffixes attached to a, 6, c being 
greater than those attached to d, e, /, g. 

Page 28. That a determinant A written as in Art. 141 is the 
product of two determinants may be seen as follows : We note that 
os are multiplied by as, jSs by 6s, and so on, and we shall call a vertical 
column formed by terms such as bgjSg, 63j82 a vertical column of 
similar terms. When we take a column of similar vertical terms 
from the first column of A, we must take with it a dissimilar column 
of similar terms from the next column of A, and then a column of 
similar terms from the third column of A which is dissimilar to the 


previous two, and so on generally. We note in the determinant so 
formed which contains (a^, 62, c^) as a factor multiplied by a term of 
(tti, jSg, ^3), that every inversion in order of columns considered as 
columns of (Oj, 63, Cg) is accompanied by a similar inversion in the 
suffixes of the term of (a^, ^2> ya)^ number of consecutive 

transpositions of columns to obtain (a^, 63, Cg) is precisely that 
required to give the proper sign to the term of (uj, jSg, yg). Every 
term of (a^, jSg, yg) with proper sign arises in this way multiplied by 
(Oj, 62, Cg), and we see that A = (oq, 63, C3)(ai, jSg, yg), and that a 
similar method of proof applies generally. 


Page 87. When i7 = 0 and F = 0 have two roots a, j8 common, 


and/sM 


TiR 2.1, t f 0\ 

^ , therefore (a — p) ^ — 


therefore 


0, and therefore 


= 0, as a ^ — = 




NOTE A. 

DETERMINANTS. 

The expressions which form the subject-matter of Chapter XIII. 
were first called “ determinants ” by Cauchy, this name being adopted 
by him from the writings of Causs, who had applied it to certain 
special classes of these functions, viz. the discriminants of binary and 
ternary quadratic forms. Although Leibnitz had observed in 1693 
the peculiarity of the expressions which arise from the solution of 

X2 
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linear equations, no further advance in the subject took place until 
Cramer, in 1750, was led to the study of such functions in connexion 
with the analysis of curves. To Cramer is due the rule of signs 
of Art. 128. During the latter part of the eighteenth century the 
subject was further enlarged by the labours of Bezout, Laplace, 
Vandermonde, and Lagrange. In the nineteenth century the earliest 
cultivators of this branch of mathematics were Gauss and Cauchy ; 
the former of whom, in addition to his investigations relative to the 
discriminants of quadratic forms, proved, for the particular cases of 
the second and third order, that the product of two determinants 
is itself a determinant. To Cauchy we are indebted for the first 
formal treatise on the subject. In his memoir on Alternate Functions, 
published in the Journal de VEcole Polytechnique, vol. x, he discusses 
determinants as a particular class of such functions, and proves 
several important general theorems relating to them. A great impulse 
was given to the study of these expressions by the writings of Jacobi 
in Crelle’s Journal, and by his memoirs published in 1841. Among 
many mathematicians who have advanced this subject in more recent 
years may be mentioned Brioschi, Hermite, Hesse, Joachimsthal, 
Cayley, Sylvester, and Salmon. There is now no department of 
mathematics, pure or applied, in which the employment of this 
calculus is not of great assistance, not only furnishing brevity and 
elegance in the demonstration of known properties, but even leading 
to new discoveries in mathematical science. Among recent works 
which have rendered the subject accessible to students may be men- 
tioned Spottiswoode’s Elementary Theorems rdating to Determinants, 
London, 1851 ; Brioschi’s La teorica dei Determinanti, Pavia, 1854 ; 
Baltzer’s Theorie und Anwendung der Determinanten, Leipzig, 1864 ; 
Dostor’s EUments de la tJUorie des Determinants, Paris, 1877 ; Scott’s 
Theory of Determinants, Cambridge, 1880; and the chapters in 
Salmon’s Lessons Introductory to the Modern Higher Algebra, Dublin^ 
1876. For further information on the history of this subject the 
reader is referred to Muir’s Theory of Determinants in the historical 
order of its develofment, London, 1890. In Salmon’s Higher Algebra 
there are short historical notes on Eliminants, Invariants, Covariants, 
and Linear Transformations, as well as on Determinants. 
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NOTE B. 

COMBINED POEMS. 

We give here, as an Appendix to Chapter XVIII., an enumeration 
of the concomitants of two quartics V and V. For this purpose it is 
convenient to use the notation (^, tf>)^ for (1, 2)*’ ^hen the 

distinction between the variables is removed. In this notation we 
have the sixteen concomitants (U^, V,.)*’, (U^, {V„, J?*)”, 

{Hjc, H'^)P, when p has the four values 1, 2, 3, 4, viz. twelve covariants 
and four invariants ; but of these Sylvester has reduced {Hg, H\) 
and so that only ten independent covariants are obtained 

in this way ; we have, however, to add the four quadratic 
covariants {G^. VJ^ {Q'^, U^)*, GJ*. These are 

the fourteen special covariants of this system (Gordan, Math. Ann. 
II. 275). To this list are to be added the five forms belonging to 
each quartic separately, viz. U^, G„, I, J, and F*, N'*, G'^, I', J'- 

Hence there are in all twenty-eight forms made up as follows : — 
eight invariants, eight quadric, seven quartic, and five sextic 
covariants. The theory of two binary quartics may be reduced to 
that of three ternary quadrics as a particular case. See Quarterly 
Journal of Mathematics, vol. x, p. 239. 

The Table which follows gives the number of forms of the com- 
bined systems from I., I. to IV., IV. : — 



I. 

II. 

III. 

IV. 

I. 

3 

5 

13 

20 

II. 


6 

16 

18 

III. 



26 

61 

IV. 




28 


NOTE C. 

THE QUINTIO AND ITS CONCOMITANTS. 

Gobdan fixes the number of independent concomitants as twenty- 
three, which may be derived as follows : — ^the first fourteen, viz. four 
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invariants, four linear covariants, three quadratic covariants, and 
three cubic covariants come from the covariants of the second 
degree and of the third degree considered as a distinct combined 
system in the manner of Art. 191. One reduction, however, in the 
number there obtained (viz. fifteen, the number of irreducible forms 
of the combined system) occurs in this case, for the resultant of 
Jg, and Jj,, or R {laJg), is the same as the discriminant of J^, or 
A(Jg,), both leading to the same invariant of the twelfth order. In 
addition to the fourteen thus obtained, the remaining nine con- 
comitants are defined as follows, being used to denote the Hessian 
of Jg, ; — 

Quartic Covariants : lo {H^) — Qx> Qx) • 

Quintic Covariants ; U^, /*), /(f/g., Ag.) ; 

Sextic Covariants : Hg., J(7g., Hg.) ; 

Septimic Co variant : «/(Hg,, Jg.) ; 

Nonic Covariant : J(Z7g,, H^). 

The foregoing results are collected in the following Table, where 
p signifies the degree in the variables, tn the order in the coefficients 
of the quintic, and N the number of concomitants of each degree : — 


p 

W 

N 

0 

4 

8 

12 

18 

4 

1 

5 

7 

11 

13 

4 

2 

2 

6 

8 


3 

3 

3 

6 

9 


3 

4 

4 

6 



2 

5 

1 

3 

7 


3 

6 

2 

4 



2 

7 

6 




1 

0 

3 




1 
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Adopting the definitions of the invariants given by Clebsch and 
Gordan, and implied in the following equation (see Art. 190), the 
connexion between the four invariants of the quintic is established as 
follows by Gordan : — 

- ih, K,) = w - + W ; 

also h^oiJx) = LoX + L^y. 

Now, substituting and - for x and y in /,,, K^, and in 
^x) find — 7 j8* = F {I^, /g, /jg)* 

since R (/^, L^) = 127i2 - 167478, 

(^x> ^x) ~ ^8* “ 

Thus 7 j 8 is defined, and its square expressed in terms of the other 
invariants which are not skew. 

NOTE D. 

THE SEXTIC AND ITS CONCOMITANTS. 

The first sixteen of the twenty-six forms of the sextic come from 
lx and Lx treated as a combined system (Art. 217). Ir this way we 
obtain all the invariants, quadratic covariants, and quartic covariants. 
There are in general eighteen forms in the combination of a quartic 
and quadratic ; but, in this special case, owing to the nature of the 
coefficients, the invariant Dj, which is an invariant of the sextic, 
is expressible in terms of the invariants I^, in the form 
+ qizh ■ covariant sextic of 7* is reducible to 

those which occur in the enumeration which follows. It should be 
noticed that all these forms are even in the variables, nw - 2k being 
even for the sextic. 

The following is a complete enumeration of the covariants : — 
Quadrics ; Lx^Id {V), M* s Ld (7,), Nx - (/*), 

J{Lx, Mx), J{Lx, Nx), J{Mx, Nx). 

Quartics: Ix, H{Ix), J{Ix, Lx), J{Ix, Mx), J{Ix,Nx). 
Sextics: U, J*, J{U, Lx), J{U, Mx), J(/*, X,). 
Octavios: ff*, J{U, Ix), J(Hx,L^. 

Decimic’: J (Ix’Hx ) . 

Duodecimic : Ox- 
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These results are collected in the following Table, in which f is 
the degree of the concomitant, W the order in the coefficients, and 
N the number of each kind : — 


p 


N 

0 

2 

4 

6 

10 

15 


6 

2 

3 

6 

7 

8 

10 

12 

6 

4 

2 

4 

6 

7 

9 


5 

6 

1 

3 

4 

6 

6 


6 

8 

2 

3 

5 




3 

10 

4 






1 

12 

3 






1 


The skew invariant (Art. 217) of the combined system 
lx and Lx, being the skew invariant -^16 of the sextic, its square 
can similarly be expressed in terms of the invariants of an even 
degree of the sextic. 

It will be noticed that there are two covariants of the sixth degree 
in the variables, and of the sixth order in the coefficients ; this is the 
first instance in which there are two irreducible seminvariants of the 
same order and weight in the binary system. 

It may be observed that if the ternary form of any three of the 
quadratic covariants be taken as lines of reference, the sextic will be 
represented by a cubic and conic combined, such that every coefficient 
in the equation of either curve is an invariant of the sextic. 


NOTE E. 

In illustration of the principles of Art. 208, and in order to account 
for invariants which being linearly independent are not algebraically 
so, we add here some examples taken from various parts of this 
volume. 
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(1) . In the case of two cubics (Art. 192), we have nine equations, 
including X(i - A'jn = M, to eliminate A, >, A', fi : hence five in- 
variants, which form a list algebraically complete, since the com- 
binants P and Q of Art. 192 can, when squared, be expressed in 
terms of the five which are of an even weight (cf. Ex. 29, p. 213). 
It is seen therefore that, although there are seven linearly independent 
invariants, only five are algebraically independent. 

(2) . In the case of the quintic (see Note C) there are seven 
equations to eliminate A, ft, giving three algebraically indepen- 
dent invariants. Of the four linearly independent invariants one is, 
when squared, expressible in terms of the others, for 

^ (^ 4 > ^ 8 > 

(3) . In the case of the sextic there are eight equations to eliminate 
A, fi, A', (if, giving four invariants algebraically independent. The 
sextic has, however, five linearly independent invariants, these being 
connected by a relation of the form 

■^16* “ ^ (^2> •^io)> 

where ^16 is the skew invariant of the combined system of the quad- 
ratic Ix and the quartic (Note D), whose square has been ex- 
pressed in terms of the other invariants of an even weight (Art. 217). 

It is instructive to consider the absolute invariants of a binary 
quantic from a geometrical point of view. If the n roots be 

y> Pv p2> • • • Pn-3> 

there are n - 3 independent anharmonic ratios which may be repre- 
sented as follows : — 

(«. y> Pl)y (a> P> Yy P2)y • • • (a. A Yy Pn-s)- 

All the anharmonic ratios can be rationally expressed in terms of 
these, and, since they are unaltered by any linear transformation 
(Art. 38, Vol. I.), they are w - 3 independent, irrational, absolute 
invariants. These results must, moreover, be implied by the n + 1 
equations connecting the old and new coefficients Og, Oj, . . . a„ and 
Aq, Ai, . . . A„, since they embrace all the general consequences of 
every linear transformation of the quantic, however expressed. 
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